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2 ��õÀÖõ ø Óþ¤�ã�

�õÀÖõ 1-1

�»¿þ¤�� 1-1-1

ý�ûý��ÜÞ�À�� �� Í±�Âõ ßþÂð â���� ö� ¤¢ �î ¢Âî ��� ý��ó�Öõ ,1ß�óøÂ� Å÷�û 1965 ñ�¨ ¤¢

¥� �¢¤ø�÷ ßÈ�ó�ê ×þ üêÂãõ ý�Â� üØ�õ��þ¢ ¤�Î� À÷���üõ ßþÂð â��� .¢�� ù¢Âî üêÂãõ �¤ ÍÜµ¿õ

.]9[¢�ª ÓþÂã� ���ê ý�ä�Þ¹õ ¤�À÷�Âî Â�è ý�Ôó�bõ

ô�¨�b�¤¢ ý��ÜÞ�À��×þ ý��ó�� ý�ä�Þ¹õ ¥�Âê� ý�Â� �¤ ßþÂð â��� 1988 ñ�¨ ¤¢ 2¢¤���û ø Â÷�Â�

Û�Æ÷�µ�Ýû ü�½�õ ×þ ÝÞµõ ¥� ¤�À÷�Âî ý�û�Ôó�b õ ñøÀ� ý�û�Ø� .À÷¢Â� ¤�Ø� ,üóøÀ� ý�û�Ø� ��

�� Û�Æ÷�µ�Ýû ý�ûü�½�õ ö¢Âî °�îÂ� �� �¤ üóøÀ� ý�û�Ø� ÓþÂã� 3¥�î�þ Àã� ñ�¨ ×þ .]4[À÷¢��

ý�û�Ø� ßþ� ¥� ù¢�Ôµ¨� � � ¥�î�þ .¢�¢ ©ÂµÆð ,ü�¤�¡ ý�û��Â� ô�÷ �� ÂÚþ¢ ý�¢¤ø�÷ ßÈ�ó�ê ×þ

�f�÷�� ,¢¤�À÷ "Â��ü� Ý¬� ¤�Î�' �ø��µõ ¯�Ö÷ �f ø� �î ôø¢�b �¤¢ ý��ÜÞ�À�� Âû �î ¢�¢ ö�È÷ üóøÀ�

ý�ä�Þ¹õ ý�¤�¢ �fõøÃó ,´¨�ÂþÁ�ñ�õÂ÷ ¤�� üû��µõ ¢�Àã� ÍÖê �f·ó�� ø ´¨� À�±Þû Çþ��ó�� ý�ä�Þ¹õ

âÎì À�±Þû ý��ä�Þ¹õ ¤¢ �¤ ��ó�� ý�ä�Þ¹õ üóøÀ� ý�Ø� Âû ö�� .´¨� À�±Þû �fã®�õ ý��ó��

ý�û�Ø� ¥� ��¤¢�� ý�ó�±÷¢ ×þ ��ó�� ý�ä�Þ¹õ ¥� �ÎÖ÷ Âû ý�Â� �î ¢�¢ ö�È÷ ¥�î�þ ©ø¤ À�îüõ

�¤ üþ�û Â÷ ]13[ ¤¢ 4º����ó 1994 ñ�¨ ¤¢ .À�îüõ �À�� Û�ÜÖ� �ÎÖ÷ ×þ �� �ú�� �î ¢¤�¢ ¢��ø ñøÀ�

À÷¢Âîüõ �À�� Û�ÜÖ� ôø¢�b�¤¢ ý�ûý��ÜÞ�À�� ý�Â� ñøÀ� ý�û�Ø� �ûö� ¤¢ �î ¢Âî üêÂãõ

ßµõ �� üÜî ù�Ú÷ 2-1-1

âê�¢ �ø��µõ ý�û¤�Àõ �ú�� �î ´êÂð Ý�û��¡ ÂÑ÷ ¤¢ �¤ üþ�ûý��ÜÞ�À�� ÍÖê ßµõ ßþ� Â¨�Â¨ ¤¢

ý�ä�Þ¹õ ø¤ ßþ� ¥� ø ¢¤�À÷ ¤�À÷�Âî ý�Ôó�bõ ���ê ý�ä�Þ¹õ üþ�ûý��ÜÞ�À�� ß��� ×þ ý�Â� .À÷¤�¢

Hans Brolin1

Branner and Hubbard2

Yoccoz3

Lyuobich4



3 ��õÀÖõ ø Óþ¤�ã�

À�õ�ì�ä üþ�ûý��ÜÞ�À�� �� ÍÖê ßþ� Â� ùø�ä .´¨� ( ü±Êä ý�û�µª¤ ÛØª ��)Dendrite��ó��

¤¢ ø �õ�¢� ¤¢ , 1 ÛÊê ¤¢ ô¥� ¤�Ã�� ö¢Âî Ýû�Âê ¥� Å� .À÷¤�¢ ü÷�Â½� ý�ÎÖ÷ ×þ �ú�� �î Ý�µÆû

(1-1-1) Ç¿� ¤¢ ø ¢��ù¢Âî ��±�� �¤ö� ¥�î�þ �î ý��¹�µ÷ ¤¢ ¢���õ �¨ ø ×þ ý�û¯Âª 2 ÛÊê

�¹�µ÷ �¤ ��ó�� ý�ä�Þ¹õ ýÀ�±Þû �fã®�õ ø ù¢Âî ßþÃÚþ�� ,� ø Óó� ý�û¯Âª �Ü�¨�� �¤ Àª üêÂãõ

.ÝþÂ�ðüõ

.´¨� âê�¢ �ø��µõ ý�û¤�Àõ ý�¤�¢ ÍÖê P ý��ÜÞ�À�� (Óó�

.´Æ�÷ ù¢�¨ ÂþÁ�ñ�õÂ÷ P (�

ü÷�Â½� ý�ÎÖ÷ ×� ¤�Àõ :Ý��îüõ ýÀ��ù¢¤ Âþ¥ �¤�Ê� �¤ ü÷�Â½� ý�ÎÖ÷ ¤�Àõ 4 ø 3 ý�ûÛÊê ¤¢

ý�Â� .´¨� "üµÈð¥�� �÷�ÂÊõ' �Ø�þ� � þ ø ´¨� "üµÈð¥�� üÜ�õü� ��' �þ ,´¨� "üµÈð¥�� Â�è'

,À÷¤�¢ âê�¢ �ø��µõ ý�û¤�Àõ ÍÖê �î P : z 7�! z3 + c ôÂê �� ÍÜµ¿õ ô�¨�b �¤¢ ý�ûý��ÜÞ�À��

´��� ý�û��Â� �ú÷� ¤¢ ø À�µÆ�÷ÂþÁ�ñ�õÂ÷ ü÷�Â½� ý�ÎÖ÷ ×� ¤¢ ,´¨� À�±Þû �ú÷� ý��ó�� ý�ä�Þ¹õ

��' �þ "üµÈð¥�� Â�è' ü÷�Â½� ¤�Àõ �î üµó�� ¤¢ �¨ ÛÊê ¤¢ �Àµ�� ;À÷�ªüõ Ýµ¡ ü��Ã¹õ ´��� ¯�Ö÷ ��

ÛÊê ¤¢ Å³¨ ø Ýþ¤ø�üõ ´¨À� �¤ ��ó�� ý�ä�Þ¹õ ýÀ�±Þû �fã®�õ ,´¨� "üµÈð¥�� üÜ�õü�

ý¤�Ï �¤ g ´ª�Ú÷ ×þ P ý��ÜÞ�À�� �� ,´¨� "üµÈð¥�� �÷�ÂÊõ' ü÷�Â½� ¤�Àõ �î üµó�� ¤¢ 4

ý��ÜÞ�À�� �±ª ´ª�Ú÷ ÀþÀ� ´ª�Ú÷ ßþ� .À�îüõ ÅØã�õ �¤ P ��±�îÂ� ö�Þû �î Ý��îüõ Í±�Âõ

.´¨� ÂþÁ�ñ�õÂ÷ ¤�� ´þ�ú÷ü� ø ¢¤�¢ ô�÷ �µê�þÝ�Þã�

ýÀ�±Þû�÷ �f î �Àµ�� �Ø�þ� �� Ý��îüõ ß�ãõ ÀþÀ� ´ª�Ú÷ ßþ� ý�ûý¥�¨ñ�õÂ÷ ��±�îÂ� ýø¤ �¤ üÎþ�Âª

�¹�µ÷ J(P ) ý��ó�� ý�ä�Þ¹õ ýÀ�±Þû �fã®�õ ö� ¥� ù¢�Ôµ¨� �� Å³¨ ø K(g) ý��ó�� ý�ä�Þ¹õ

�î P : z 7�! z2 + c ôÂ ê � � ôø¢�b �¤¢ ý�ûý��ÜÞ�À�� ¥� ý�ù¢¤ ¸� � ÛÊê ¤¢ ô�¹÷�Â¨ ø .¢�ª

¤� � ´þ�ú ÷ü� ø ´¨� âê�¢ �ú ÷� �ø�� µõ ý�û¤�Àõ ô�Þ � ,À� µÆû À�±Þû ý�� ó�� ý�ä�Þ¹õ ý�¤�¢

ý�ä�Þ¹õ ý�¤�¢ üþ�ûý��ÜÞ�À�� ß��� ×þ �î Ý��îüõ ´��� ø �µêÂð ÂÑ÷ ¤¢ �¤ À�µÆûÂþÁ�ñ�õÂ÷

.À�µÆû À�±Þû �fã®�õ ý��ó��
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P : Ĉ 7�! Ĉ ý��ÜÞ�À�� �ø��µõ ø ´��� ¯�Ö÷ 2-1

¥� ×�ê¤�õ�ó�û ´ª�Ú÷ ×þ f : Ĉ 7�! Ĉ ø Àª�� ö�Þþ¤ ýùÂîe ùÀ�û¢Çþ�Þ÷ Ĉ = C [ f1g À��î Âê

z2 = f(z1) ,f ´½� z0 Âþ�Ê� z1 = f(z0) ø z0 2 C À��î Âê .Àª�� ©¢�¡ ýøÂ� ö�Þþ¤ ýùÂîe

ý� ó� ± ÷¢ .À ª� � f ´½ � zn�1 Â þ�Ê � zn = f(zn�1) °� �Â � ß � Þ û � � ø f ´½ � z1 Â þ�Ê �

Âû ý�Â� üÜî ´ó�� ¤¢ ø f2 �� �¤ fof °�îÂ� .Ý�õ�÷üõ "f ´½� z0 øÂÈ�� ¤�Àõ' �¤ fz0; z1; z2; � � �g

.Ý�õ�÷üõ f ´ª�Ú÷ ¤�ÂØ� ×þ �¤ �ûfk ¥� ×þ Âû .Ý�û¢üõ Çþ�Þ÷ fk �� �¤ fo � � � of °�îÂ� k � 2

