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> A.estl <- inla.spde.make.A(mesh=meshl, loc=coords)
> dim(A.estl)
[1] 200 801
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SPDE . I rrgw 530 1 Je bbb Aestlsanalive il y meshl guudlis 3

sl b 0%

> spde <- inla.spde2.matern(mesh=meshl, alpha=2)

r*fs" G, 5 Oy goh |y > 68 i e
> formula <- y ~ -1 + intercept + f(spatial.field, model=spde)

ol e cpl by wayls |y spde Jus &S suis jasin spatial.field b slad dslas
")*:’o"" \J.>\ inla C’b 4.1.’.:...454.’ 4:.9\.:

> outputl <- inla(formula,

data = list(y=SPDEtoy$y, intercept=rep(1l,spde$n.spde),
spatial.field=1:spde$n.spde),
control.predictor=1list(A=A.estl,compute=TRUE))

sk s (ool il gl spatial.feild e Jold 35 data cud S uiS g
3S Gk sl amlin Ll e Gl (WSia ogy sl B 1 ldles Oy s
Sl b b gl ST S Cwl sas u)g control.predictor ;5 compute = TRUE
MAn3 e Censdy o> (655 Sy

25 Dlogs i b ol 1y S Dhalin gl S5 5 clase 5 28 g sloasMs
i3 S sanlin

> round(outputl$summary.fixed,3)

mean sd 0.025quant 0.5quant 0.975quant mode kld
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intercept 9.509 0.819 7.779 9.526 11.138 9.666 0O
> round(outputl$summary.hyperpar[1,],3)
mean sd 0.025quant 0.5quant
Precision for the Gaussian observations 3.732 0.783 2.423 3.654
0.975quant mode

Precision for the Gaussian observations 5.488 3.507

31 eas o slatle s 0S0be wlion sl Cens 1y 0 by il bl S

dﬁJJ’

> inla.emarginal (function(x) 1/x, outputl$marginals.hyper[[1]])
[1] 0.2819983

45> inla.spde2.result C"’b Sleslanl b olas ola el s (slaasls r:.S dowlxn

ol comipeon w8 gl |y outputt e & by e SLWb oIS S ol o sy, dnla

235 507 ity sl by e s o 55 5 9S00 Joa b 2l sl ool 51 ) s 16
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> outputl.field <- inla.spde2.result(inla=outputl,
name="spatial.field", spde=spde, do.transf=TRUE)

anls ke & do.transf <3S a8 e jakiw |, formula ,» SPDE i (L‘a name
Lps ol o 6ln o xSbe 00 S0 wad Joas wlie 555 Loiebly laglesl>
1)) Cewsty 5 Oyt Olise

> inla.emarginal (function(x) x, outputl.field$marginals.kappal[1]])

[1] 6.955692

> inla.emarginal (function(x) x, outputl.field$marginals.variance.nominal[[1]])
[1] 3.543791

> inla.emarginal (function(x) x, outputl.field$marginals.range.nominal [[1]])

[1] 0.4064151
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S el sl sy das 68 i s sl sl 31 Mo ol g ialsd) Jto Sz S 5o
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Oy goh Sl lie 4:“L§(5‘Jf Iy 5 K\"ul"’djfu:‘:ﬁ 0\5:.3 45.55..56» Eel u"‘iJ:L“ 0.3‘
K
n=H(Z) = th(zk)v
k=\

adse 3l > LSS olgea i = AH(Z) wos > 8 2w R — INLAS Jb> 55 b g
LS oo adg Asaalin il 31
Doyot |y shi S § s Olr Fivrey lade o
n'=m+ny+-=AHZ)+ AvH(Zy) + ...

ol p3 Oygoa inla.stack &b Sl S s

stack <- inla.stack(data = list(...),
A = list(A1, A2, ...),
effects = list( list(...), list(...), ...),

tag = "...")

