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! Superposition principle 3 Fanning friction factor
2 Neumann problem
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0.1 1.0041 -0.0030 0.0015 -0.0007 1.0268

K=2 1 1.3778 -0.1922 0.0186 -0.0099 1.2192
5 10.2645 -4.5125 0.1227 -0.0973 5.8047
10 38.3875 | -18.1170 0.6469 -0.5475 20.4052

0.1 1.0041 -0.0036 0.0024 -0.0014 0.8740

1 1.3685 -0.2086 0.0118 -0.0122 1.0358
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10 8.7182 -3.7588 0.0989 -0.0782 5.0071

K=2 100 2.4751 -0.7256 0.0323 -0.0203 1.7869
1000 1.1634 -0.0849 0.0100 -0.0049 1.1084

10000 1.0172 -0.0099 0.0024 -0.0011 1.0334

10 8.6428 -4.2008 -0.0340 -0.1002 4.2622
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f=4 1000 1.1539 -0.0974 0.0051 -0.0065 0.8390
10000 1.0161 -0.0119 0.0038 -0.0026 0.7844

A




led £-F 5 0-F la S0 o peitis  Ldaiis JUIS J2lo FENE-P Jlws )b > Sy 2598
Sae g ot a8 ,F a0 Ve e g ol Jaw ilS el Ll B-F JSSS o cinl sals eols
oS Sl el g ol o Vol g ol [gus sae F-F S jo a5 Jb j0 i o s Thee0
Omizads Kloals &)1V adate olal o glilay gl cpl a5 cal (S5 4 p3Y Ll st Jow
iloads ools isled JUI plex SO slilay bl casdllas 5,90 JUIS o a5 Jdoay
ol ymnS cublB el,b SO o s sae o8l b sl aseine O-F SG 5l aST jshailes
b e b S I 3 3,8 o alols tigss S Sl 5 asily B JUS 55 e 5 wagSle ey
(ol g sae S5 50 Jae iS Sebl el (BTG g alloe S Wiy, cul F-F S
sae Gal38l b @Bl 55 5o o5 sTgs I 4 5 Bl 2alS JUIS S e 53 ey Sl S
03,5 a0, (VYY) a3 Sypm oo i o e o Jue A25 Cols jially 2815 L 150
JUE 55 50 50 peeSle Sy Gralidl ay pomie ol (ol a5 a0l oo Grald) Jbow (S0ig05:8, LS,
oolaiwl e Jhow G 3l ey giludms o (gl p s aaS VY 5 0 4 jshiles 04l oo
Senl & 45 b il o FENEP Jlw jioo o 5 5 35Sy e o] 42355y o8 o
o 1) 55505 Mo 452395msy iy ) iz j3Semty 250 sl atigs 325, Ul FENE-P Jlow
Sl Jao S llB jiallh (2alS L g sae al3H1 L al iy adlge (YY) ala, o

28l selgs Gl Bl Ce s a0 g (Whoo (RALT AL jeSmm) 4Bl BN Jlw (SW9b 3,

4



[70.8

110.6

0.4

0.2

y

De=1(u)

De=5)

y

De=10()
k=297 =100 l3la FENE-P Jluw ;b yo o oo @0 305 :0-F S

aO



L2 =10 (N

L? =100 (<)

L* =10000 (<)
k=24 De=2 4ljla FENE-P Jlw 3l 1> s pw @9 395 :#-F S

A

=
-
=1



ezl i oty Slalllas b e s 35 sl onel Comody s Wiy sl s pdyaenlio iz
256 5 00,g] Cawods ¥ adatie slul s gl 1) Lawgile e p 4 e s S VO] 4 [YV]
S5O 50wl wiales )y Sy m555 2 e (ES bl el g 1geo vas w0 sl el
oS Sl el gl 5 JUST JS slp (lawgie e p a4y Sy Sond) Sae g @95 VT
3 AT USCE yo ceol oal ool Jiuled (De=1,De=10) | g0 sac g0 4 (L =100) ol Jowe
o GHES ol 2l 35 5 (DB =2) b sl 0 sliles V-F S5 b e 26 5
LYV] g o o b jiins alis jshaieds puzman Cuwl 0als ooy yioles (L* =10000, L* =10)
Ol Do 59) 2 (lawgie C6 o & E6 v Cond) L Sl LiB9 0 VoY 5 4-F sla IS0 o
aS el )3 a5 p3Y Lailoads ools ioled glaie Jow iiS Colild slo il )l g 1,900 slacl slslay 4
load sy JUI o )lor S slilar co o slodidgn Vo -F 9 A-F oS 5o
bl el 2l 5 g sae il b el asede Yo -F I V-F gl IS 5l a5 glailen
Sddsn crlnle chbioe Sl ajsSians 9 ool wadd Jlow (SWe8ES, )13, (Joe iaS
L &8ly 5o ylo @l Sls [Y0] 5 [VV] aolre i b a5 wighoo Sihane JUIS 55 50 )3 oo
35 boyie S 1 ot $Sle e e S bl Sy T3 s e 2815

P55 4 e ol 145 35 gn Sa0ih (S =1.0021) i Jor 4y 4l sl JUIS 55 e
b

G €5 JUB Loy o 9z a5 Cenl S5 Y ad ales JUB 55 e o Sy sla g (s
Slooylgd &jglone ;0 &S o 0 09d o0 Slhas Jlow g 039 il 4 joSmy (nl b Bl o0 oS
9 g vae [l (e b 5l (58,5 aloli b s (e 4y il e (gSe Wig, (nl JUS
hlo S p sl b9 g ol 58 JUI dawg )3 S oo DS (Joo et il il )y ralS

g g0 (§ i S8

oy



u/ub

De =1

De=10(w)

L* =100 (sl5las FENE-P Jlows oty (Brwgin o pos 41 S oo Copund) 08 pos 23399 ¥-F SOl



u/ub

> =10000 (aly

u/ub

L? =10(<)