.¢�ªüõ ùÀ�õ�÷ "f ´½� z0 øÂÆ� ¤�Àõ' [n�0f�nfz0g á�Þµ��

ÓþÂã� 1-2-1

.f(�) = � Ý�ª�� �µª�¢ ù�ðÂû ¢�ªüõ ùÀ�õ�÷ f ×�ê¤�õ�ó�û â��� ´��� ý�ÎÖ÷ ×þ � 2 Ĉ ý�ÎÖ÷

; � Ý���ð �¤�¬ ßþ� ¤¢ ,Àª�� f ×�ê¤�õ�ó�û â��� ´��� ý�ÎÖ÷ ×þ � 2 C À��î Âê

.0 < jf 0(�)j < 1 ù�ðÂû ,´¨� f "�£��' ´��� ý�ÎÖ÷ ×þ (1

.f 0(�) = 0 ù�ðÂû ,´¨� f "ýc �ì �£��' ´��� ý�ÎÖ÷ ×þ (2

.jf 0(�)j > 1ù�ðÂû ,´¨� f "âc ê�¢' ´��� ý�ÎÖ÷ ×þ (3

.jf 0(�)j = 1 ù�ðÂû ,´¨� f ¥� "Â��ü�' ´��� ý�ÎÖ÷ ×þ (4

1.1.1 ÓþÂã� �� ���� ��

"Â��ü� �þ�ð ¤�Î�' ´��� ý�ÎÖ÷ ×þ � Ý���ð ,Àª�� f "Â��ü�' ´��� ý�ÎÖ÷ ×þ � 2 C �î üµó�� ¤¢

,Ý�ª�� �µª�¢ � = p=q ý�þ�ð ¢Àä ×þ ý�¥� �� ü�ãþ ,Àª�� À��ø ý�Èþ¤ ×þ f 0(�) Âð� ,´¨� f ¥�

ý�ÎÖ÷ ×þ � Ý���ð ù�Ú÷� ,Àª�±÷ À��ø ý�Èþ¤ ×þ f 0(�) �õ� Àª�� jf 0(�)j = 1 Âð� .f 0(�) = e2�i�

.´¨� f ¥� "Â��ü� Ý¬� ¤�Î�' ´���
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ý¤�Ãð¢�Þ÷ 2-2-1

�¤ ö� ø ùÀ�õ�÷ "� ¤¢ f �ÂÌõ' �¤ f 0(�) ÍÜµ¿õ ¢Àä ,f ´ª�Ú÷ ¥� � 2 C ´��� ý�ÎÖ÷ ×þ ý�Â�

ôÂê �� üþ�þ�ð ´ª�Ú÷ ,g : Ĉ 7�! Ĉ §����õ ÛþÀ±� ×þ.Ý�û¢üõ Çþ�Þ÷ m(f; �) = f 0(�) ¢�Þ÷ ��

ad � bc 6= 0 øÀ� µÆû ÍÜµ¿õ ¢�Àä� a; b; c; d °þ�Â® ö� ¤¢ �î ´¨� g(z) = (az + b)=(cz + d)

.g(1) =1 ù�Ú÷� c = 0 Âð� ø g(�d=c) =1 ø g(1) = a=c ù�Ú÷� Àª�� c 6= 0 Âð�.´¨�

f : Ĉ 7�! Ĉ ×�ê¤�õ�ó�û ´ª�Ú÷ ´�� � ý�ÎÖ÷ ×þ ´þ�ú�� � ¤¢ �ÎÖ÷ �î À��î Âê ñ��

ÂÑ÷ ¤¢ ý¤�Ï �¤ g : Ĉ 7�! Ĉ §����õ ÛþÀ±� ×þ ´þ�ú��� ý�ÎÖ÷ ¤¢ f �ÂÌõ ÓþÂã� ý�Â� .Àª��

ßþ� .m(f;1) := m
�
gfg�1; g(1)

�
:Ý��îüõ ÓþÂã� �¤�¬ ßþ� ¤¢ ø g(1) 2 C �î ÝþÂ�ðüõ

´��� ý�ÎÖ÷ ¤¢ f �ÂÌõ üÜî ´ó�� ¤¢ ø¤ ßþ� ¥� ø ´¨� g : Ĉ 7�! Ĉ��¿µ÷� ¥� ÛÖµÆõ ÓþÂã�

.´¨� ÓþÂã�©�¡ � 2 Ĉ

ÓþÂã� 3-2-1

.Àª�� f ¥� ý¤�ÂØ� ´��� ý�ÎÖ÷ ×þ � Âð� ,´¨� f ´ª�Ú÷ �ø��µõ ý�ÎÖ÷ ×þ � 2 C ý�ÎÖ÷ Ý���ð

.Àª�� fm(�) = � Ý�ª�� �µª�¢ m � 1×þ ý�Â� ü�ãþ

¢��ø n À�÷�õ üµ±·õ ¼�½¬ ¢Àä �¤�¬ ßþ� ¤¢ .Àª�� f â��� �ø��µõ ý�ÎÖ÷ ×þ � À��î Âê

�ø��� ýù¤ø¢ �¤ n .Àª�� fn(�) = � üóø À�µÆû �Ã¹õ øÀ�ø¢ f�; f(�); � � � ; fn�1(�)g �î üÞÆÖ� ¢¤�¢

�
�
= f�; f(�); � � � ; fn�1(�)g ¤ø¢ �ø��� ýù¤ø¢ �¤ n ñ¢�ãõ ¤�Î� �þ .Ý�õ�÷üõ f ¥� � �ø��µõ ý�ÎÖ÷

.Ý�õ�÷üõ

ÂîÁ� 4-2-1

´��� ý�ÎÖ÷ ×þ Âð� �ú�� ø Âð� ´¨� n �ø��� ýù¤ø¢ ¥� f : Ĉ 7�! Ĉ �ø��µõ ý�ÎÖ÷ ×þ � 2 C

Ý�ª�� �µª�¢ m � n Âû ý�Â� ü�ãþ .Àª�±÷ fn ¥� Û±ì f ¥� ý¤�ÂØ� º�û ´��� ý�ÎÖ÷ üóø Àª�� fn
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.fm(�) 6= �

ÓþÂã� �¤ ö¢�� Â ��ü� ø âê�¢ ,�£�� Ý�û�Ôõ Ã� ÷ �ø��µõ ¯�Ö÷ ý�Â� ,´�� � ¯�Ö÷ À� ÷�Þû ñ��

�¤�¬ ßþ� ¤¢ .Àª�±÷ ´þ�ú��� ¤¢ �ÎÖ÷ Ûõ�ª �
�
= f�; f(�); � � � ; fn�1(�)g ¤ø¢ Ý��î Âê.Ý��îüõ

ýùÀä�ì ö¢Â� ¤�Ø� ¤�� n �� �Áó .�m+n = �m :Ýþ¤�¢ ,�m = fm(�) ßµª�÷ �� m = 0;1;2 � � � Âû ý�Â�

:Ýþ¤�¢ ý�ùÂ�¹÷¥

(fn)0(�m) = f 0(�m):f
0(f(�m)): � � � :f 0(fn�1(�m)) =

n�1Y
k=0

f 0(fk(�m))

ý�Â� ü÷�ÆØþ ¤�ÀÖõ m = 0;1;2 � � � Âû ý�Â� ü�ãþ .´¨� m ¥� ÛÖµÆõ (fn)0(�m) ÕµÈõ ��®��

ÓþÂã� "� �ø��µõ ý�ÎÖ÷ ¤¢ f �ÂÌõ' ö���ä �� �¤ íÂµÈõ ¤�ÀÖõ ßþ� .Àþ�üõ ´¨À� (fn)0(�m)

ü�ãþ .Ý��îüõ

m(f; �) =
n�1Y
k=0

f 0(fk(�)):

ÓþÂã� 5-2-1

� ;Ý � �� ð �¤�¬ ß þ� ¤¢ .À ª� � n �ø� � � ýù¤ø¢ ¥� f ´ª�Ú ÷ �ø� � µ õ �Î Ö ÷ × þ � À � � î Â ê

Ý � ª� � � µ ª�¢ � î ü �¤�¬ ¤¢ ,´¨� (�£�� �ø� � µ õ ¤ø¢ ×þ �
�
¤ø¢) �£�� �ø� � µ õ ý�ÎÖ ÷ ×þ

(�
�
¤ø¢) � Ý���ð ´þ�ú÷ ¤¢ ø .Àª�� jm(f; �)j > 1 Âð� ´¨� âê�¢ �ø��µõ (�

�
¤ø¢) � ,jm(f; �)j < 1

.jm(f; �)j = 1 Âð� ´¨� Â��ü� �ø��µõ

Âð� ´¨� "Â��ü� �þ�ð ¤�Î�' �
�
¤ø¢ �î Ý���ð ,´¨� Â��ü� �ø��µõ ¤ø¢ ×þ �

�
�î üµó�� ¤¢ Ýû ¥��

Ý���ð ,Àª�±÷ À��ø ý�Èþ¤ ×þ (fn)0(�) üóø j(fn)0(�)j = 1 Âð� ;Àª�� À��ø ý�Èþ¤ ×þ (fn)0(�)

.´¨� "Â��ü� Ý¬� ¤�Î�' �
�
¤ø¢
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ÓþÂã� 6-2-1

�µª�± ÷� �
�
¤ø¢ ¤¢ �î üÏ�Ö÷ ô�Þ� ý�ä�Þ¹õ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ �

�
= f�; f(�); � � � ; fn�1(�)g ¤ø¢

.Ý���ð �
�
�£�� ýù¥�� �¤ À÷�ªüõ

ÓþÂã� 7-2-1

×þ ý�Â� üóø Àª�±÷ �ø��µõ ©¢�¡ � ù�ðÂû ,´¨� "�ø��µõ ¤�ÂØ���' f ´½� � 2 Ĉ ý�ÎÖ÷ Ý���ð

.Àª�� f ¥� �ø��µõ ý�ÎÖ÷ ×þ fm(�) ,m � 1 ¼�½¬ ¢Àä

�� À÷¢���õ n ø m ´±·õ ø ¼�½¬ ¢�Àä� ù�Ú÷� Àª�� f ¥� "�ø��µõ ¤�ÂØ� ��' ý�ÎÖ÷ ×þ � Âð�

Ý�ª�� �µª�¢ üóø À�ª�� �Ã¹õ ø¢��ø¢ f�; f(�); � � � ; fm(�); fm+1(�); � � � ; fm+n�1(�)g �î üÞÆì

¤�Î� ]10, 5[ ¤¢ �ú ÷� ö�ûÂ � �î Ýúõ ¤� �Æ� ý�¹�µ ÷ ø¢ Ç¿� ßþ� ö� þ� � ¤¢ .fm(�) = fm+n(�)

.À�û¢üõ ´¨À� ¥�î� þ ñøÀ� üêÂãõ ý�Â � üÞúõ ¤� �Æ� ¤�Ã �� �î Ý� �îüõ ý¤ø�¢� þ �¤ ´¨� ùÀõ�

ÂÑ÷ ¤¢ ,´¨� ×�ê¤�õ�ó�û ø ß�ãõ �bÀ±õ ¥� üÚþ�ÆÞû ×þ ¤¢ �î �¤ f(z) = a1z + a2z
2 + � � � â���

.a1 �� ´¨� Â��Â� ö� ¤¢ f �ÂÌõ �î ´¨� f ´��� ý�ÎÖ÷ ×þ �bÀ±õ ��®�� .ÝþÂ�ðüõ

��Ìì 8-2-1

f ¥� ý�ì �£�� ´��� ý�ÎÖ÷ ×þ �bÀ±õ Âð�) ,À�î ëÀ¬ ja1j 6= f0;1g ý�Î��¤ ¤¢ a1 �ÂÌõ Âð�

üã®�õ ×�ê¤�õ�ó�û ��Êµ¿õ Â��ç� ×þ ù�Ú÷� (Àª�±÷ f ¥� Â��ü� ´��� ý�ÎÖ÷ ×þ ß��»Þû ø

´ª�Ú÷ ,�bÀ±õ ¥� üÚþ�ÆÞû ×þ ¤¢ �ûw ô�Þ� ý�Â� �î üÞÆì �� ¢¤�¢ ¢��ø '(0) = 0 �� w = '(z)

�Â® �� ´±Æ ÷ ' ùø�ã � .'f'�1(w) = a1w ü�ã þ .´¨� w 7�! a1w üÎ¡ ´ª�Ú ÷ 'f'�1

.´¨� �µØþ ,ÂÔ¬�÷ ´��� ×þ ý�Ü�¨��
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Â�����Ìì 9-2-1

Â��ç� ×þ �¤�¬ ßþ� ¤¢ .an 6= 0 ø n � 2 ö� ¤¢ �î f(z) = anz
n + an+1z

n+1 + � � � À��î Âê

�bÀ ± õ ¥� üÚþ�ÆÞû ×þ Â¨�Â¨ ¤¢ �¤ f �î ¢¤�¢ ¢��ø w = '(z) üã®�õ ×�ê¤�õ� ó�û ��Êµ¿õ

Ý þ¤�¢ �bÀ ± õ ¥� ü Ú þ� Æ Þ û × þ Â ¨�Â ¨ ¤¢ ü � ã þ .À � îü õ �ø¢Ã õ w 7�! wn ô�n ö�� � ´ª� Ú ÷ � �

.´¨�µØþ À��ø ô�-(n� 1) ý�Èþ¤ ×þ ý�Ü�¨�� �Â® �� ´±Æ÷ ' ùø�ã� .'f'�1(w) = wn

��ó�� ø ���ê ý�û�ä�Þ¹õ ,ñ�õÂ÷ ý�ûù¢��÷�¡ 3-1

ÓþÂã� 1-3-1

×þÂµõ ý�Ìê ý�� �� �¤ (X1; d1) ×þÂµõ ý�Ìê �î Àª�� �û´ª�Ú÷ ¥� ý�ù¢��÷�¡ F À��î Âê

Æ > 0×þ � > 0 Âû ý�Â� Âð� ´¨� �µ¨���Ýû x0 2 X1 ¤¢ F ýù¢��÷�¡ Ý���ð .À÷¤�Ú÷üõ (X2; d2)

ù�Ú÷� Àª�� d1(x; x0) < Æ Âð� f 2 F Âû ý�Â� ø x 2 X1 Âû ý�Â� �î üÞÆì �� Àª�� �µª�¢ ¢��ø

.d2(f(x); f(x0)) < � Ý�ª�� �µª�¢

.Àª�� �µ¨���Ýû X1 ¯�Ö÷ ô�Þ� ¤¢ ù�ðÂû ,´¨� �µ¨���Ýû X1 ¤¢ F ýù¢��÷�¡ Ý���ð

ÓþÂã� 2-3-1

�fã®�õ ' (X2; d2) ×þÂµõ ý�Ìê �� (X1; d1) ×þÂµõ ý�Ìê ¥�,�û´ª�Ú÷ ¥� ffngn�1 �ó�±÷¢ Ý���ð

ýø¤ �î Àª�� üÚþ�ÆÞû×þ ý�¤�¢ x 2 X1 ý�ÎÖ÷ Âû Âð� ,´¨� "X1 ýø¤ f �� ´¡���Øþ ý�ÂÚÞû

.Àª�� �ÂÚÞû f ´ª�Ú÷ �� ´¡���Øþ ¤�Î� ffngn�1 �ó�±÷¢ üÚþ�ÆÞû ßþ�

ßþ� ù�Ú÷� ,Àª�� f ´ª�Ú÷ �� ´¡���Øþ ý�ÂÚÞû �fã®�õ X1 ýø¤ ffngn�1 ý�ó�±÷¢ Âð� :�µØ÷

.ÅØäÂ� ø ´¨� �ÂÚÞû f �� ´¡���Øþ ¤�Î� X1 ù¢ÂÈê ý�ä�Þ¹õÂþ¥ Âû ýø¤ �ó�±÷¢
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ÓþÂã� 3-3-1

.À�ª�� ×þÂµõ ý�Ìê ø¢ (X2; d2) ø (X1; d1) À��î Âê

Âð� ,¢�ªüõ ùÀ�õ�÷ ñ�õÂ÷ X1 ¤¢ �û´ª�Ú÷ ¥� F = ff� : (X1; d1) 7�! (X2; d2)j� 2 Ig ýù¢��÷�¡

´¡���Øþ ý�ÂÚÞû �fã®�õ X1 ýø¤�î Àª�� �µª�¢ ý��ó�±÷¢Âþ¥ ,F ¤¢ â���� ¥� üû��µõ�÷ ý�ó�±÷¢ Âû

Âû ýø¤ �î Àª�� �µª�¢ ý��ó�±÷¢Âþ¥ ×þ F ¤¢ â���� ¥� üû��µõ�÷ ý�ó�±÷¢ Âû Âð� ,ñ¢�ãõ ¤�Î� �þ .Àª��

.Àª�� �ÂÚÞû ´¡���Øþ ¤�Î� X1 ¥� ù¢ÂÈê ý�ä�Þ¹õÂþ¥

Ûµ÷�õ ��Ìì 4-3-1

ö�Þþ¤ ùÂî ¤¢ üû� �¿ó¢ Ãþ�Þµõ ¯�Ö÷ z3ø z2 ø z1 .Àª�� ö�Þþ¤ ýùÂî ¤¢ ��õ�¢ ×þ S À��î Âê

ù�Ú÷� ,À�Ø÷¤��µ¡� z3ø z2 ø z1 Âþ¢�Öõ S ýø¤ ×�ê¤�õ�ó�û ý�û´ª�Ú÷ ¥� F ýù¢��÷�¡ Âð� .À�ª��

.´¨� ñ�õÂ÷ S ¤¢ F ýù¢��÷�¡

"�µ¨���Ýû' §�¨� Â� ÂÚþ¢ ¤�� ø ö¢�� "ñ�õÂ÷' §�¨� Â� ¤�� ×þ �¤ ��ó��ø ���ê ý�û�ä�Þ¹õ ö��î�

�¤ F = ffngn�1 ö� ý�û¤�ÂØ� ýù¢��÷�¡ ø f : Ĉ 7�! Ĉ ×�ê¤�õ�ó�û ´ª�Ú÷ .Ý��îüõ ÓþÂã� ö¢��

.ÀþÂ�Ú� ÂÑ÷ ¤¢

ÓþÂã� 5-3-1

ÛØÈµõ ´¨� ý��ä�Þ¹õ ,Ý�û¢üõ ö�È÷ F (f) �� �¤ ö� �î f ×�ê¤�õ�ó�û ´ª�Ú÷ ý���ê ý�ä�Þ¹õ

. ´¨� ñ�õÂ÷ �ú÷� ¥� üÚþ�ÆÞû ×þ ¤¢ F ýù¢��÷�¡ �î ü��ûz 2 Ĉ ô�Þ� ¥�

ý�µ� �¤ (X; d) ý�Ìê �î ü��û´ª�Ú÷ ¥� F ýù¢��÷�¡ ø (X1; d1) ø (X; d) ×þÂµõ ý�û�Ìê

F ýù¢��÷�¡ Âð� �î ¢�ªüõ �¹�µ÷ (1-3-1) ÓþÂã� ¥� .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ ,À÷¤�Ú÷üõ (X1; d1)

�µ¨���Ýû Ã�÷ [�D� á�Þµ�� ýø¤ ¢�¡ �� ¢�¡ ù�Ú÷� Àª�� �µ¨���Ýû ,X ¥� D� ý�ä�Þ¹õÂþ¥ Âû ýø¤

�î Àª�� X ×þÂµõ ý�Ìê ¥�� ý�û�ä�Þ¹õÂþ¥ ô�Þ� ýù¢��÷�¡ fD�g� À��î Âê ñ�� .¢�� Àû��¡
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.Àþ�üõ ´¨À� Âþ¥ ü¨�¨� ¤��Æ� ý��Ìì ö¤ø¥ Ýó ö¢Â� ¤�Ø� �� .´¨� �µ¨���Ýû �ú÷� ýø¤ F ýù¢��÷�¡

��Ìì 6-3-1

¥� ñ�Þ�Æî�õ ¥�� ý�ä�Þ¹õÂþ¥ ×þ �¤�¬ ßþ� ¤¢ .ÀþÂ�Ú� ¤Ð÷¤¢ �¤ ��� ��Ô�¬�� �� F ýù¢��÷�¡

ý�µ� �¤ (X; d) ×þÂµõ ý�Ìê f Âð� ùÄþ�� .´¨� �µ¨���Ýû ö� ýø¤ F ýù¢��÷�¡ �î ¢¤�¢ ¢��ø X

ý¤�ÂØ� ýù¢��÷�¡ ö� ýø¤ �î ¢¤�¢ ¢��ø X ¥� ñ�Þ�Æî�õ ¥�� ý�ä�Þ¹õÂþ¥ ×þ ù�Ú÷� ,¢¤�Ú�� ©¢�¡

.´¨� �µ¨���Ýû ffngn�1

ÓþÂã� �¤ ���ê ý�ä�Þ¹õ üÚµ¨���Ýû ô�úÔõ ¥� ù¢�Ôµ¨� �� Ý�÷���üõ �î Ý�µÆû üÎþ�Âª ¤¢ ö��î�

.Ý��î

ÓþÂã� 7-3-1

�î f ´ª�Ú÷ ý���ê ý�ä�Þ¹õ .Àª�� ´��� Â�è ×�ê¤�õ�ó�û â��� ×þ f : Ĉ 7�! Ĉ À��î Âê

ö� ýø¤ ffng ýù¢��÷�¡ �î ´¨� Ĉ ¥� üó�Þ�Æî�õ ¥�� ý�ä�Þ¹õ Âþ¥ ,Ý�û¢üõ ö�È÷ F (f) �� �¤ ö�

.´¨� �µ¨���Ýû

ÓþÂã� 8-3-1

J(f) �� �¤ ö� ø ùÀ�õ�÷ f ×�ê¤�õ�ó�û ´ª�Ú÷ "ý��ó��' ý�ä�Þ¹õ �¤ F (f) ý���ê ý�ä�Þ¹õ ÝÞµõ

.Ý�û¢üõ Çþ�Þ÷

ÂîÁ� 9-3-1

� � ó� � ý�ä�Þ¹õ ø ´¨�¥� � ý�� ä� Þ¹õ � �� ê ý�ä�Þ¹õ ,´¨� ßªø¤ Ó þÂ ã � ¥� � î ¤�Î ÷� Þ û

.´¨� Ûõ�î ý��ä�Þ¹õ ,��ó�� ý�ä�Þ¹õ ßþ� Â� ùø�ä .´¨� ù¢ÂÈê ý��ä�ÞÞ¹õ
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ÂîÁ� 10-3-1

§����õ ÛþÀ±� ×þ g : Ĉ 7�! Ĉ ø ,´��� Â�è ×�ê¤�õ�ó�û ´ª�Ú÷ ×þ f : Ĉ 7�! Ĉ À��î Âê

ß��»Þû .J(S) = g(J(f)) ø F (S) = g(F (f)) ù�Ú÷� S = gfg�1 Âð� �¤�¬ ßþ� ¤¢ .Àª�� ù��¿ó¢

ý�ä�Þ¹õ ü�ãþ .J(fp) = J(f) ø F (fp) = F (f) :Ýþ¤�¢ ù�Ú÷� Àª�� üû��¿ó¢ ¼�½¬ ¢Àä P Âð�

.´¨� üØþ f (ý���ê) ý��ó�� ý�ä�Þ¹õ �� f ¥� ý¤�ÂØ� Âû (ý���ê) ý��ó��

ñ�·õ 11-3-1

¢��ø U À�÷�õ z ¥� ¥� � üÚþ�ÆÞû ×þ ù�Ú÷� jzj > 1 Âð� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ P : z 7�! z2 â�� �

jzj < 1 Âð� .À�îüõ Û�õ ´þ�ú��� �� ´¡���Øþ ¤�Î� fP ng ý�û¤�ÂØ� ýù¢��÷�¡ ö� ýø¤ �î ¢¤�¢

ý�û¤�ÂØ � ýù¢�� ÷�¡ üÚþ�ÆÞû ßþ� ýø¤ �î üÞÆì �� ¢¤�¢ ¢��ø z ¥� ¥� � üÚþ�ÆÞû ×þ Ýû ¥� �

ù�Ú÷� jzj = 1 Âð� üêÂÏ ¥� .À�îüõ Û�õ ÂÔ¬ �� ´¡���Øþ ¤�Î� ,fP ng = (z; z2; z4; � � � ; z2n ; � � �)

.¢�¢ ö���üÞ÷ ýÂÑ÷ ö� ¢¤�õ ¤¢ üÜî ´ó�� ¤¢

ý�û¤�Àõ �î À÷¤�¢ ¢��ø üÏ�Ö÷ Ýû z ¥� üÚþ�ÆÞû Âû ¤¢ ù�Ú÷� jzj = 1 Âð� ,¢�ªüõ ùÀþ¢ �î ¤�Î÷�Þû

�� P ´½� �ú÷� øcÂÈ�� ¤�Àõ �î À÷¤�¢ ¢��ø üÏ�Ö÷ Ýû ø ,À�îüõ Û�õ ´þ�ú÷ü� �� P ´½��ú÷� øcÂÈ��

ö���üÞ÷ �ú÷� øcÂÈ�� ¤�Àõ üþ�Âð�ø �þ üþ�ÂÚÞû ¢¤�õ ¤¢ �î À÷¤�¢ ¢��ø üÏ�Ö÷ Ýû À�îüõ Û�õ ÂÔ¬

� � z ý�ÎÖ÷) ý��ÎÖ÷ ß��� ¥� üÚþ�ÆÞû º�û ¤¢ fP ng ý�û¤�ÂØ� ù¢�� ÷�¡ ßþ�Â �� � � .¢�¢ ýÂÑ÷

ø �Øþ ýùÂþ�¢ ¥� ´¨� �¤�±ä ��ó�� ý�ä�Þ¹õ ñ�·õ ßþ� ¤¢ ßþ�Â���� .Àª�� ñ�õÂ÷ À÷��� üÞ÷ (jzj = 1

2 .ö� ÝÞµõ ¥� ´¨� �¤�±ä ���ê ý�ä�Þ¹õ

ñ�·õ 12-3-1

ý�ÎÖ÷ ×þ ÍÖê �î Àª�� ü¨����õ ÛþÀ±� ad � bc 6= 0 �î g(z) = (az + b)=(cz + d) À��î Âê

Àþ�� �¤�¬ ßþ� ¤¢ ,Àª�� g ´��� ý�ÎÖ÷ �ú�� ´þ�ú��� ¤¢ �ÎÖ÷ �î Ý��îüõÂê �Àµ�� .¢¤�¢ ´���
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ùÀþ¢ ��®�� ø gn(z) = z + n� Ýþ¤�¢ n Âû ý�Â� �Áó .� 6= 0 ö� ¤¢ �î g(z) = z + � Ý�ª�� �µª�¢

z 2 Ĉ ý�ÎÖ÷ Âû �î ßþ� ü�ãþ .À�îüõ Û�õ ´þ�ú��� �� gn(z),À�î Û�õ ´þ�ú��� �� n üµìø �î ¢�ªüõ

ý�ä�Þ¹õ ø¤ ßþ� ¥� .´¨� fgn(z)gn�1 ý�û¤�ÂØ� ýù¢��÷�¡ üÚþ�ÆÞû ö� ¤¢ �î ¢¤�¢ üÚþ�ÆÞû ×þ

.´¨� üú� J(g) ý��ó�� ý�ä�Þ¹õ ø Ĉ ö�Þþ¤ ýùÂîe ô�Þ� ¥� ´¨� �¤�±ä F (g) ý���ê

ø �µêÂð ÂÑ÷ ¤¢ �¤ h(z) = 1=(z � �) §����õ ÛþÀ±� ù�Ú÷� ,Àª�� g ´��� ý�ÎÖ÷ �ú�� � 2 C Âð�

¥� .¢�� Àû��¡ S ´��� ý�ÎÖ÷ �ú�� ´þ�ú��� �¤�¬ ßþ� ¤¢ .S(z) := hgh�1(z) Ý��î üõ ÓþÂã�

ü�ãþ .n 7�! 1 �î üõ�Ú�û Sn(z) 7�! 1 �¹�µ÷ ¤¢ ø ù¢�� ñ�Öµ÷� ×þ S Û±ì ´ó�� À�÷�Þû ø¤ ßþ�

ßþÃÚþ�� h(z) � � �¤ z Âð� Sn(z) = hgnh�1(z) ý�Î��¤ �� ���� � � ñ�� .J(S) = ; ø F (S) = Ĉ

(?? ) ÂîÁ� ¥� ö��î� .gn(z) = h�1snh(z) Ýþ¤ø�üõ ´¨À� Ý�û¢ Â�� ²� ¥� �¤ h�1 Å³¨ ø ù¢Âî

2 .J(g) = ; ø F (g) = Ĉ �î ¢�ªüõ �¹�µ÷

ùÀª ù¢�¢ ö�È÷ ´ª�Ú÷ À�� ý�� ó�� ý�û�ä�Þ¹õ (3-1) ,(2-1) ,(1-1) ý�ûÛØª ¤¢

.´¨�

ÓþÂã� 13-3-1

ý���ê ý�ä�Þ¹õ �î ü�¤�¬¤¢ ,´¨� Dendrite ,P ý��ÜÞ�À�� ¥� J(P ) ý��ó�� ý�ä�Þ¹õ Ý���ð

.Àª�� À�±Þû J(P ) ý��ó�� ý�ä�Þ¹õ ø ù¢�¨ À�±Þû F (P )

ñ�·õ 14-3-1

z 7�! z2 + i ý��ÜÞ�À�� ý��ó�� ý�ä�Þ¹õ ´¨� ùÀª ù¢�¢ ö�È÷ (4-1) ÛØª ¤¢ �î ¤�Î÷�Þû

.´¨� Dendrite ý��ó�� ý�ä�Þ¹õ ×þ

¤¢ ö� ��±�� �î ÝþÂ�üõ ö�þ�� �� ��ó�� ý�û�ä�Þ¹õ �� �Î��¤ ¤¢ üÞúõ ¤��Æ� ��Ìì �� �¤ Ç¿� ßþ�

.´¨� ùÀõ� Ûõ�î ¤�Î� ]5[
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f : z 7�! z2 � 0=744336+ 0=121198i´ª�Ú÷ ý��ó�� ý�ä�Þ¹õ :1-1 ÛØª

f : z 7�! z2 � 1=75488 � � �´ª�Ú÷ ý��ó�� ý�ä�Þ¹õ :2-1 ÛØª

ÓþÂã� 15-3-1

ù�� ¿ ó¢ ü þ� ûý�� Ü Þ �À � � P;Q ö� ¤¢ � î R(z) = P (z)
Q(z) ôÂ ê � � R : Ĉ 7�! Ĉ ´ª� Ú ÷ Â û � �

�¤�Ê � ö��b �¤¢ ø ¢� ªü õ � µ Ô ð � þ� ð ´ ª� Ú ÷ × þ ,À � µ Æ û ©¢� ¡ ýø¤ � � ö� Þ þ¤ ýùÂ î ¥�

.¢�ªüõ ÓþÂã� degR(z) = maxfdegP;degQg

��Ìì 16-3-1

Ýþ¤�¢ ù�Ú÷� z 2 J(R) Âð� �¤�¬ ßþ� ¤¢ .Àª�� degR � 2�b �¤¢ ¥� �þ�ð ´ª�Ú÷ ×þ R À��î Âê

ý�ÎÖ÷ Âû ý�Â� ù�Ú÷� Àª�� d � 2�b �¤¢ ¥� ý��ÜÞ�À��×þ P Âð� ùÄþ�� .J(R) = \1
n=0

R�nfzg

.P ý�û¤�ÂØ� ´½� z "øÂÆ� ¤�Àõ' ¤�µÆ� �� ´¨� Â��Â� J(p) ý��ó�� ý�ä�Þ¹õ ,z 2 J(p)
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f : z 7�! z2 + 0=424513+ 0=207530i´ª�Ú÷ ý��ó�� ý�ä�Þ¹õ :3-1 ÛØª

f : z 7�! z2 + i ý��ó�� ý�ä�Þ¹õ ý�Â� ù¤�ø´¡¤¢ ×þ :4-1 ÛØª
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��¤¢ üû��µõ ý�û´ª�Ú÷ ø ü÷�Â½� ¯�Ö÷ 4-1

ÓþÂã� 1-4-1

c ¥� üÚþ�ÆÞû º�û ¤¢ f Âð� ,´¨� f : Ĉ 7�! Ĉ ´ª�Ú÷ ¥� ü÷�Â½� ý�ÎÖ÷ ×þ c 2 C ý�ÎÖ÷ Ý���ð

