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6 Combination 
7 Self-excited oscillations 
8 Chaos 
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R�l-jS� �

x 0

y 0

z 0

dw(x, t)
u u (x, z, t) u(x, t) Z

dx

u v (x, z, t) 0

u w (x, z, t) w(x, t)

= = −

= =

= =
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20 0 0 0 0 0
x xy

20 0 0 0
y yz

0 0 0
z xz

u w u v w w1 1
( ) [ ( )]

x 2 x 2 y x x y

v w v w1 1
( ) [ ]

y 2 y 2 z y

w u w1
[ ]

z 2 z x

∂ ∂ ∂ ∂ ∂ ∂
ε = + γ = + +

∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂
ε = + γ = +

∂ ∂ ∂ ∂

∂ ∂ ∂
ε = γ = +

∂ ∂ ∂
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R�l-mS� �

2
2

x xy2

y yz

z xz

u w 1 w
Z ( ) 0

x x 2 x

0 0

0 0

∂ ∂ ∂
ε = − + γ =

∂ ∂ ∂

ε = γ =

ε = γ =
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σ ε=x xE  
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R�l-oS� �
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x x y y z z xy xy xz xz yz yzU = σ ε +σ ε +σ ε +τ γ +τ γ +τ γ  

�� ������v����,��..b%U*�� 2������ �5"� ����-�����Z���8� �0�51}��� ���V�0���%�����������

,
�eO�����2�h��

R�l-nS� �*

x xUδ = σ δε  
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R�l-qS� �

L 2

x 2

0 A

u w w w
U [ Z ( )]dAdx k

x x x x

∂ ∂ ∂ ∂
δ = σ δ − δ + δ + ξδξ

∂ ∂ ∂ ∂� ��  
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���.%P�� �0T��������.��
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y

2 2

−
≤ ≤�

��h h
z

2 2

−
≤ ≤�������0*��
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R�l-rS� �x x x x

A A

N dA M ZdA= σ = σ�� ��  
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R�l-sS� �

L 2

x x 2

0

u w w w
U [N ( ( )) M ]dx k

x x x x

∂ ∂ ∂ ∂
δ = δ + δ − δ + ξδξ

∂ ∂ ∂ ∂�  
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L

2 2 2 2

0

1 u w 1
K A [( ) ( ) ]dx m( v )

2 t t 2

∂ ∂
= ρ + + ξ +

∂ ∂� �  
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R�l-jjS� �

L

0

u u w w
K A [( ) ( )]dx m( )

t t t t

∂ ∂ ∂ ∂
δ = ρ δ + δ + ξδξ

∂ ∂ ∂ ∂� � �  
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L

nc c c

0

W {[ gA f (x vt)] w T (x L) u}dx fδ = −ρ + δ − δ + δ − δ − δξ�  
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2

1

t

nc

t

H [ K U W ]dt 0δ = δ − δ + δ =�  
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2

1

t L 2

x

2

t 0

2 2

x
x c2 2

c

dN d u
H [ [( A T (x L)) u

dx dt

d M d dw d w
(( (N )) A gA f (x vt)) w]dx

dx dx dx dt

( m k f ) ]dt 0

δ = − ρ + δ − δ

+ + − ρ − ρ + δ − δ

+ − ξ − ξ − δξ =

� �

��
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2

x

2

dNd u
u : A 0

dt dx
δ ρ − =  

R�l-jnS� �

22

x
x c2 2

d Md w d dw
w : A ( (N )) gA f (x vt)

dt dx dx dx
δ ρ − + = −ρ + δ − �

R�l-jqS� �c
: m k fδξ ξ + ξ = −�� �

�1��!��� �R�l-joS�PR�l-jnS�%�%��0.���1�Y�,���!%
���0�|�0�������.%��U�O�,���!%
����1��!��
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R�l-jrS� �

x

2

2

u 0 at x 0 N T at x L

w 0 at x 0 w 0 at x L

dw d w
0 at x 0 0 at x L

dx dx

= = = =

= = = =

= = = =

 

R�l-jsS� �x vtG(x, t) w(x, t) (t)== − ξ  
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���.%����2x=vt�
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R�l-ltS� �

c

c

F G(x, t) 0
f

0 G(x, t) 0

� =�
= �

>��
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j* ���2�����G(x,t)=0h 

R�l-ljS� �x vtG(x, t) 0 (t) w (x, t) == → ξ =  

�1��!��2��	��5�����0�R�l-jsS�������%����D��0��
���?���)�8�[���W�#����0��
�Kh��

R�l-llS� �

2 2 2
2

x vt2 2

w w w
(t) ( 2v v )

t x t x
=

∂ ∂ ∂
ξ = + +

∂ ∂ ∂ ∂
��  

�
�M���8��0R�l-ljS���R�l-llS���1��!��
�R�l-jqSh��

R�l-lmS� �

2 2 2
2

x vt c2 2

w w w
(m( 2v v ) kw) F

t x t x
=

∂ ∂ ∂
+ + + = −

∂ ∂ ∂ ∂
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R�l-lfS� �m k 0ξ + ξ =��  
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1 Runge kutta order 4 
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R�m-jS� �

x x x

A A

2

x x x 2

A A

du
N dA E dA EA( )

dx

d w
M ZdA Ez dA EI( )

dx

= σ = ε =

= σ = ε = −

�� ��

�� ��
 

� �0�8�
�M���:0�
�� �R�m-jS�� 
�R�l -joS�� �R�l-jnS�� ,F��!�� �1N��� �0� _��D� �:/�0�#���

��K�� ��/*��

������������������������������������������������������������
1 Runge kutta order 4 
�
 Galerkin method�

�
 Simpson rule
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2 2

2 2

u u
A EA( ) 0

t x

∂ ∂
ρ − =

∂ ∂
 

R�m-mS� �

2 4

c2 4

w w u w
A EI EA ( ) gA f (x vt)

t x x x x

∂ ∂ ∂ ∂ ∂
ρ + − = −ρ + δ −

∂ ∂ ∂ ∂ ∂
�

�1��!��� �R�m-lS�� �R�m-mS�%�%� �0.��� �� �1�Y� ,���!%
�� �0� |�0���.%� �U�O� ,���!%
���:/�

������0� ���2���3������1N�� Z.�#1�D���0��%.��	����.
���k�%.��	���	�����^���� �0����1�Y� Z./

�.%��U�O��0�,
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�����
��-�du
EA T

dx
=�R�.%��1�Y����S�������?�#0�B��.%�T�Y�
������0�8�
�M������
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R�m-oS� �

2 4 2

c2 4 2

d w d w d w
A EI T( ) gA f (x vt)

dt dx dx
ρ + − = −ρ + δ −  
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2 2 4 2 2

w w w w w w
A T EI [m( 2v v )

t x x t x t x

kw] (x vt) gA

∂ ∂ ∂ ∂ ∂ ∂
ρ − + + + +

∂ ∂ ∂ ∂ ∂ ∂ ∂

+ δ − = −ρ
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u 0 at x 0 EA T at x L

dx

w 0 at x 0 w 0 at x L

dw d w
0 at x 0 0 at x L

dx dx
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= = = =
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x t EI w A
x ; t ; w ; ; () L (); v vL

L L A L L EI

ξ ρ
= = = ξ = δ = δ =

ρ
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2

2

w 0 at x 0 w 0 at x L

dw d w
0 at x 0 0 at x L

dx dx

= = = =

= = = =
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2 4 2
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x L x x L x x L x x t EI x t

AL

t EI t

∂ ∂ ∂ ∂ ∂ ∂ ∂ ρ ∂
= = = =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ρ ∂
=

∂ ∂
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2 * 2 * 4 * 2 * 2 * 2 *
2 * *2

*2 *2 *4 *2 * * *2

2 * * * * *

w w w w w w
[ 2v v

t x x t x t x

w ] (x v t )

∂ ∂ ∂ ∂ ∂ ∂
φ − β φ + φ + + +

∂ ∂ ∂ ∂ ∂ ∂ ∂

+ω δ − = −γφ
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2 * 2 * 2 *
* * *2 2 *

c *2 * * *2 x v t

w w w
F ( 2v v w )

t x t x =

∂ ∂ ∂
− φ = + + + ω

∂ ∂ ∂ ∂
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2 * 2 * 4 *
2

*2 *2 *4

w w w

t x x

∂ ∂ ∂
−β + = −γ

∂ ∂ ∂
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c

4

k

F LAL AL gAL TLm
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m I EI EI EIEI

AL

ρ ρ
ω = φ = α = γ = β = =
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n
* * * * *

i i

i 1

w (x , t ) q (t ) (x )
=

= ϕ�  

�
�R�m-jnSP *

i (x )ϕ70�%�Q���� *

iq (t )�0�����O�����
���70�%����2�u��!%��������*���1��!�������
��V��0

R�m-jnS��
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1 Galerkin method 
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n n n
* * 2 * * * (4) *

i i i i i i

i 1 i 1 i 1

n n n
* * * * * *2 * *

i i i i i i

i 1 i 1 i 1

n
2 * * * * * *

i i

i 1

q (t ) (x ) q (t ) (x ) q (t ) (x )

[ q (t ) (x ) 2v q (t ) (x ) v q (t ) (x )

q (t ) (x )] (x v t )

= = =

= = =

=

′′φ ϕ −β φ ϕ + φ ϕ

′ ′′+ ϕ + ϕ + ϕ

+ω ϕ δ − = −γφ
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�� �  
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1 1n n
* * * * 2 * * * *

i i j i i j

i 1 i 10 0

1 1n n
* (4) * * * * *

i i j i i

i 1 i 10 0

n n
* * * *2 * *

i i i i

i, j 1 i 1

n
2 * *

i i

i 1

[ q (t ) (x ) (x )]dx [ q (t ) (x ) (x )]dx

[ q (t ) (x ) (x )]dx [ q (t ) (x )

2v q (t ) (x ) v q (t ) (x )

q (t ) (x )]