De =2 51314 FENE-P Jlww ;b 32 (Lawgin by 43 Co gt Cotmansd) S s 23395 :A-F S

of



u/ub

u/ub

k=249 1" =100 (3l o, wlxio 595 2 FENE-P Jlow b 2 s oo sl Judg p 9-F S

1.8

1.8

‘ * Newtonian
i‘_DC=1

0 0.05 0.1 0.15

|
0.2
A

y=0(2)

INIA

* Newtonian
—De=1




+ Newtonian
= —L2=10000

L8

u/ub

0.8
' ‘ + Newtonian
‘—"L2=10000
= ‘121000
" 12=100
—=L%=10
ig}: 3 .
£
Y |
=
0.8 B
0.6 e
0.4
02 |
0 L i 1 L L ' 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Z
y=0(w)

K=239 D=2 gljla o, olxiao 59) » FENE-P Jluw o)l 2 <o juo slaud y N e-F S

N4



U oo lgss (59, p 1, (A+=Y) aaly jo 0uls &SIl C; R g o 2595 VY=Y 5 VV-F slo IS
5 LP=100c0l jiaS el il )b slila |, Siasl co o & W-F IS i oo sl
s hilas 1) oals S8 Cu o e VY-F S uoren 000 oo Giuled B (glygu0 soe
ol aS cwl S8 aY aes o plis Sglaie pnS el sallb Jl> g De=2 o0l gl yg0
s asdlas 5,90 JUIS awain o)l Jdoas iores loads &)Y adate ol o (6l gl
Aloads ooy yiulad JUIS alate o eSS sl5la
S, ol jmaS colblB pelb SOy g sae ldl Locil jasie a5 jshiles
Sl 1L Ll o 2015 Lo 55, STl e 3 5 488ly ol Sl Sisi 35
9y SBlavl Co o g0l weSae Kg, (pl (ol glyge dae G o Joe riS el b
So,les (59, SKlavl (o o a5 sl Coonl Pl aiSS cpl SO pizen b o ]38l laelgs
So,lgn 15 aims o olais] 04> 4 (gogas slro,lgd a4 s |y (g tin polie JUIS 24
5 b T e (i W)l dies U (5068 alols (go50e sloojlgns 4y Cond (I
s o 3,5 Lol Slyion (ATl 5 al oty il o 81 (sloo Jons Cslona 3 2
3 SKlasl oo lade oy yiin a5 Cal S5 a4 pY cnl i B8 sleo e 59, SKElas

n.\JL"SA w.ibls L:o)L.\.Q.A LQC.S L u..xw s_iu))., L: 9 M[JGA Lbo)‘ﬁo )SJ.A

N



—De=0.1
- - De=1
De=2
-—De=5
- De=10

0.8
Horizontal wall

il 0,15 ()

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 04
Vertical wall

605.05— o)‘ﬁb (u)
k=235 L =100 sljla JUS slooylgd 595 52 C . RE oy a5 M-F Ui

OA



T T T
—L>=10000
- =12=1000

25 T

CFRe

0 1 1 1
0.1 0.2 03 0.4 0.5 0.6 0.7 0.8
Horizontal wall
u.sél o,lgs ()
18 T T T T 5
—1?=10000
-=12=1000
L?=100
——1L2=10

Il Il L 1 1
0.05 0.1 0.15 0.2 0.25
Vertical wall

GEOgee °)‘9'.’.° (u)
K=2, De=2 Slila JUK svo,lass 595 Cf .Re g 29598 VY=Y IS

AR



Sipl Aol Jo 5 ol s Y-F

oo 5l Jiiae g <ol Jlow (Sopud Lolgs anlllae (pl 40 9 45 09d oo (5,900l Ioaze lol o
Sl & args b sishisn Jo 5005y ) Jiie 6551 5 pyiiase SYslao calply calloud 3
g hawgie Cae o] Olaiine g S Jolls (A=) alayl) o 0als &1 (65 53] Aolre el oo
aolre Cewl) Caans (g jo @395 (59,9] Cwdds g paiinge dolre Jo b sl ol pial )by (golaws
pynge aolee B> 5 (A+-Y) alayly jo ool &Sl)) (6550 dolas (plply ol vales JLSis (65,
d 5 (N1-F) JHOTAY) Ll 3ebo 5551 alolan s 5o, gy Jlos! b tlypo ot aloles
|y Loo ao595 (Y2-Y) alal, b ()55 0 g 0] oo Cmwdds 305 el p coads a5t Y olao olSiws
3,591 Cawoas

9 Sl Olyz @z o 0l )0 09 g0 0olainl [A] ar o gl ) Ceand ol (i liel g
2ol Gyl e cod g alite platie slul o gl i (Llatae JUIS 51 0,38
35y Slal 5l az e pl jo AT Cal S8 4 a3 cwl il syl O jsoas Waoleo
abasl ) 50 00l &3l)l (65 5 dolas caz po ol o 0als SO Lyl @y azgi b el plo conl onls Jaicé o
199 0 00l iy JSb 4 (A4-Y)

2 2
OT T _,u 0-F)

- —— =4 —
oy’ oy,
Ce s aaiel 5 (VYY) alaly 3o b «(0-F) dolee culy Cos S35 gl o5 Conl uos
oo 355 358 Aolas 1 s by Jlael L S oolisd Lbaece JUIS I35 (55505 Jlow ol 2
aaio olal Cos lilas 1) cdal sae g oo (Vo A-Y) abasl) 51 soliinl b s ] o sy

Dged i Liel [A] g po ol b g 0,50 ooty calisea

Br=0 slila Gas oby2 @lp 55! dolbw Jo 5 Jolo gl oomow jLe! :F-F Jguo

Nu Nu
" Present Study Shahmardan et al.[8] Error (%)
1 3.6174 3.6112 017
2 4.1553 4.1208 0.83
3 4.8427 4.7936 1.02
4 5.3812 5.3341 0.88
8 6.5274 6.4905 0.56