.Àª�±÷ ×þ �� ×þ

ü÷�Â½� ¯�Ö ÷ ¢�Àã � ý�Â � ü��� � ö�Âî ,´¨� ùÀõ� ]5[ ¤¢ Ûõ�î ¤�Î� ö� ��± �� �î Â þ¥ ��Ìì

.Àû¢üõ ´¨À��ûý��ÜÞ�À�� ùÄþ�� ø �þ�ð ý�û´ª�Ú÷

��Ìì 2-4-1

×þ ùÄþ�� .¢¤�¢ C ¤¢ ü÷�Â½� ý�ÎÖ÷ 2d� 2 Â·î�À� d ��¤¢ ¥� R : Ĉ 7�! Ĉ ý�þ�ð ´ª�Ú÷ ×þ

.¢¤�¢ ÍÜµ¿õ ý�½Ô¬ ¤¢ ü÷�Â½� ý�ÎÖ÷ d� 1 Â·î�À� d�b�¤¢ ¥� ý��ÜÞ�À��

ù¤�Ãð 3-4-1

ý�Â� Âð� �ú�� ø Âð� ´¨� C ¤¢ �Ã¹õ ´��� ý�ÎÖ÷ d ý�¤�¢ d � 2�b �¤¢ ¥� P : Ĉ 7�! Ĉ ý��ÜÞ�À��

ý��ÜÞ�À�� ´��� ý�ÎÖ÷ ×þ w .��±�� .]5[ P 0(w) 6= 1 Ý�ª�� �µª�¢ P ¥� w ´��� ý�ÎÖ÷ Âû

Ý�ª�� �µª�¢ Âð� �ú�� ø Âð� ,Àª�� P (z)� z ÂÔ¬ ×þ Âð� �ú�� ø Âð� ´¨� P

P (z)� z = (z � w)k:Q(z) (1-1)

Ý þ¤�¢ �¤� ¬ ß þ� ¤¢ .Q(w) 6= 0 � î ´ ¨� ý�� Ü Þ �À � � × þ Q(z) ø 0 < k � d � î

:Ýþ¤�¢ ÝþÂ�Ú� ÕµÈõ (1-1) ý�Î��¤ ß�êÂÏ ¥� Âð� .d = degP = degQ+ k

P 0(z)� 1 = k(z � w)k�1:Q(z) + (z � w)k:Q0(z) (2-1)

Âð� P 0(w) = 1 ßþ�Â���� .k > 1 Âð� �ú�� ø Âð� P 0(w) = 1 �î Ý����üõ (2-1) ý�Î��¤ �� ���� ��

�Ã¹õ ´��� ý�ÎÖ÷ d� 1 Â·î�À� P Âð� �ú�� ø Âð� degQ(z) � d� 2 ø degQ(z) � d� 2 Âð� �ú��ø
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2 .Àª�� �µª�¢

´ª�Ú ÷ ×þ P �¤�¬ ßþ� ¤¢ .Àª� � d � 2�b �¤¢ ¥� ý�� ÜÞ�À��×þ P : Ĉ 7�! Ĉ Ý� � î Âê

z ¤¢ (üÚ÷�ðÀ�� ö¢ÂÞª��) ���� d �fÖ�ì¢ P (z) = w ý�ó¢�ãõ ,w 2 Ĉ Âû ý�Â� ü�ãþ .´¨� �þ�-d

.¢¤�¢

ÓþÂã� 4-4-1

�þ�-N ´ª�Ú÷ ×þ Âð� ,¢�ªüõ ùÀ�õ�÷ N üû��µõ�b�¤¢ ¥� f : Ĉ 7�! Ĉ ×�ê¤�õ�ó�û ý�ª�� ´ª�Ú÷

.Àª��

.À�ª�� ö�Þþ¤ ýùÂî ¤¢ üþ�û��õ�¢ S0 ø S Ý��î Âê

ÓþÂã� 5-4-1

S ¥� P ý�ÎÖ÷ Âû Âð� ,¢�ªüõ ùÀ�õ�÷ üÈª�� ´ª�Ú÷ ×þ P : S0 7�! S ý�ª�� ×�ê¤�õ�ó�û ´ª�Ú÷

(P ´½�) P�1(U) � S0 ý�û�Ôó�bõ ¥� ×þ Âû �î üÞÆì �� Àª�� �µª�¢ U À�÷�õ À�±Þû üÚþ�ÆÞû ×þ

.À÷�ª �µª�Ú÷ U ýøÂ� ÅþÀÞû ÝÆ�ê¤�õøÃþ� ×þ ý�Ü�¨��

ÓþÂã� 6-4-1

Âþ�Ê� ,K � S ýù¢ÂÈê ý�ä�Þ¹õÂþ¥ Âû ý�Â� Âð� ´¨� "Proper' ,P : S0 7�! S ´ª�Ú÷ ×þ

.Àª�� S0 ¥� ù¢ÂÈê ý�ä�Þ¹õÂþ¥ ×þ P�1(K) öø¤�ø

ÂîÁ� 7-4-1

�¤ d üû��µõ�b�¤¢ ¥� "Proper' ý�û´ª�Ú÷ ��ìø� üû�ð ø .´¨� ��¤¢ üû��µõ "Proper' ´ª�Ú÷ Âû

.Ý�õ�÷üõ �þ�-d ý��¡�ª üÈª�� ý�û´ª�Ú÷
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üÜî ÓþÂã� ,Àª�±÷ ��¤¢ üû��µõ üÜî ´ó�� ¤¢ üÈª�� ´ª�Ú÷ ×þ ´¨� ßØÞõ ö�� ñ�� Âû ��

.Ý�û¢üõ ���¤� �¤ Âþ¥

ÓþÂã� 8-4-1

¤¢ ,¢�ªüõ ùÀ�õ�÷ ý��¡�ª üÈª�� ´ª�Ú÷ ×þ ,P : S0 7�! S ×�ê¤�õ�ó�û (ý�ª��) ´ª�Ú÷ ×þ

P�1(U) ý�Ôó�b õ Âû �Øþ¤�Ï Àª�� U À�±Þû üÚþ�ÆÞû ×þ ý�¤�¢ S ¥� P ý�ÎÖ÷ Âû �î ü�¤�¬

.¢�ªüõ �µª�Ú÷ U ýøÂ� P ´½� Proper ´ª�Ú÷ ×þ Í¨��

ü�¤�¡ ý�û��Â� ø ßþÂð â��� 5-1

.´¨� ý��ÜÞ�À�� Âû ¥� ý�ì �£�� ´��� ý�ÎÖ÷ ×þ ´þ�ú��� �î Ý�÷�¢üõ ý��ÜÞ�À�� ÓþÂã� ¥�

.P�1f1g = f1g :Ýþ¤�¢ ù�Ú÷� Àª�� ù��¿ó¢ ý��ÜÞ�À�� ×þ P Âð� Õ�ì¢ ¤�Î�

ý¤�Ãð¢�Þ÷ 1-5-1

¤�Àõ �î ´¨�ùÀª Û�ØÈ� z 2 Ĉ ¯�Ö÷ ô�Þ� ¥� ´þ�ú��� �£�� ýù¥�� (7-2-1) ÓþÂã� À�÷�Þû

ýù¥�� .À�î Û�õ ´þ�ú��� �� À�îüõ Û�õ ´þ�ú��� �� n �î üõ�Ú�û ,fP n(z)g1n=0,P ´½� �ú÷� øcÂÈ��

:Ýþ¤�¢ ø Ý�û¢üõ Çþ�Þ÷ A1 �� �¤ ´þ�ú��� �£��

A1 =
n
z 2 Ĉ j ´¨� ¤�À÷�Âî Â�è fP n(z)g1n=0 ý�ó�±÷¢

o
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ÓþÂã� 2-5-1

P ý��ÜÞ�À�� Ûõ�î ý��ó�� ý�ä�Þ¹õ �¤ ,Ĉ n A1 ,ö�Þþ¤ ýùÂîe ¤¢ ´þ�ú��� �£�� ýù¥�� ÝÞµõ

ü�ãþ .Ý�û¢üõ Çþ�Þ÷ K(P ) ¢�Þ÷ �� �Â÷� ø ùÀ�õ�÷

K(P ) =
n
z 2 C j ´¨� ¤�À÷�Âî fP n(z)g1n=0 ý�ó�±÷¢

o

ñ�·õ 3-5-1

� î f(c) = z2 + c ´ ª� Ú ÷ Û õ� î ý� � ó� � ý� ä� Þ ¹ õ ² � ´ Þ ¨ (7-1) Û Ø ª ¤¢

.´¨� 6 �� Â��Â� f ü÷�Â½� ý�ÎÖ÷ �ø��� ýù¤ø¢ .´¨� ùÀª Ý¨¤ ,c � �1=13000+ (0=24033)i

�b �Ìì Õ��Îõ �Á ó ,´¨� P ý��ÜÞ�À�� Âû ¥� ý�ì �£�� ´�� � ý�ÎÖ÷ ×þ ´þ�ú� � � ö��

´þ�ú��� �� Ã�÷ '(z) ,À�îüõ Û�õ ´þ�ú��� �� z üµìø �î üÞÆì �� ¢¤�¢ ¢��ø ' â��� ×þ ,(9-2-1)

´¨� ë¢�¬ Âþ¥ ý�Î��¤ ¤¢ ø ù¢�� ×�ê¤�õ�ó�û ´þ�ú��� ¥� üÚþ�ÆÞû ×þ ¤¢ ø À�îüõ Û�õ

'p'�1(z) = zd (3-1)

ý¤�Ï ´þ�ú��� ¥� D üÚþ�ÆÞû ×þ Ý�÷���üõ ¼þÂ¬ ¤�Î� .´¨� P ý��ÜÞ�À���b �¤¢ d ö� ¤¢ �î

.À�ª�� ¤�ÂìÂ� Âþ¥ Íþ�Âª �î Ý�����

.Àª�� D ¥� ù¢ÂÈê ý�ä�Þ¹õÂþ¥ ×þ P (D) ¤�µÆ� (1

.Àª�� Âþ¥ ôÂê �� ø ù¢�� ×�ê¤�õ�ó�û ´þ�ú��� ×þ¢Ã÷ ' (2

'(z) = z + b0 +
b1
z
+
b2
z2

+ � � �+ bn
zn

+ � � � (4-1)

.À�îüõ Âþ�Ê� ,r > 1 �î fz; jzj > rg À�÷�õ ý��ä�Þ¹õ ×þ ýøÂ� �¤ D ,' (3

:Ýþ¤�¢ D ýø¤ (4

'(P (z)) = ('(z))d (5-1)
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.Àª�� K(P ) Ûõ�î ý��ó�� ý�ä�Þ¹õ �� d � 2�b�¤¢ ¥� ý��ÜÞ�À�� ×þ P Ý��î Âê ñ��

ÓþÂã� 4-5-1

ßþÂð â��� �þ é¤�ãµõ Û�Æ÷�µ� â��� ,¢�ªüõ ÓþÂã� D ýø¤ G(z) = log j'(z)j ý�Î��® �� �î G â���

.¢�ªüõ ùÀ�õ�÷ K(P ) ¥�

À�îüõ ëÀ¬ Âþ¥ ý�Î��¤ ¤¢ ßþÂð â��� ��®��

G(z) =
G(P (z))

d
: (6-1)

¥� â�¨�� ×þ �ú�� ø ×þ �õ� ,Ýþ¢Âî ÓþÂã� ´þ�ú��� ¥� üÚþ�ÆÞû ×þ ¤¢ �¤ ßþÂð â��� �î À��Âû

¤¢ .À�îüõ ëÀ¬ (6-1) ý�Î��¤ ¤¢ ø ´¨� �µ¨��� �î üÞÆì �� ¢¤�¢ ¢��ø C ô�Þ� �� ßþÂð â���

ï¤Ã� ¤ÀÖ÷� �¤ n ù�Ú÷� z =2 K(P ) Âð� ø .G(z) = 0 Ý��îüõ ÓþÂã� z 2 K(P ) Âû ý�Â� ´Ö�Ö�

Ý��î üõ ÓþÂã� Å³¨ ø (P n(z) 2 D) À�î âÎì �¤ D üÚþ�ÆÞû P n(z) �î Ý��îüõ ¤��µ¡�

G(z) =
G(P n(z))

dn
=

8><>: 0 z 2 K(f)

G(Pn(z))
dn P n(z) 2 D

(7-1)

Ý��î ÓþÂã� Ý�÷���üõ Ã�÷ Âþ¥ �¤�Ê� �¤ ßþÂð â��� �µ±ó�

G(z) = lim
n!1

log+ jP n(z)j
dn

(8-1)

ö� ¤¢ �î

log+ x =

8><>: log x 1 � x

0 0 � x � 1

ÂîÁ� 5-5-1

ø ¤�ÀÖõ üÖ�Ö� ,üÜ�Ü½� â��� ×þ ,J(P ) ý��ó�� ý�ä�Þ¹õ ¥� �¤�¡ ¤¢ ßþÂð â��� �î ¢Âî ���� Àþ��

.´¨� �µ¨��� �ú��,J(P ) ¯�Ö÷ ¤¢ üóø ´¨� ¤��Þû
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ÂîÁ� 6-5-1

P ¥� ý¤�ÂØ� ü÷�Â½� ý�ÎÖ÷ ×þ Âð� �ú�� ø Âð� ´¨� G ü÷�Â½� ý�ÎÖ÷ ×þ z 2 C nK ý�ÎÖ÷ ×þ

.Àª��

ÂÑ÷¤¢ �¤ d � 2 ø ad 6= 0 ö� ¤¢ �î P (z) = adz
d + ad�1z

d�1 + � � �+ a1z + a0 ý��ÜÞ�À��

Â��Â� P ý��ÜÞ�À�� øcÂÈ�� °þÂ® Âð� .Ý�õ�÷üõ P ý��ÜÞ�À�� øcÂÈ�� °þÂ® �¤ ad ¢Àä .ÝþÂ�ðüõ

.´¨� "ß�Ø�' ý��ÜÞ�À�� ×þ P Ý���ð ù�Ú÷� Àª�� +1

ÓþÂã� 7-5-1

ëÀ¬ Âþ¥ Íþ�Âª ¤¢ �î g; U; V ü��� �¨ ¥� ´¨� �¤�±ä d�b �¤¢ ¥� ý��ÜÞ�À��-�±ª ´ª�Ú÷ ×þ

.À�îüõ

�U � V ø À�µÆû é¤�õøÃþ� üþ�û×Æþ¢ �� �î À�µÆû C ¥� ü��û�ä�Þ¹õÂþ¥ V ø U (1

.´¨� d�b�¤¢ ¥� ø Proper ø ×�ê¤�õ�ó�û ý��¡�ª üÈª�� ´ª�Ú÷ ×þ g : U 7�! V (2

ý�û¤�ÂØ� ý�ó�±÷¢) �ú÷� øcÂÈ�� ¤�Àõ �î ¢�ªüõ Û�ØÈ� üÏ�Ö÷ ô�Þ� ¥� g Ûõ�î ý��ó�� ý�ä�Þ¹õ

.K(g) = [n�0g�n(U) ü�ãþ .À�îüÞ÷ íÂ� �¤ U ÃðÂû (g ´½� �ú÷�

ÓþÂã� 8-5-1

(�¨) ø¢ ��¤¢ ¥� ø Àª�� �µª�¢ ü÷�Â½� ý�ÎÖ÷ ×þ �ú�� g : U 7�! V ý��ÜÞ�À��-�±ª ´ª�Ú÷ Âð�

.´¨� (ô�¨�b�¤¢-�±ª) ôø¢�b�¤¢-�±ª ´ª�Ú÷ ×þ g Ý���ð ù�Ú÷� ,Àª��

��Ìì 9-5-1

;¢¤�¢ ¢��ø Û��Öµõ ´ó�� ø¢ ,d � 2 ý��¤¢ ¥� P ý��ÜÞ�À��-�±ª ´ª�Ú÷ ×þ ý�Â�



21 ��õÀÖõ ø Óþ¤�ã�

ù�Ú÷� .Àª�� P ü÷�Â½� ¯�Ö÷ (üû��µõ¢�Àã�) ô�Þ� Ûõ�ª K(P ) Ûõ�î ý��ó�� ý�ä�Þ¹õ Âð� (1

ùø�ã� ,´¨� "Cellular' ý�ä�Þ¹õ ×þ K(P ) ø À�µÆû À�±Þû J(P ) = @(K(P )) ø K(P )

â�¨�� ' : C nK 7�! C n �DÅþÀÞû ÝÆ�ê¤�õøÃþ� ´ª�Ú÷ ×þ �� ´þ�ú��� ×þ¢Ã÷ Â��� ´ª�Ú÷

.À��þüõ

ý�¤�¢ K(P ) Ýû ø J(P ) Ýû ù�Ú÷� Àe �î âÎì �¤ C nK(P ) ,P ü÷�Â½� ¯�Ö÷ ¥� üØþ Ûì�À� Âð� (2

.À�µÆû À�±Þû ý�û�Ôó�bõ �¤�Þª�÷ ¢�Àã�

,' : C nK 7�! C n �D ÅþÀÞû ÝÆ�ê¤�õøÃþ� ´½� C n �D �� C nK ,(9-5-1) �b �Ìì Õ±Ï

ø À�îüõ ëÀ¬ Ã�÷ (5.1) ý�Î��¤ ¤¢ Â��� ��Ìì Õ��Îõ ÅþÀÞû ´ª�Ú÷ ßþ� �î ´¨� é¤�õøÃþ�

ß�Ø� ý��ÜÞ�À�� ×þ P Âð� .´¨� �µØþ À��ø ô�-(d � 1) ý�Èþ¤ ×þ ý�Ü�¨�� �Â® �� ´±Æ÷

�� '(z)=z ,jzj ! 1 �î üõ�Ú�û ø¤ ßþ� ¥� ø b0 = 0´ª�¢ Ý�û��¡ (4-1) ý�Î��¤ ¤¢ ù�Ú÷� Àª��

ý��ÜÞ�À��×þ �� �¤ P ,üÎ¡ ��Êµ¿õ Â��ç� ¥� ù¢�Ôµ¨� �� ôøÃó �¤�¬ ¤¢ �Áó .¢Âî Àû��¡ Û�õ ×þ

ÂÑ÷¤¢ �¤ (9-5-1) ��Ìì ×þ ´ÞÆì ¤¢ ÅþÀÞû ÝÆ�ê¤�õøÃþ� ´ª�Ú÷ Å³¨ ø Ý��îüõ ÛþÀ±� ß�Ø�

Ý�û¢üõ ö�È÷ Âþ¥ �¤�Ê� �¤ ´ª�Ú÷ ßþ� §�Øãõ ø ÝþÂ�ðüõ

 : C n �D 7�! C nK: (9-1)

ÓþÂã� 10-5-1

¤¢ t ý�þø�¥ ¥� ü�¤�¡ ��Â� �¤  ÅþÀÞû ´ª�Ú÷ ´½� rt =
n
re2�itjr > 1

o
üä�ãª Í¡ ýù¤�Ú÷

:Ýþ¤�¢ ø Ý�û¢üõ Çþ�Þ÷ Rt �� �¤ ö� ø ùÀ�õ�÷ C nK

Rt =
n
 (re2�it)jr > 1

o
: (10-1)

.P (Rt) = Rdt(mod 1) �î ¢�ªüõ �¹�µ÷ ýÂ�ð�Ìä �� ÍÖê
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ÓþÂã� 11-5-1

sr ýù¤�Ú÷ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ r á�ãª �� sr =
n
re2�itj0 � t � 1

o
ýùÂþ�¢ ø 1 < r <1 À��î Âê

Ý�û¢üõ Çþ�Þ÷ Âþ¥ �¤�Ê� Sr ¢�Þ÷ �� �¤ ö� ø ùÀ�õ�÷ P ¥� Û�Æ÷�µ�Ýû ü�½�õ ×þ �¤  ´½�

Sr =
n
 (re2�it)j0 � t � 1

o
: (11-1)

.P (Sr) = Srd �î ¢�ªüõ �¹�µ÷ ýÂ�ð�Ìä ¥� ù¢�Ôµ¨� �� �ú�� ø ��®��

ÓþÂã� 12-5-1

ù�ðÂû ¢�ªüõ Ýµ¡ (¢¤�¢ ÕÜã� J(P ) ý�ä�Þ¹õ �� �fõøÃó �î) zt ý�ÎÖ÷ �� Rt ü�¤�¡ ��Â� Ý���ð

lim
r!1

 (re2�it) = zt ;Ý�ª�� �µª�¢

ÓþÂã� 13-5-1

.P k(Rt) = Rt Ý�ª�� �µª�¢ k À�÷�õ ü½�½¬ ¢Àä ý�¥� �� ù�ðÂû Ý���ð �ø��µõ �¤ Rt ü�¤�¡ ��Â�

ü óø À � µ Æ û �Ã ¹ õ øÀ �ø¢ Rt; P (Rt); � � � ; P k�1(Rt) ý� û� �Â � ö� ý�¥� � � � î �¤ k ¼ �½¬ ¢À ä

.Ý�õ�÷üõ Rt �ø��� ýù¤ø¢ �¤ ,´¨� P k(Rt) = Rt

Ý þ¤�¢ 0 � t � 1×þ ý�Â � �¤�¬ ß þ� ¤¢ .À ª� � Sr ¥� ü û�� ¿ ó¢ ý�Î Ö ÷ w Ý � � î Â ê

:Ýþ¤�¢ ø ¤ ßþ� ¥� .G(w) = log j'(w)j = log jre2�itj = log r:Ýþ¤�¢ ßþ�Â���� .w =  (re2�it)