o i sy3 03 &S Col List 5s ad jade AL ke A sl s ol s S

Ul o dsb b 5 5l 1y ey e data S ool Zidlor 4 bigye (B3l 31 sl |

b dos cpl s slul inla gl s sl 13 rij: Sysots [y S iy ol5e oen
5,5 1,1 tag <038 5l eslial L ol 55 e

stack <- inla.stack(stackl, stack2, ...)

rg: ¢ 5 ol s Oylie tag b inla.stack c.;ls s> 9> stack2 y stackl ol s S
bl (ol G & dwdBle S5)ls 55,8 Slej

20 s [ bl glosysle & (ol (S5 (SPDEtoY asle Jba 5l eslinal L JL>
955800 Jali |y lase 51 5 ,e cinla.stack 6\3 o, g b R 5 olis inla.stack
5;90 g sl & inla.spde.make.index rl} [CRTX R C PP cTNCEINS r:.Sum ol wb
r:‘SLs“‘ 2,25 |y kS o0 3wl SPDE Juws 6l 5L

> s.index <- inla.spde.make.index(name="spatial.field",

n.spde=spde$n.spde)

inla.spde make.index >g,> -Cd; aals> ;4 formula s ol g3 rb name ;) ,3
:JJ\J ‘J J",,). LS\A«&J}A j\ M
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> names(s.index)

[1] "spatial.field" "spatial.field.group" "spatial.field.repl"

3.,\3}3@ 2, ) CJJ}&@)\J}}@@)L& JL‘;A w\ij

s.index$spatial.field = seq(l,spde$n.spde)
s.index$spatial.field.group = rep(1l,spde$n.spde)
s.index$spatial.field.repl = rep(1l,spde$n.spde)

s L84 |y inla.stack 6\3 anls| 43

> stack.est <- inla.stack(data=list(y=SPDEtoy$y),
A=list(A.estl),
effects=list(c(s.index, list(intercept=1))),

tag="est") #Estimation

Olies o] i.,\..uc 5l e ) seed effects g ayls s |y Aestl il A ol s &S
55 dload cye b 51 cud O Oysow siindex SIS uS 5 oyl |y olad sl

:ri,\.s obl s r:.SGN bl 1ist(...) ) effects «u3S

> outputl.stack <- inla(formula,
data=inla.stack.data(stack.est, spde=spde),
family="gaussian",
control.predictor=list(A=inla.stack.A(stack.est),

compute=TRUE))

san L o ile 9 Lassls C";&M‘ §» S5 & inla.stack.A y inla.stack.data >l ;s

wlas, Sy stack.est ;|

slad o5 o | 00 X 00 Whiie (6,5 S LS (R — INLA 5> las 25 sl skiad
‘.“...5@ sl SPDEtoy (glassls

> grid.x <- 50

> grid.y <- 50

> pred.grid <- expand.grid(x = seq(0, 1, length.out = grid.x),
y = seq(0, 1, length.out = grid.y))

> dim(pred.grid)

[1] 2500 2
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> A.predl <- inla.spde.make.A(mesh=meshl, loc=as.matrix(pred.grid))
> dim(A.predl)
[1] 2500 801

‘.:SGA sJg tag ="pred.latent” | eslis| L |y inla.stack 6\3 s 9

stack.pred.latent <- inla.stack(data=1list(xi=NA),
A=1ist(A.predl),
effects=1ist(s.index),

tag="pred.latent")

O3z ot 18 xi = NA b s ol | 08y wlis o0 03z S 5
tomsloa 5 (255 o €(8) (2Lad Oley Ol sl Jaid ol 592 5 SIS e s clus 51 550
5.5 el b 5 S i ol ol e oy el siaitle )

> stack.pred.response <- inla.stack(data=1list(y=NA),
A=1ist(A.predl),
effects=1list(c(s.index, list(intercept=1))),

tag="pred.response")
oo bl (b 255t 5 Ol Ole (55t byl 3351) Sl (655t 4w S -
O B RSPt