[/\] oz ) CJLJ l.s ‘5’5} )L.w.a O’LE" c).u) u»s) )‘ ool l.s OMT Cewdds G:Lu X-f Jj» d.-.’o
ol s el sae (LIS aaio ol Cod iol8l L as A oo lis 399 Jedo pimen 55l
b oo



Al )0 g Sdul vae p g BB OIS 5eSus g Slals ol algs ools lis dalol jo oS jghailen
FENE-P Jlow bz 4 boryo joSemng il s VE-F 5 1T-F la S0 50 0l Les w505
Sl sl Slali mer AY-F S0 jo .l ool ools ol s idaiuse JUIS 210
i o a8 I jo el oads ool yioled caliBre (glyg00 das aw g Voo cob Jow pnS el
aS Sl JS3 @ oY el psie Jow iiS Gl pell 9wl o Vgl g <ol |yges sae AT
o walllas 0,50 JUIS )85 Ldods yuioren ailonds &1 Y alade olal Cad sl zls ol
iloads ooy yisled JUK p,le> G slslay

e ObolS g (LB SS9l o po el O)god jiSiny DL (BT aka) Gl
gl 3 35Sy S ity s e la IS5 51 o jsbilen (Il 355 e iyl
IS 1) e (p i (hp 5 e 0L (e cnl o Tny wilpe JUBT slao)lgns
95y Sl Al onl 4 ol Soop b wdlbios she hp £ WU S e 50 Gsr eimen
A o (G Hlade (8] 0)lg0 Ojglome 10 5oy LAl aS Cewl S 4 23Y b o0 a5
Ol by s U (600 alold sogee o)lg00 a4y s B8l o4la00 1105 o)l (gog0e o)l
097 Oz Sboo (Bl o)led Djglone o seSiany Sl g Ny 25 SlaEe i Cplple
9 0l 50 95y Sl cplpls wSyls ()l dis a4y Cowd | alold oy yiion (JUB =57 e
RG] IRV PE N S DUWERA K-

13 355ty Sl e s s GRal3E b sculs A5 bl il o 3 WW-F S 3
Lol .ol oo Jlow (S Xgb 88, ;L8 auaid ases jo 31l aS aub co ol bao,lgss & jglne
e G B bl el 3l (sl s0e Sy o AFF S Bl g, ol B
(Joe (i8S Sl el il rals L adly jo il e el Lo g & jslme )0 G Al (e
D delsS jeSns DLl L8l @y e jol (pl aS 09l co aals Jlew (SWsdES3, LS,

£y



y
De =1()

250

200

1150

1100

50

1000

900

800

700

600

500

400

300

200

100

Y

De=10 ()
k=23 1" =100 (Il FENE-P Jluw b 2 51y j95mrg Gl &3¢ IY-F S5
41



220

200

180

160
1 140
1120
1100
i 80

60

60

50

40

30

10

30

110

Y

L* =10000 ()
k=29 D=2 I3l FENE-P Jlus by (5l jsSamnss Sl 2595 AP-F JSb
Al



Br=0cdb\-Y-¥

alayl ) K0 4y (0-Y) abayl,y jo oo &)1 (65,50 dolee (Br=0) j68u0g olals 5 oo 5 s o b
ool Cwddy Cae pus w398 3l oolaiwl b doles cpl ]y Cans a5 Sglas ol b 09 oo 00l (0-F)
el Jo 5l Jols poliae £-F 5 0-F glo Jsaz 0ed o0 JuSis FENE-P Jlew oL > sl
Loy 3y calpo 0-F Jouor j0 aims oo Las joSany DL 5l 0,5 a0 L) (6550 dolee
L* =100 <ol ieiS cobl pol )b slilay cdwl soe g powive sloo «C ol )b 655! dlolae 4
sl Jd Joux L alie oo col)ly 50 #-F Joo o loads &8l Calizes (glyg00 doe o> o
QS Cewl S8 4 p3Y Wloads &1l glaie S bl el Yl 9 DE=2 ol gl sae
3o el ol 53U B loals a1 F g VLY adaie ol Cons dus sl (Jglaz j0 a3 ol
JISl Jals € el )y AY-Y) alasly Gubo a5 095 s (55910b sazme (pdzman 35 (o S 0
Ot des (siladny o 0970 4 a2 g3 L g baolens proud Jlesl Lo Jdoar ally oo j9Seny DLL
loo 1) el ao ol i lade a5 ailb e Loyl sles cdl> (pl jo ouls v o sleo Hlade
Sl ool (5155 ominn sloo £-F 5 0-F Jolox o plplo abl oo st JUB 5l 00s 88 Jlew
Sgd o0 Sl JUIS 55 50 j0 Lo (pl aS

C yolyb cponin slod 15g00 dae o8l b ol S el el )b SO o 0-F Jou b

@ |y cdol sae flgs o (AA-Y) o (AV-T) Laslg, 3.0l L .cdl wales yiol38l 10 cdl sae 4
12,5 Ole iy S5

Nu:% )

ol cpl a8 09l co o Jlow Swisd 3.8, L8, dygs sue olBl Ll S3NE a5 jshiles
Syige JUIS sloo g Spglome o ol JUsil Gl 4z 53 g Sip 5 1Bl 4 e
ili8l cdl sae (P-F) dal, 3ub g adl jmalS Sl sles g 0)les0 (glos WS oyl ol
loo llas ;a8 djgs sae Gul8l L cdls pl o aS o 5 Lo jelaul lei oo 500 & jle 4.0l 0
LBl awles ol 8l cdul sae aS o )5 ool lgi g0 (Vo V-Y) adasly b 1) il co rolS (S0l
los Joo 528 Sl ol )ly (2l L ol (glymo sas G y0 oS s e lad F-F Jguxr
b (S 050385 ) el amd )0 el (ul a5 w00 (RS Cdli dae 5 C 2l )y oanins
Ol Lol ins collB pelil g 1o sae G j0 aS wies oo lis il yioren 0l o0
C sl lp oS I 0 il oo (iol38l 5 cdisl dae 5 pouias slod (JUI alato olayl s
Cawddy polie plod a5 04d oo odalive £-F 5 0-F o Jgux a4 axei Lol g0 wSoo X, oy