G(Sr) = log r: (12-1)

ü�ãþ .Àª�� ö� �� ¢øÀ½õ ý����÷ V (r) �î À��î Âê ø �µêÂðÂÑ÷¤¢ �¤ Sr Û�Æ÷�µ�Ýû ü�½�õ

V (r) = fzjG(z) � log rg ; @V (r) = Sr: (13-1)
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Ýó 14-5-1

¢�Àã� m � 0 Âð� �¤�¬ ßþ� ¤¢ .Àª�±÷ âì�ø @V (r) ýø¤ G ü÷�Â½� ¯�Ö÷ ¥� ×þ º�û À��î Âê

üØþ¦�ó���� ×Æþ¢ m+ 1 á�Þµ�� V (r) ù�Ú÷� ,À�µÆû âì�ø C n V (r) ¤¢ �î Àª�� G ü÷�Â½� ¯�Ö÷

.À��îüõ âÎì �¤ ��ó�� ý�ä�Þ¹õ ×þ Âû �î ´¨� �µÆ�

ø ¥�î�þ �� ��Ê�õ ,´¨� ý¤øÂ® ¥�î�þ ñøÀ� ý�û�Ø� ßµ¡�¨ ý�Â� �î Âþ¥ Ýúõ ¤��Æ� ý�¹�µ÷

.]10[Àª��üõ 5ý¢ø¢

��Ìì 15-5-1

×þ Ûì�À� ô�µ¿õ ý�ÎÖ÷ ,âê�¢ �ø��µõ ý�ÎÖ÷ Âû ù�Ú÷� ,Àª�� À�±Þû J(P ) ý��ó�� ý�ä�Þ¹õ Âð�

.´¨� �ø��µõ �fõøÃó �î ´¨� ü�¤�¡ ��Â�

P 0(w) = 1 ý�Î��¤ ¤¢ �î w ´��� ý�ÎÖ÷ º�û ,d � 2 ý��¥¢ ¥� P ý��ÜÞ�À�� À��î Âê

ý�ÎÖ÷ d �fÖ�ì¢ P �î ¢�ªüõ �¹�µ÷ (3-4-1) ýù¤�Ãð ¥� �¤�¬ ßþ� ¤¢ .Àª�� �µª�À÷ ,À�î ëÀ¬

�¤ P ý��ÜÞ�À�� ,' : C nK 7�! C n �DÅþÀÞû ´ª�Ú÷ Ý�÷�¢üõ �î ¤�Î÷�Þû .¢¤�¢ C ¤¢ �Ã¹õ ´���

ý�ÎÖ÷ d� 1 �fÖ�ì¢ z 7�! zd ´ª�Ú÷ �Ø�þ� �� ���� �� .À�îüõ �ø¢Ãõ ,z 7�! zd ô�d ö��� ´ª�Ú÷ ��

¤�Âì À��ø ýùÂþ�¢ ýø¤ �î ´¨� ö� ¥� üµ��� ý�ÎÖ÷ ÂÔ¬) ¢¤�¢ Âþ¥ �¤�Ê� À��ø ýùÂþ�¢ ýø¤ ´���

.(¢¤�À÷

zk = e
2k�i
d�1 ; k = 0;1;2; � � � ; d� 2

Â Ñ ÷¤¢ �¤ ,0 � k � d � 2 � î R k
d�1

=
n
 (re(2k�i)=(d�1))jr > 1

o
ü�¤� ¡ ý� û� �Â � � õ �Á ó

.ÝþÂ�ðüõ

Douady5
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�ä¢� 16-5-1

�ú÷� �� ø ¤ ßþ� ¥� .¢¤�¢üõ �Ú÷ ´��� �¤ ü�¤�¡ ý�û��Â� ßþ� ¥� ×þ Âû P ý��ÜÞ�À�� �î Ý��îüõ �ä¢�

.Ý���ðüõ ´��� ý�û��Â�

0 � k � d� 2 Ý��î Âê .0 � k � d� 2 �î P (R k
d�1

) = R k
d�1

Ý��î ´��� Ý�û��¡üõ .��±��

:Ýþ¤�¢ �Áó .w =  
�
re(2k�i)=(d�1)

�
;Ýþ¤�¢ r > 1 ý�Â� �¤�¬ ßþ� ¤¢ .Àª�� ù��¿ó¢ w 2 R k

d�1

ø

P (w) = P

�
 

�
re

2k�i
d�1

��
= Po'�1

�
re

2k�i
d�1

�
= '�1

 �
re

2k�i
d�1

�d!

=  

 
rd:

�
e
2k�i
d�1

�d!

r0 = rd > 1 ö¢�¢ ¤�Â ì � � �Á ó ,´¨� z 7�! zd ´ª�Ú÷ ´�� � ý�ÎÖ÷ ×þ e(2k�i)=(d�1) ö�� ñ��

:Ýþ¤�¢ ø ¤ ßþ� ¥� P (w) =  
�
r0:e(2k�i)=(d�1)

�
2 R k

d�1

;Ýþ¤ø�üõ ´¨À�

P

�
R k
d�1

�
� R k

d�1

: (14-1)

;Ýþ¤�¢ ,Àª�� R k
d�1

¥� üû��¿ó¢ �Ìä  
�
re(2k�i)=(d�1)

�
�î Ý��îüõ Âê ù¤��ø¢

w =  

�
re

2k�i
d�1

�
=  

 �
d
p
r:e

2k�i
d�1

�d!
(3-1)
= Po 

 �
d
p
r:e

2k�i
d�1

�d!
= Po 

�
d
p
r:e

2k�i
d�1

�
= P

�
 

�
d
p
r:e

2k�i
d�1

��

:Ýþ¤ø�üõ ´¨À� ø¤ ßþ� ¥� w 2 P (R k
d�1

) Ýþ¤�¢ �Áó  
�

d
p
r:e

2k�i
d�1

�
2 R k

d�1

ö�� ñ��

R k
d�1

� P

�
R k
d�1

�
: (15-1)

2 .¢�ªüõ �¹�µ÷ R k
d�1

= P

�
R k
d�1

�
ÝØ� (15-1) ø (14-1) Í��ø ¤ ¥� ñ��

�ä¢� 17-5-1

Ýµ¡ P ý�Ã¹õ ´�� � ý�ÎÖ÷ ×þ �� ,0 � k � 1 ,R k
d�1

´��� ý�û��Â � ¥� ×þ Âû Ý��îüõ �ä¢�

.¢�ªüõ
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. lim
r!1

�
 

�
re

2k�i
d�1

��
= w ;Ýþ¤�¢ Å� .¢�ª Ýµ¡ w ý�ÎÖ÷ �� R k

d�1

´��� ��Â� Ý��î Âê .��±��

:Ýþ¤�¢ ñ��

P (w) = P

�
lim
r!1

 

�
re

2k�i
d�1

��
´¨� �µ¨���  ´ª�Ú÷

===========Po 

�
lim
r!1

e
2k�i
d�1

�
= Po 

�
e
2k�i
d�1

�
(3-1) ý�Î��¤ ¥�
======  

 �
e
2k�i
d�1

�d!
=  

�
e
2k�i
d�1

�
=  

�
lim
r!1

re
2k�i
d�1

�
´¨� �µ¨���  
===== lim

r!1
 

�
re

2k�i
d�1

�
= w

2 .À÷�ªüõ Ýµ¡ �Ã¹õ ´��� ¯�Ö÷ �� �Ã¹õ ´��� ý�û��Â� ��®�� .´¨� P ´��� ý�ÎÖ÷ ×þ w �Áó

,´¨� À�±Þû ö� ý��ó�� ý�ä�Þ¹õ �î ´¨� d � 2�b �¤¢ ¥� ý��ÜÞ�À�� ×þ P À��î Âê ö��î�

.¢�ª Ýµ¡ Çþ�Ã¹õ ´��� ý�ÎÖ÷ ×þ �� ö� ´��� ��Â� Âû ø À�µÆû âê�¢ ö� �ø��µõ ý�û¤�Àõ ô�Þ�

ÂîÁ� 18-5-1

üµ��� ��Â� º�û ô�µ¿õ ý�ÎÖ÷ �î À÷�õüõ üì�� P ¥� ´��� ý�ÎÖ÷ ×þ (15-5-1) Ýó �� ���� ��

� �Ìì ¥� �Á ó ´¨� âê�¢ ´�� � ý�ÎÖ÷ ×þ ,�ÎÖ÷ ßþ� �� � ��®øÂÔõ � � ��� � � � ö�� �õ� .´Æ� ÷

Ýµ¡ ´��� ý�ÎÖ÷ ßþ� �� �î ¢¤�¢ ¢��ø �ø��µõ ü�¤�¡ ��Â� ×þ �î ¢�ªüõ �¹�µ÷ (15-5-1)

� ´��� ý�ÎÖ÷ ¥� ¤�Ñ�õ ßµõ ßþ� ô�Þ� ¤¢ ø .Ý�û¢üõ Çþ�Þ÷ "�' �� �¤ ´��� ý�ÎÖ÷ ßþ� .¢�ªüõ

J(P ) n f�g �î ´¨� ´�¬�¡ ßþ� À��ø "�' ý�ÎÖ÷ .Ýþ¢Âî Ó�¬�� �¤ ö� �î ´¨� ý��ÎÖ÷ ß�Þû

.´¨� À�±Þû�÷

Ã�øÂð ýÂ��Â��÷ ø �ûë�Ï 6-1

ÓþÂã� 1-6-1

.Ý�õ�÷üõ ë�Ï ×þ �¤ �÷�ðø¢ À�±Þû ý��õ�¢ Âû
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ÓþÂã� 2-6-1

(´¨� r á�ãª �� ø �bÀ±õ ÃîÂõ �� �µÆ� üØþ¦�ó���� ×Æþ¢ Dr �î) Ar = Dr nD1 ë�Ï �� A ë�Ï Âð�

Â��Â� �¤ Ý�û¢üõ Çþ�Þ÷ mod A �� �¤ ö� �î A ë�Ï ÕÜÎõ¤Àì ù�Ú÷� Àª�� ÝÆ�ê¤�õøÃþ� ÅþÀÞû ¤�Î�

.Ý��îüõ ÓþÂã� log r ��

ÂîÁ� 3-6-1

V n U Û®�Ô� ù�Ú÷� Àª�� V ù¢�¨ À�±Þûø¥�� ý�ä�Þ¹õ ¤¢ ñ�ÞÈõ ù¢ÂÈê ¤�Î� U ¥�� ý�ä�Þ¹õ Âð�

âÎì �¤ U ¥Âõ V üóø Àª�� V ¥�� ý�ä�Þ¹õ ¥� ý¥�� ý�ä�Þ¹õÂþ¥ U Âð� ß��»Þû .´¨� ë�Ï ×þ

A ë�Ï Ý���ð ´ó�� ßþ� ¤¢ ø .Ý�û¢üõ ´±Æ÷ �¤ ÂÔ¬ ¢Àä A = V n U ë�Ï ÕÜÎõ ¤Àì �� ù�Ú÷� ,À�î