> join.stack <- inla.stack(stack.est, stack.pred.latent,

stack.pred.response)

> join.output <- inla(formula,
data=inla.stack.data(join.stack),
control.predictor=list(A=inla.stack.A(join.stack),

compute=TRUE) )

inla.stack.index @b)‘ (S5 § Lo 13 b 23S i e st > 6\.&,@)’)3 bl sk
V:SGA sl



> index.pred.latent <- inla.stack.index(join.stack,
tag="pred.latent")$data
> index.pred.response <- inla.stack.index(join.stack,

tag="pred.response")$data

1359) Sty 3 Opgot Olfisn b 0le Ol Sl g slaas s

> round (head(
join.output$summary.linear.predictor[index.pred.latent,1:5],n=3),3)

mean sd 0.025quant 0.b5quant 0.975quant

Apredictor.0201 2.598 0.856 0.937 2.572 4.415
Apredictor.0202 2.829 0.854 1.134 2.815 4.609
Apredictor.0203 2.787 0.884 1.034 2.775 4.608

> round (head(
join.output$summary.fitted.values[index.pred.latent,1:5],n=3),3)
mean sd 0.025quant 0.5quant 0.975quant

fitted.Apredictor.0201 2.598 0.856 0.937 2.572 4.415
fitted.Apredictor.0202 2.829 0.854 1.134 2.815 4.609
fitted.Apredictor.0203 2.787 0.884 1.034 2.775 4.608

Palon Cansty 25 D300 Ol Ol Gy SOl i 3dis o

> post.mean.pred.latent <-

join.output$summary.linear.predictor[index.pred.latent, "mean"]
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with default prior
----- with informative prior

.......... with vague prior
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Bor = Bo oy + Wy, wy ~N(e,Wy), t=Y,....,T
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under -0.3
-0.3to 0.2
0.2t0 0.7
over 0.7

EOCO@

under 0.3
0.3to0 1.0
1.0t0 1.9
over 1.9

pOOCmE

under -0.9
09t 0.4
04to0 1.3
over 1.3
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formula <- logec ~ -1 +utmx + utmy + th + k +
na + so4 + cl + hco3 + ph + tds + f(spatial.field, model=Golestan.spde,

group=spatial.field.group, control.group=list(model="arl"))
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result <- inla(formula,
data=inla.stack.data(join.stack),
control.predictor=list(A=inla.stack.A(join.stack),

compute=TRUE) )

B s iin ol s L3l S Glae Slmil 5 Sy (5 00e) g sloe bl
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result$summary.hyperpar uw il 5l Jsl 450 s S5 550 oo 13 0oy cpnnn L Lgl.m)LJ

fulse sty 35 g 512l L
result$summary.hyperpar ["GroupRho for field",]
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sigma2eps.marg <- inla.tmarginal(function(x) 1/x,

result$marginals.hyperpar$"Precision for the Gaussian observations")

>l @ [.:J\jsgp inla.gmarginal(-) 4 inla.emarginal(-) @\33 Shasle) b e
O IV 3 Y RVEN & (S il 0 Stz 5 ke Bl (Sl

sigma2eps.ml <- inla.emarginal(function(x) x, sigma2eps.marg)
sigma2eps.m2 <- inla.emarginal(function(x) x72, sigma2eps.marg)
sigma2eps.stdev <- sqrt(sigma2eps.m2 - sigma2eps.ml~2)
sigma2eps.quantiles <- inla.qgmarginal(c(0.025, 0.5, 0.975), sigma2eps.marg)
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result.field = inla.spde.result(result, "spatial.field",

golestan_spde, do.transform=TRUE)
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> source("http://www.math.ntnu.no/inla/givemeINLA.R")
35 S8 5 Do 4 Ol b s
> library(INLA)
Dy
> inla.upgrade(testing=TRUE)