Mb‘;om bsw).a 6‘ﬁ56§4ﬁ b49 b2‘bl}:;?.) w‘ra LS‘)? OJ.AT

4



L =100 g Br =0 ljlas 55! aloleo doxs Jo 31 Jools yolio :0-F Jgur

De b b, b, b, C Toin Nu
0.1 -0.2511 | -0.1328 | 0.0176 | -0.0071 | 8.2530 | -0.3857 | 4.1569
K=2 1 -0.2512 | -0.1324 | 0.0247 | -0.0069 | 10.3200 | -0.3776 | 4.2764
5 -0.2513 | -0.1312 | 0.0484 | -0.0064 | 60.3713 | -0.3503 | 4.7061
10 -0.2513 | -0.1309 | 0.0516 | -0.0061 | 220.0806 | -0.3464 | 4.7708
0.1 -0.2509 | -0.1343 | 0.0195 | -0.0094 | 7.5078 | -0.3135 | 4.8443
1 -0.2509 | -0.1339 | 0.0274 | -0.0089 | 9.3232 | -0.3078 | 4.9695
w=3 5 -0.2510 | -0.1326 | 0.0548 | -0.0073 | 54.1848 | -0.2877 | 5.4332
10 -0.2510 | -0.1323 | 0.0578 | -0.0064 | 202.0033 | -0.2850 | 5.4977
0.1 | -0.2507 | -0.1340 | 0.0193 | -0.0099 | 7.0363 | -0.2708 | 5.3828
1 | -0.2507 | -0.1337 | 0.0280 | -0.0094 | 8.6628 | -0.2663 | 5.5110
=4 5 [ 02508 | -0.1325 | 0.0595 | -0.0078 | 48.9608 | -0.2503 | 6.0015
10 | -0.2508 | -0.1322 | 0.0628 | -0.0065 | 182.9175 | -0.2481 | 6.0702

De=2 3 Br =0 sljla 55 dolae (ko' Jo 51 Jool> yp0lio :#-F oo

L2 b, b, b, b, C Toin Nu
10 -0.2513 | -0.1312 | 0.0476 | -0.0065 | 51.6508 | -0.3512 | 4.6900
K=2 100 | -0.2512 | -0.1319 | 0.0353 | -0.0067 | 16.4880 | -0.3654 | 4.4618
1000 | -0.2512 | -0.1326 | 0.0210 | -0.0070 | 9.1250 | -0.3818 | 4.2140
10000 | -0.2511 | -0.1328 | 0.0179 | -0.0071 | 8.3234 | -0.3854 | 4.1620
10 -0.2510 | -0.1326 | 0.0539 | -0.0074 | 46.3079 | -0.2884 | 5.4159
100 | -0.2509 | -0.1333 | 0.0395 | -0.0083 | 14.7803 | -0.2989 | 5.1678
=3 1000 | -0.2509 | -0.1341 | 0.0233 | -0.0092 | 8.2719 | -0.3108 | 4.9038
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L* =100 g Br=1 gl3la 5! dlolae ki Jo 31 Joolo polio :V-F Jgu>

De b, b, b, b, T NU

0.1 | -0.2512 | -0.6349 | 0.0185 |-0.0072 | -0.9123 | 1.9564

k=2 | 1 |-02514 | -0.8236 | 0.0868 | -0.0074 | -1.0374 | 1.7459

5 | -0.2555 | -5.4098 | 1.6042 |-0.0146 | -4.2331 | 0.4539

10 | -0.2701 | -19.9497 | 6.2524 | -0.0021 | -14.5024 | 0.1340

0.1 | -0.2509 | -0.6363 | 0.0205 | -0.0095 | -0.6951 | 2.4022

1 | -0.2510 | -0.8204 | 0.0953 | -0.0074 | -0.7844 | 2.1590

©=3 5 | 02530 | -5.3846 | 1.7905 | 0,031 | -3.1117 | 05780

10 | -0.2663 | -20.2024 | 6.9655 | 0.2716 | -10.8260 | 0.1682

0.1 | -0.2508 | -0.6360 | 0.0204 |-0.0101 | -0.5744 | 2.7629

1 | -0.2508 | -0.8147 | 0.1012 | -0.0070 | -0.6435 | 2.5000

K= 5 | 02508 | 5.2557 | 1.9340 | 0.0563 | 24476 | 06981

10 | -0.2625 | -19.7493 | 7.4831 | 0.4357 | -8.4786 |0.2041
De=2 5 Br =1 gljla 55,1 asbao Slalond Jo 51 ol yolin :A-F Jpu