= =

= =

= =

=

′′φ ϕ ϕ − β φ ϕ ϕ

+ φ ϕ ϕ + ϕ

′ ′′+ ϕ + ϕ

+ω ϕ

� �� �

� �� �

� �

�

��

��
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* * * * * *

j

1

* *

j

0

(x ) (x v t )dx

[ (x )]dx

ϕ δ −

= − γφϕ�
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i i

0

[ (x ) (x v t )]dx (v t )ϕ δ − = ϕ�  
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n n n
* * *

i i i i i i

i 1 i 1 i 1

M q (t ) C q (t ) K q (t ) P
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+ + =� � ��� �  
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i ij i i i j

0
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i i j

1

2 * * * * *

i i j i j

0

*2 * * * * 2 * * * *

i j i j

1

* *

j

0

M [ (x ) (x )]dx (v t ) (v t )

C 2v (v t ) (v t )

K [ (x ) (x ) (x ) (x )]dx

v (v t ) (v t ) (v t ) (v t )

P [ (x )]dx

= δ φ ϕ ϕ + ϕ ϕ

′= ϕ ϕ

′ ′ ′′ ′′= φ β ϕ ϕ + ϕ ϕ

′′+ ϕ ϕ + ω ϕ ϕ

= − γφϕ

�

�
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n
* * *

i i

i 1

w (x ,0) q (0) (x )
=

= ϕ�  
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n
* * *

i i

i 1

w (x ,0) q (0) (x )
=

= ϕ� ��  
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0

i 1
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j

0

w (x ,0) (x )dx
q (0)

(x )dx

ϕ
=

ϕ
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0
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w (x ,0) (x )dx
q (0)
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ϕ
=

ϕ
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i ij i i

0

1

2 * * * * *

i i j i j

0

1

* *

j

0

M [ (x ) (x )]dx

K [ (x ) (x ) (x ) (x )]dx

P [ (x )]dx

′ = δ φ ϕ ϕ

′ ′ ′ ′′ ′′= φ β ϕ ϕ + ϕ ϕ

′ = − γϕ
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i

* * * * *

i i i i i i

(4i 1)
B

4

(x ) cosh(B x ) cos(B x ) cot(B )(sinh(B x ) sin(B x ))

i 1,2,..., N

+
= π

ϕ = − − −

=
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 Simpson rule
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* *i i
i i
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(2i 1)
B

2

(x ) (cosh(B x ) cos(B x ))

sinh(B ) sin(B )
[ ](sinh(B x ) sin(B x ))
cosh(B ) cos(B )

i 1,2,..., N

+
= π

ϕ = −

−
− −

−

=
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a
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3

F(x) f (x)
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���

�

R�m-mnS� �

2 * *

1 1

* * * * *

1 1 1

1

2 2 * 2 * * *2 * * * * 2 2 * *

1 1 1 1 1 1

0

1

* *

1

0

M (v t )

C 2v (v t ) (v t )

K [ (x ) (x )]dx v (v t ) (v t ) (v t )

P [ (x )]dx

= φ + ϕ

′= ϕ ϕ

′ ′′ ′′= φ β ϕ + ϕ + ϕ ϕ + ω ϕ

= − γφϕ
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1 1 1

0

1
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1

0

M

K [ (x ) (x )]dx

P [ (x )]dx

′ = φ

′ ′ ′′= φ β ϕ + ϕ

′ = − γφϕ
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w (x ,0) (x )dx
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ϕ
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ϕ
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0

1 1
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1
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w (x ,0) (x )dx
q (0)
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ϕ
=

ϕ
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1 1
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1 1 1 1 1 1

5
B 3.927 cot(B ) 1.001

4

(x ) cosh(B x ) cos(B x ) cot(B )(sinh(B x ) sin(B x ))

= π ≈ ≈

ϕ = − − −
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1(x ) sin( x )ϕ = π  
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1 1
1

1 1

* * *

1 1 1

* *1 1
1 1

1 1

sinh(B ) sin(B )3
B 4.73 0.983

2 cosh(B ) cos(B )

(x ) (cosh(B x ) cos(B x ))

sinh(B ) sin(B )
[ ](sinh(B x ) sin(B x ))
cosh(B ) cos(B )

−
= π ≈ ≈

−

ϕ = −

−
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Abstract  

At the research, vibration and dynamic contact between tensioned beam under moving 

mass-spring system have been studied. beam is flexible, homogeneous, isotropic and the 

length greater the cross-sectional area. Using Euler Bernoulli theory, von Karman strain 

and Hamilton principle equations of motion linear and nonlinear of the system have 

been obtained. equations of motion, the two sets of differential equations for the contact 

coefficients of the variable time, but the time separation are set equations coefficients 

constant. Using Galerkin method, ordinary differential equations have been obtained 

and have been solved by the forth order Runge kutta method. The contact force and 

deflection for tensioned beam in the case of simply supported ends, clamped ends and 

clamped- simply supported ends is calculated and influence of tension, speed, and 

spring to mass ratio, in dimensionless form for beam clamped- simply supported ends 

have been studied. checking for separation of a beam and mass-spring and comparison 

problem for linear and nonlinear obtained; endorse linear problem with F.E.M. 

 

Keywords: Beam vibration, moving mass-spring system, Dynamic contact, Galerkin  
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