So50 o Sluyiey 4 SusS g g0 )8 4 4 o] & e sl sl
.4§S>}bb[)£*ecg\inlaupgrade(testing::TRUE)u;wsQréSgﬁzhpiﬁ<9xgb:}?j
e sl pixan 5 @ans gl 3550 45 Sl http 1 //wwwr — inla.org/ Cole oy
35l ) th-: 9 S 035 5 €,

o Gl f() 865 x = (21, 27) G pite 55 b (o R — INLA b il 51
D58 2ol s oses b 5 (1Y) dolee (has (655 iy tpeSioe 00 s 21 s (S

> formula <- y ~1 + x1 + x2 + f(z1, model="...")
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> names(inla.models()$latent)

[1] "1inear" ”iid" "mec" "meb"
[56] "rgeneric" "rwl" "ry2" "crw2"
[9] "seasonal" "besag" "besag2" "bym"
[13] "bym2" "besagproper" '"besagproper2" "arl"
[17] "ar" "ou" "generic" "genericO"
[21] "genericl" "generic2" "generic3" "spde"
[25] "spde2" "spde3" "iid1id" "iid2d"
[29] "iid3d" "iid4d" "iidbd" "2diid"
[33] "z" "rw2d" "rw2diid" "slm"
[37] "matern2d" "copy" "clinear" "sigm"
[41] "revsigm" "loglexp"

59>s0 http : //www.r — inla.org/models/latent — models ,s gl 5l SO La Lo g
25 Jle gl o 80 6Bl jsba | £() des cpaix formula s ol e -Cunl

> formula <- y ~x1 + x2 + f1(z1) + £2(z2) + £3(z23)

-JJ‘.S bﬁduw J.’“JLE.A 233 z2 (z1 rb L u):.w \ﬂbb‘b 4L g
replicate chyper sile 3 ;84 £() OWax 55 ol o0 &S 0505 3555 50 (6505 Sledas
(acS sanlin |y 7f axis) constr

Dgdise L2l 25 yses inla wb dawsa INLA ) Sl 2olg s

> inla(formula, family = "...", data)

35> 90 s iie S Jali Sl ghosls Hbs L data o sd oo pans 3 5| formula oS
(_gLaa@bS Sl A i 1) ((leiins) basls &5 family 4 25 o formula s
¥

> names(inla.models()$likelihood) #output partially omitted

[1] "poisson" "cenpoisson"
[3] "gpoisson" "binomial"
[6] "testbinomiall" "gamma"
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[7]

[9]
[11]
[13]
[15]
[17]
[19]
[21]
[23]
[25]

http

"gammacount"
"beta"
"cbinomial"
"simplex"
"normal"
"wrappedcauchy"
"iidlogitbeta"
"logistic"

ngp "

”geV"

: //www.r — inla.org/models/likelihoods ;3 Jts b Jo§ Olis s 5 wivn

"kumar"
"betabinomial"
"nbinomial"
"gaussian"
"circularnormal"
"iidgamma"
"loggammafrailty"
"skewnormal"
"sn2"

"laplace"
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Aabstract

Inference in state-space models usually relies on recursive forms for filtering and
smoothing of the state vectors regarding the temporal structure of the observations, an
assumption that is, from our view point, unnecessary if the data set is fixed, that is, com-
pletely available be- fore analysis. In this paper we propose a computational framework
to perform approximate full Bayesian inference in linear and generalized dynamic linear
models based on the Integrated Nested Laplace Approximation (INLA) approach. The
proposed framework directly approximates the posterior marginals of interest disregard-
ing the assumption of recursive updating/estimation of the states and hyperparameters
in the case of fixed data sets and, therefore, enable us to do fully Bayesian analysis of
complex state-space models more easily and in a short computational time. The proposed
framework overcomes some limitations of current tools in the dynamic modeling literature
and is vastly illustrated with a series of simulated as well as worked real-life examples,
including realistically complex models with correlated error structures and models with
more than one state vector, being mutually dependent on each other.

Keywords: Dynamic models, augmented model, spatio-temporal dynamic models,

Integrated Nested Laplace Approximation
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