K b, b, b, b, T Nu

10 | -0.2547 | -4.6109 | 1.3436 |-0.0136 | -3.6727 |0.5218

k=2 | 100 | -0.2518 | -1.3878 | 0.2802 | -0.0080 | -1.4230 | 1.3037

1000 | -0.2513 | -0.7146 | 0.0479 |-0.0074 | -0.9645 |1.8633

10000 | -0.2512 | -0.6413 | 0.0209 |-0.0072 | -0.9164 |1.9487

10 | -0.2533 | -4.5846 | 1.4992 | 0.0249 | -2.7005 | 0.6642

100 | -0.2514 | -1.3755 | 0.3104 |-0.0025| -1.0616 |1.6338

=3 71000 | 02510 | -0.7138 | 0.0526 | -0.0087 | 0.7323 | 2.2053

10000 | -0.2509 | -0.6426 | 0.0232 | -0.0095 | -0.6981 |2.3934

10 | -0.2524 | -4.4769 | 1.6189 | 0.0440 | -2.1287 |0.8005

100 | -0.2511 | -1.3547 | 0.3339 | 0.0008 | -0.8582 |1.9188

=4 1000 | 02508 | -07111 | 0.0550 | -0.0088 | 0.6032 | 2.6479

10000 | -0.2508 | -0.6420 | 0.0233 | -0.0100 | -0.5767 |2.7534




L? =100 g Br =2 sljlas 65,51 dloleo Jdoxs Jo 31 Jools polio :A-F Jgus

De b, b, b, b, Toin Nu
0.1 | -0.2512 | -1.1369 | 0.0193 | -0.0073 | -1.4388 | 1.2792
K=2 1 -0.2515 | -1.5148 | 0.1488 | -0.0078 | -1.6972 | 1.0969
5 -0.2596 | -10.6883 | 3.1600 | -0.0228 | -8.1159 | 0.2384
10 -0.2890 | -39.7684 | 12.4531 | 0.0019 | -28.6585 | 0.0679
0.1 | -0.2509 | -1.1383 | 0.0214 | -0.0097 | -1.0767 | 1.5971
1 -0.2511 | -1.5069 | 0.1632 | -0.0059 | -1.2611 |1.3791
=3 5 -0.2568 | -10.6367 | 3.5261 | 0.0735 | -5.9357 | 0.3052
10 -0.2816 | -40.2726 | 13.8732 | 0.5497 | -21.3670 | 0.0854
0.1 | -0.2508 | -1.1380 | 0.0215 | -0.0103 | -0.8781 | 1.8584
1 -0.2509 | -1.4957 | 0.1744 | -0.0045 | -1.0206 | 1.6167
k=4 5 -0.2547 | -10.3788 | 3.8085 | 0.1203 -4.6450 | 0.3706
10 -0.2742 | -39.3663 | 14.9034 | 0.8779 | -16.7091 | 0.1038

De=2 4 Br=2 gljla 5,5 dolee i Jo 3l Jool> polio:Ve-F Jgoo

L2 b, b, b, b, Toin Nu
10 -0.2582 | -9.0906 | 2.6395 | -0.0208 | -6.9943 | 0.2763
K=2 100 | -0.2525 | -2.6437 | 0.5251 | -0.0093 | -2.4805 | 0.7634
1000 | -0.2513 | -1.2965 | 0.0748 | -0.0077 | -1.5472 |1.1961
10000 | -0.2512 | -1.1498 | 0.0239 | -0.0074 | -1.4475 |1.2721
10 -0.2557 | -9.0366 | 2.9444 | 0.0572 -5.1126 | 0.3538
100 | -0.2518 | -2.6177 | 0.5813 | 0.0032 -1.8242 | 0.9703
w=3 1000 | -0.2510 | -1.2936 | 0.0819 | -0.0082 | -1.1539 | 1.4983
10000 | -0.2509 | -1.1508 | 0.0264 | -0.0096 | -1.0828 | 1.5887
10 -0.2540 | -8.8213 | 3.1794 | 0.0958 | -4.0066 | 0.4289
100 | -0.2513 | -2.5762 | 0.6260 | 0.0104 -1.4570 | 1.1529
k=4 1000 | -0.2508 | -1.2884 | 0.0866 | -0.0080 | -0.9376 | 1.7495
10000 | -0.2508 | -1.1501 | 0.0268 | -0.0102 | -0.8828 | 1.8492
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L?> =100 g Br =5 ljlas 55! aloleo Jdoxi Jo 51 Jools polio - Jguo

De b, b, b, b, T Nu
0.1 | -0.2513 | -2.6431 | 0.0217 | -0.0076 | -3.0185 | 0.6276
K=2 1 -0.2521 | -3.5883 | 0.3351 | -0.0092 | -3.6766 | 0.5186
5 -0.2722 | -26.5241 | 7.8273 | -0.0473 | -19.7643 | 0.0984
10 | -0.3455 | -99.2246 | 31.0555 | 0.0141 | -71.1268 | 0.0274
0.1 | -0.2511 | -2.6443 | 0.0242 | -0.0101 | -2.2214 | 0.7964
1 -0.2515 | -3.5665 | 0.3669 | -0.0013 | -2.6910 | 0.6618
w=3 5 -0.2654 | -26.3928 | 8.7330 | 0.1946 | -14.4077 | 0.1263
10 | -0.3275 | -100.4832 | 34.5962 | 1.3839 | -52.9900 | 0.0345
0.1 | -0.2509 | -2.6439 | 0.0246 |-0.0109 | -1.7889 | 0.9376
1 -0.2512 | -3.5388 | 0.3941 | 0.0028 | -2.1520 | 0.7848
k=4 5 -0.2606 | -25.7481 | 9.4319 | 0.3125 | -11.2370 | 0.1539
10 | -0.3092 | -98.2173 | 37.1642 | 2.2044 | -41.4007 | 0.0420

De =2 4 Br=>5 sljla 55 dolo Ldxi Jo 51 Jool> polio AY-F Jgus

K b, b, b, b, T Nu
10 -0.2685 | -22.5297 | 6.5273 | -0.0422 | -16.9588 | 0.1146
K=2 100 | -0.2544 | -6.4114 | 1.2599 | -0.0133 | -5.6531 | 0.3403
1000 | -0.2516 | -3.0424 | 0.1556 | -0.0086 | -3.2954 | 0.5767
10000 | -0.2513 | -2.6754 | 0.0328 | -0.0078 | -3.0408 | 0.6231
10 -0.2627 | -22.3926 | 7.2802 | 0.1541 | -12.3489 | 0.1473
100 | -0.2530 | -6.3443 | 1.3939 | 0.0204 | -4.1120 |0.4374
=3 1000 | -0.2512 | -3.0328 | 0.1698 | -0.0066 | -2.4185 | 0.7338
10000 | -0.2511 | -2.6757 | 0.0362 | -0.0099 | -2.2372 | 0.7910
10 -0.2588 | -21.8543 | 7.8610 | 0.2513 | -9.6401 | 0.1793
100 | -0.2522 | -6.2408 | 1.5025 | 0.0391 | -3.2535 | 0.5246
k=4 1000 | -0.2510 | -3.0201 | 0.1812 | -0.0054 | -1.9411 | 0.8670
10000 | -0.2509 | -2.6741 | 0.0375 | -0.0106 | -1.8011 | 0.9315
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L? =100 ¢ Br =10 gljla 555! alolee Audoxi Jo j Jols pr3lio Y- Jgu

De b, b, b, b, T Nu
0.1 | -0.2515 | -5.1533 | 0.0258 | -0.0080 | -5.6514 | 0.3394
K=2 1 -0.2529 | -7.0443 | 0.6456 | -0.0114 | -6.9757 | 0.2760
5 -0.2931 | -52.9170 | 15.6061 | -0.0881 | -39.1784 | 0.0497
10 | -0.4397 | -198.3183 | 62.0595 | 0.0343 | -141.9073 | 0.0137
0.1 |-0.2512 | -5.1544 | 0.0289 | -0.0107 | -4.1292 | 0.4338
1 -0.2521 | -6.9991 | 0.7063 | 0.0063 | -5.0742 | 0.3545
f=3 5 -0.2799 | -52.6531 | 17.4112 | 0.3966 | -28.5277 | 0.0639
10 | -0.4040 | -200.8341 | 69.1345 | 2.7742 | -105.6950 | 0.0173
0.1 |-0.2512 | -5.1537 | 0.0299 | -0.0118 | -3.3070 | 0.5135
1 -0.2516 | -6.9439 | 0.7601 | 0.0151 | -4.0376 | 0.4225
w=4 5 -0.2705 | -51.3637 | 18.8042 | 0.6327 | -22.2238 | 0.0780
10 | -0.3676 | -196.3024 | 74.2655 | 4.4154 | -82.5532 | 0.0210

De =2 4 Br=10 gl3las 5l dlolreo i Jo 31 Jool> y0lio VF-F Jous

L2 b, b, b, b, Toin Nu
10 | -0.2857 | -44.9281 | 13.0070 | -0.0779 | -33.5664 | 0.0580
k=2 | 100 | -0.2575 | -12.6910 | 2.4845 | -0.0198 | -10.9408 | 0.1769
1000 | -0.2521 | -5.9521 | 0.2901 | -0.0103 | -6.2090 | 0.3095
10000 | -0.2515 | -5.2180 | 0.0477 | -0.0085 | -5.6963 | 0.3368
10 | -0.2744 | -44.6527 | 14.5066 | 0.3156 | -24.4094 | 0.0747
100 | -0.2551 | -12.5553 | 2.7483 | 0.0491 | -7.9251 | 0.2283
w=3 1000 | -0.2516 | -5.9314 | 0.3163 | -0.0041 | -4.5262 | 0.3966
10000 | -0.2513 | -5.2171 | 0.0526 | -0.0105 | -4.1611 | 0.4306
10 | -0.2667 | -43.5761 | 15.6636 | 0.5105 | -19.0294 | 0.0910
100 | -0.2536 | -12.3484 | 2.9632 | 0.0870 | -6.2476 | 0.2749
k=4 1000 | -0.2513 | -5.9063 | 0.3389 | -0.0012 | -3.6134 | 0.4710
10000 | -0.2512 | -5.2142 | 0.0552 | -0.0113 | -3.3316 | 0.5098
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L> =100 g Br=-1 (ljlas 35! aloleo ks Jo 31 Jool> y0lio :10-F Jgusr

De b, b, b, b, T ax Nu
0.1 | -0.2511 | 0.3692 0.0168 | -0.0070 | 0.1409 -33.3092
K=2 1 -0.2510 | 0.5588 | -0.0374 | -0.0065 | 0.2822 -9.5166
5 -0.2471 | 5.1474 | -1.5073 | 0.0017 3.5326 -0.5623
10 | -0.2324 | 19.6878 | -6.1492 | -0.0102 | 13.8097 -0.1420
0.1 | -0.2508 | 0.3677 0.0186 | -0.0093 | 0.0680 -291.8994
1 -0.2508 | 0.5526 | -0.0405 | -0.0104 | 0.1689 -16.4680
=3 5 -0.2481 | 5.1195 | -1.6808 | -0.0477 | 2.5363 -0.7342
10 | -0.2357 | 19.9379 | -6.8499 | -0.2845 | 10.2560 -0.1791
0.1 | -0.2507 | 0.3679 0.0183 | -0.0097 | 0.0328 104.0479
1 -0.2506 | 0.5473 | -0.0452 | -0.0119 | 0.1108 -26.9673
k=4 5 -0.2489 | 4.9906 | -1.8150 | -0.0718 | 1.9471 -0.9098
10 | -0.2392 | 19.4848 | -7.3574 | -0.4487 | 7.9824 -0.2188

De=2 4 Br=-1 ljla g5, doleo Judxs Jo 31 Jool> y9olio VF-F o

12 b, b, b, b, T Nu
10 | -0.2478 | 4.3485 | -1.2483 | 0.0006 | 2.9703 | -0.6712
k=2 | 100 | -0.2506 | 1.1241 |-0.2097 | -0.0054 | 0.6921 | -3.1369
1000 | -0.2511 | 0.4493 | -0.0059 | -0.0067 | 0.2009 | -16.1122
10000 | -0.2511 | 0.3757 | 0.0150 | -0.0069 | 0.1457 | -30.6421
10 | -0.2486 | 43194 |-1.3914 | -0.0397 | 2.1237 | -0.8801
100 | -0.2505 | 1.1089 |-0.2314 | -0.0140 | 0.4637 | -4.4431
“=3 71000 | -0.2508 | 04456 | -0.0060 | -0.0097 | 01108 | -359361
10000 | -0.2508 | 0.3740 | 0.0166 |-0.0093 | 0.0715 | -184.8813
10 | -0.2492 | 42118 |-1.5021 |-0.0597 | 1.6270 | -1.0930
100 | -0.2505 | 1.0883 | -0.2505 | -0.0183 | 0.3394 | -5.8353
K=4 1000 | -02507 | 0.4434 | -0.0081 | 0.0105 | 00658 | -97.7228
10000 | -0.2507 | 0.3740 | 0.0162 | -0.0097 | 0.0355 | 124.9446

AY




12 =100 ¢ Br=-2 gl3la 55, aloleo udoxi Jo jl Jols yrlio AV-F Jgu

De b, b, b, b, T ax Nu
0.1 | -0.2511 | 0.8713 0.0160 |-0.0069 | 0.6674 -3.3266
K=2 1 -0.2508 | 1.2500 | -0.0995 | -0.0060 | 0.9420 -2.2523
5 -0.2429 | 10.4260 | -3.0631 | 0.0099 7.4154 -0.2653
10 | -0.2136 | 39.5065 | -12.3500 | -0.0142 | 27.9658 -0.0699
0.1 | -0.2508 | 0.8697 0.0177 |-0.0091 | 0.4496 -4.6887
1 -0.2507 | 1.2392 | -0.1084 |-0.0120 | 0.6455 -3.0991
=3 5 -0.2452 | 10.3716 | -3.4164 |-0.0881 | 5.3603 -0.3439
10 | -0.2204 | 40.0081 | -13.7575 | -0.5626 | 20.7970 -0.0881
0.1 | -0.2506 | 0.8699 0.0172 | -0.0095| 0.3364 -6.0040
1 -0.2506 | 1.2283 | -0.1184 | -0.0143 | 0.4879 -3.9120
k=4 5 -0.2469 | 10.1137 | -3.6894 | -0.1358 | 4.1444 -0.4228
10 | -0.2275 | 39.1018 | -14.7777 | -0.8909 | 16.2129 -0.1075

De=2 4 Br=-2 gljla 55! dlolre ks Jo 3 Jol> polio NA-F Jgus

12 b, b, b, b, T Nu
10 | -0.2444 | 8.8282 |-2.5443 | 0.0078 | 6.2918 | -0.3132
k=2 | 100 |-0.2500 | 2.3800 | -0.4546 | -0.0041 | 1.7496 | -1.1605
1000 | -0.2510 | 1.0313 | -0.0328 | -0.0064 | 0.7836 | -2.7668
10000 | -0.2511 | 0.8843 | 0.0120 | -0.0068 | 0.6768 | -3.2729
10 | -0.2463 | 8.7714 | -2.8366 | -0.0720 | 4.5358 | -0.4070
100 | -0.2501 | 2.3511 |-0.5022 | -0.0197 | 1.2263 | -1.5537
©=3 71000 | -02507 | 1.0254 | 00353 | -00102 | 05323 | -3.8524
10000 | -0.2508 | 0.8823 | 0.0133 | -0.0092 | 0.4563 | -4.6078
10 | -0.2476 | 85561 |-3.0626 | -0.1115 | 3.5049 | -0.5008
100 | -0.2502 | 2.3099 | -0.5426 | -0.0279 | 0.9383 | -1.9319
=4 71000 | -0.2506 | 1.0206 | -00396 | -00114| 04003 | -48977
10000 | -0.2506 | 0.8820 | 0.0126 | -0.0096 | 0.3416 | -5.8967
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L? =100 ¢ Br=-5 (gl3la 55, dolao uloxi Jo I Jols yolie N4-F Jgu

De b, b, b, b, Toax Nu
0.1 | -0.2510 | 2.3774 0.0136 | -0.0066 | 2.2471 -0.8990
k=2 1 -0.2503 | 3.3236 | -0.2858 | -0.0047 | 2.9215 -0.6846
5 -0.2303 | 26.2617 | -7.7304 | 0.0344 | 19.0638 -0.1027
10 | -0.1571 | 98.9627 | -30.9524 | -0.0264 | 70.4341 -0.0277
0.1 | -0.2507 | 2.3758 0.0149 | -0.0087 | 1.5943 -1.1865
1 -0.2503 | 3.2987 | -0.3121 | -0.0165 | 2.0755 -0.9021
w=3 5 -0.2366 | 26.1277 | -8.6233 | -0.2093 | 13.8323 -0.1325
10 | -0.1745 | 100.2187 | -34.4805 | -1.3968 | 52.4200 -0.0349
0.1 | -0.2505 | 2.3758 0.0140 | -0.0089 | 1.2473 -1.4387
1 -0.2503 | 3.2714 | -0.3380 | -0.0217 | 1.6193 -1.0974
=4 5 -0.2410 | 25.4831 | -9.3128 | -0.3280 | 10.7365 -0.1623
10 | -0.1925 | 97.9529 | -37.0385 | -2.2175 | 40.9045 -0.0425

De =2 4 Br=-5 ljlas 555! dolre Judxi Jo 51 Jol> polio :¥e-F Jguo

2 b, b, b, b, T | Nu
10 | -0.2340 | 22.2672 | -6.4321 | 0.0292 | 16.2564 | -0.1204
k=2 | 100 |-02481 | 6.1477 |-1.1894 |-0.0002 | 4.9223 | -0.4015
1000 | -0.2507 | 2.7771 | -0.1135 | -0.0054 | 2.5318 | -0.7939
10000 | -0.2510 | 2.4098 | 0.0031 | -0.0064 | 2.2701 | -0.8895
10 | -0.2393 | 22.1274 | -7.1724 | -0.1689 | 11.7721 | -0.1558
100 | -0.2489 | 6.0777 | -1.3149 | -0.0370 | 35142 | -0.5265
=3 71000 | -02505 | 2.7646 | -0.1232 | 00117 | 17970 | -10473
10000 | -0.2507 | 2.4071 | 0.0035 |-0.0088 | 1.6106 | -1.1739
10 | -0.2429 | 21.5892 | -7.7442 | -0.2671 | 9.1384 | -0.1907
100 | -0.2494 | 59744 | -1.4191 | -0.0566 | 2.7347 | -0.6425
K=4 171000 | 02504 | 27523 | 01342 | 00139 | 14087 | -1.2722
10000 | -0.2505 | 2.4061 | 0.0020 |-0.0092 | 1.2599 | -1.4238
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L? =100 ¢ Br=-10 (ljlas g5 5 dslae Ldows Jo 31 Jools polio :¥1-F Jgu

De b, b, b, b, Toax Nu
0.1 | -0.2508 | 4.8877 0.0095 | -0.0061 | 4.8800 -0.4056
K=2 1 -0.2494 | 6.7795 | -0.5962 | -0.0024 | 6.2205 -0.3169
5 -0.2094 | 52.6546 | -15.5092 | 0.0752 | 38.4779 -0.0508
10 | -0.0628 | 198.0564 | -61.9564 | -0.0466 | 141.2146 | -0.0138
0.1 | -0.2505 | 4.8858 0.0102 | -0.0081 | 3.5021 -0.5285
1 -0.2497 | 6.7313 | -0.6515 | -0.0241 | 4.4587 -0.4135
w=3 5 -0.2221 | 52.3880 | -17.3015 | -0.4112 | 27.9523 -0.0655
10 | -0.0981 | 200.5696 | -69.0189 | -2.7871 | 105.1250 | -0.0174
0.1 | -0.2503 | 4.8856 0.0087 | -0.0080 | 2.7654 -0.6346
1 -0.2499 | 6.6765 | -0.7040 | -0.0339 | 3.5049 -0.4990
=4 5 -0.2312 | 51.0987 | -18.6852 | -0.6482 | 21.7233 -0.0801
10 | -0.1341 | 196.0380 | -74.1398 | -4.4285 | 82.0571 -0.0212

De=2 4 Br=-10 il 659 dolee Jdxi' Jo 51 Jols polio :YY-F Jguo

2 b, b, b, b, T | Nu
10 | -0.2168 | 44.6657 | -12.9117 | 0.0649 | 32.8639 | -0.0595
k=2 | 100 |-0.2449 | 12.4273 | -2.4140 | 0.0063 | 10.2100 | -0.1921
1000 | -0.2503 | 5.6869 | -0.2480 | -0.0038 | 5.4454 | -0.3628
10000 | -0.2508 | 4.9524 | -0.0118 | -0.0057 | 4.9256 | -0.4018
10 | -0.2276 | 44.3874 | -14.3988 | -0.3304 | 23.8326 | -0.0768
100 | -0.2468 | 12.2888 | -2.6693 | -0.0656 | 7.3273 | -0.2505
=3 171000 | 02502 | 56633 | -0.2696 | 0.0143 | 3.9047 | -0.4731
10000 | -0.2505 | 4.9485 | -0.0128 | -0.0083 | 3.5345 | -0.5236
10 | -0.2349 | 43.3109 | -15.5468 | -0.5262 | 18.5277 | -0.0939
100 | -0.2479 | 12.0821 | -2.8798 | -0.1045 | 57289 | -0.3042
=4 171000 | 02501 | 56386 | -02920 | 0.0182 | 3.0761 | -0.5696
10000 | -0.2503 | 4.9461 | -0.0158 | -0.0085 | 2.7903 | -0.6288
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Abstract

In the present study the flow and heat transfer of viscoelastic fluids passing through
straight rectangular ducts under constant heat flux on the walls and in the fully developed
hydrodynamic and thermal region have been investigated analytically. The nonlinear
constitutive equation used to model the studied viscoelastic fluid is the FENE-P model which
is one of the popular models for modeling dilute polymer solutions. In this study the Ritz
method is used to solve the flow field and heat transfer of viscoelastic fluid, which is subset
of calculus of variations methods for solving partial differential equations. Comparison of
the results obtained for the flow field with previous studies confirms the high efficiency and
accuracy of the Ritz method. Also, using the fourth-order Ritz method is sufficient for the
accuracy of four decimal places. After solving the FENE-P viscoelastic fluid flow field, the
effect of dimensionless parameters such as Deborah number, extensibility parameter and
channel cross-section aspect ratio have been investigated on velocity distribution. The results
show that with increasing the Deborah number and decreasing the extensibility parameter,
the maximum velocity in the center of channel increases due to the intensification of shear
thinning behavior of viscoelastic fluid. Also, increasing the cross-section aspect ratio will
reduce the maximum velocity. By dividing the obtained velocity distribution by its average
velocity, it was found that both an increase of the Deborah number or a decrease of the
extensibility parameter lead to flatter velocity profiles in the core region as a consequence
of enhanced shear thinning in viscosity. In solving the energy equation by considering
viscous dissipation, in addition to the mentioned dimensionless parameters, the effect of
Brinkman number on heat transfer of FENE-P viscoelastic fluid has been analyzed. The
results show that with increasing Deborah number and decreasing the extensibility
parameter, the amount of viscous dissipation around the walls increases. For positive
Brinkman numbers, where heat is transferred from the walls to the fluid, the mean
temperature of the fluid decreases as the Deborah number increases and the extensibility
parameter decreases, which leads to reduction in Nusselt numbers. But for negative
Brinkman numbers, where heat is transferred from the fluid to the walls, this trend will be
reversed. The results reveal that by increasing the positive and negative Brinkman numbers
in the specific Deborah number and extensibility parameter, the Nusselt numbers will
decrease and increase, respectively.

Keywords: viscoelastic fluid, FENE-P model, straight rectangular duct, Ritz method,
constant heat flux, viscous dissipation
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