.´¨� ñ�ø¥ �� ø ¤

Ý�ª�� �µª�¢ �Øþ¤�Î� À�ª�� C ÍÜµ¿õ ý�½Ô¬ ¥� ý¥�� ý�û�ä�Þ¹õ Âþ¥ U; V;W À��î Âê

.A =W n U ø A2 =W n V ,A1 = V n U À��î Âê ß��»Þû .V �W ø U � V

ù¤�Ãð 4-6-1

Ýþ¤�¢ �¤�¬ ßþ� ¤¢ .À�ª�� ��� ¤¢ ùÀª üêÂãõ ý�ûë�Ï ö�Þû A;A1; A2 À��î Âê

mod(A1) + mod(A2) � modA

¢¤���û ø Â÷�Â� ��Ìì 5-6-1

ñ�ÞÈõ kn+1 Âû �î üÞÆì �� À�ª�� C ¥� ý�ù¢ÂÈê ý�û�ä�Þ¹õ Âþ¥ k1 � k2 � k3 � � � � À��î Âê

×þ An = k0n n kn+1 ø ù¢�� ù¢�¨ À�±Þû (kn öø¤¢) k0n Âû À��î Âê ß��»Þû .´¨� kn öø¤¢ ¤¢
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�ú�� �� \1n=1kn âÎÖõ ù�Ú÷� Àª�� üû��µõ�÷
P1

n=1mod (An) á�Þ¹õ Âð� �¤�¬ ßþ� ¤¢ .Àª�� ë�Ï

.À�îüõ �À�� Û�ÜÖ� �ÎÖ÷ ×þ

ù¤�Ãð 6-6-1

üØþ¦�ó���� ë�Ï �î Àª�� d�b �¤¢ ¥� ø ×�ê¤�õ�ó�û üÈª�� ´ª�Ú÷ ×þ f : V 7�! V 0 À��î Âê

:Ýþ¤�¢ �¤�¬ ßþ� ¤¢ .¢¤�Ú÷üõ A0 = V 0 n U 0 üØþ¦�ó���� ë�Ï ýøÂ� �¤ A = V n U

mod (A) � 1

d
mod (A0)

¤�Þª �� ýÀ�±Þû �f ã®�õ ¶½� ¤¢ ýÀõ�¤�î ¤� �Æ� ¤�Ã �� (5-6-1) �b �Ìì ø Ã �øÂð ýÂ��Â �� ÷

.À÷ø ¤üõ

ý¥�¨ ø �µê�þ Ý�Þã� ý��ÜÞ�À��-�±ª ý�û´ª�Ú÷ 7-1

×þ (´Æ�÷ V öø¤¢ ö�õ¤�Ñ�õ ø ´¨� ÅþÀ÷� ×þ V 0 ý��� ¤¢ ÂÔ¬ ´õ�ä) V 0 � C À��î Âê

�Ã¹õ øÀ�ø¢ ¥�� üØþ¦�ó���� ý�û×Æþ¢ ¥� �¤�Þª ýù¢��÷�¡ ×þ [iVi ø Àª�� ¥�� üØþ¦�ó���� ×Æþ¢

Ýþ¤�¢ ,i 6= j �î i; j Âû ý�Â � ü�ã þ .À� µÆû V 0 ¤¢ ñ�ÞÈõ ù¢ÂÈê ¤�Î� �ûVi ¥� ×þ Âû �î Àª� �

ý��¡�ª üÈª�� ´ª�Ú÷ ×þ gi : Vi 7�! V 0 À��î Âê i Âû ý�Â� .[iV i � V 0 ø Vi \ Vj = ;

.ÀþÂ�Ú� ÂÑ÷¤¢ �¤ Âþ¥ ´ª�Ú÷ . Àª�� ��¤¢üû��µõ ø ×�ê¤�õ�ó�û

g : [iVi 7�! V 0

gjVi := gi
(16-1)
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ÓþÂã� 1-7-1

¢�Àã� ÍÖê g Âð� ,´¨� �µê�þ Ý�Þã� ý��ÜÞ�À���±ª ´ª�Ú÷ ×þ ��� ¤¢ ùÀª üêÂãõ g ´ª�Ú÷ Ý���ð

.Àª�� �µª�¢ ü÷�Â½� ý�ÎÖ÷ üû��µõ

ÓþÂã� 2-7-1

g0 : V0 7�! V 0 ø Àª�� �µª�¢ c ü÷�Â½� ý�ÎÖ÷ ×þ �ú�� g �µê�þ Ý�Þã� ý��ÜÞ�À���±ª ´ª�Ú÷ Âð�

�b�¤¢-�±ª ´ª�Ú÷ ×þ �¤ g ù�Ú÷� ,Àª�� (�¨) ø¢�b�¤¢ ¥� ×�ê¤�õ�ó�û ý��¡�ª üÈª�� ´ª�Ú÷ ×þ

.Ý�õ�÷üõ �µê�þ Ý�Þã� (ô�¨) ôø¢

�¹�µ÷ �ûVi ö¢�� �Ã¹õ ¥� ù�Ú÷� ,Àª�� �µê�þ Ý�Þã�(ô�¨) ôø¢ �b�¤¢-�±ª ´ª�Ú÷ ×þ g Âð� ��®��

×þ ´Ö�Ö� ¤¢) ´¨� ×þ �� ×þ ´ª�Ú÷ ×þ ,i 6= 0 �î gi : Vi 7�! V 0 ´ª�Ú÷Âû �î ¢�ªüõ

.(´¨� ÅþÀÞû ÝÆ�ê¤�õøÃþ� ´ª�Ú÷

ÓþÂã� 3-7-1

ÂÑ÷ ¤¢ �¤ f : U 7! V ÝÆ�ê¤�õ�Þû ´ª�Ú÷ ø À�ª�� C ¥� ý¥�� ý�û�ä�Þ¹õÂþ¥ V ø U À��î Âê

�µª�¢ A � U ë�Ï Âû ý�Â� �î ü�¤�¬ ¤¢ ,´¨� ÅþÀÞû �±ª-k ´ª�Ú÷ ×þ f Ý���ð .ÀþÂ�Ú�

:Ý�ª��

1

k
(mod A) � modf(A) � k (mod A) (17-1)

.À�µÆû ÅþÀÞû ý�ûÝÆ�ê¤�õøÃþ� ö�Þû ÅþÀÞû �±ª-1 ý�û´ª�Ú÷ ��®��

ÓþÂã� 4-7-1

,À÷�ªüõ ùÀ�õ�÷ "ÀþÂ±�û ñ¢�ãõ' g2 : U2 7�! V2 ø g1 : U1 7�! V1 ý��ÜÞ�À��-�±ª ´ª�Ú÷ ø¢

ÅþÀÞû-�±ª ´ª�Ú ÷ ×þ ø K(g2) ø K(g1) ñ�� °� �Â � � � W2 ø W1 ¥� � ý�ûüÚþ�ÆÞû Âð�
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ëÀ¬ Âþ¥ ý�Î��¤ ¤¢ ø Àª�� ×�ê¤�õ�ó�û K(g1) ýø¤ h �î üÞÆì �� À�ª�� ¢���õ h : W1 7�! W2

.À�î

hog1oh
�1jW2

= g2 (18-1)

ÀþÂ±�û ñ¢�ãõ g øÂÔõ ý��ÜÞ�À���±ª ´ª�Ú÷ �� �î ý��ÜÞ�À���±ª ý�û´ª�Ú÷ ô�Þ� ýù¢¤

.Ý�û¢üõ Çþ�Þ÷ c(g) �� ø ùÀ�õ�÷ "g ü÷ø¤¢ ýù¢¤' �¤ À�µÆû

ý¥�¨ ´¡���Øþ ��Ìì 5-7-1

ÀþÂ±�û ñ¢�ãõ d �b �¤¢ ¥� P ý��ÜÞ�À��×þ �� d�b �¤¢ ¥� g : U 7�! V ý��ÜÞ�À���±ª ´ª�Ø÷ Âû

.]3[´¨� �µØþ ,ß�ê� ü�ø¢Ãõ �� ´±Æ÷ P ù�Ú÷� ,Àª�� À�±Þû K(g) Âð� ùø�ã� .´¨�

.Àª�� P ¥� ü÷�Â½� ý�ÎÖ÷ ×þ c ø ù¢�� d � 2�b�¤¢ ¥� ý��ÜÞ�À�� ×þ P À��î Âê

ÓþÂã� 6-7-1

×þ ø c ¥� U ¥� � üÚ þ�ÆÞû ×þ ù� ðÂ û ,´¨�Â þÁ � c ü÷�Â½ � ý�ÎÖ ÷ ¤¢ P ý�� ÜÞ�À �� Ý � �� ð

´ª�Ú÷ ×þ P njU : U 7�! P n(U) ´ª�Ú÷ �î üÞÆì �� À�ª�� �µª�¢ ¢��ø n � 2 ¼�½¬ ¢Àä

k 2 N Âû ý�Â� ü�ãþ .À�Ø÷ íÂ� �¤ U ÃðÂû P n ´½� ü÷�Â½� ý�ÎÖ÷ ¤�Àõ ø Àª�� ý��ÜÞ�À���±ª

.Ý�õ�÷üõ ý¥�¨ ýù¤ø¢ �¤ n � 2 ¼�½¬ ¢Àä .P kn(c) 2 U Ý�ª���µª�¢

ÓþÂã� 7-7-1

P Ý���ð .¢¤�¢ c ü÷�Â½� ý�ÎÖ÷ ×þ �ú�� �î Àª�� (�¨) ø¢�b �¤¢ ý��ÜÞ�À�� ×þ P À��î Âê

ý�Î��¤ �î üÞÆì �� Àª�� �µª�¢ ¢��ø c ¥� U ¥�� üÚþ�ÆÞû ×þ Âð� ,´¨�ÂþÁ� ü÷�Â½� ý�ÎÖ÷ ¤¢

.P kn(z) 2 U Ý�ª�� �µª�¢ k 2 N Âû ý�Â� ø Àª�� (ô�¨) ôø¢�b�¤¢-�±ª ´ª�Ú÷ ×þ (19-1)

P njU : U 7�! P n(U) (19-1)
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ñ�·õ 8-7-1

´¨� ùÀª ù¢�¢ Çþ�Þ÷ f : z 7�! z2 � 1=75´ª�Ú÷ ý¥�¨ñ�õÂ÷ (5-1) ÛØª ¤¢

ñ�·õ 9-7-1

ùÀª ù¢�¢ ö�È÷ f2 : U2 7�! V2 ý¥�¨ñ�õÂ÷ Ûõ�î ý��ó�� ý�ä�Þ¹õ ø ¢Â� ,��õ�¢ ´¨�¤ ´Þ¨ ¤¢

c � �0=22561+(0=744862)i "ü÷ø¤¢ ýù¢¤' �� "ý¢ø¢ ©�ðÂ¡' �� ý¥�¨ñ�õÂ÷ ´ª�Ú÷ .´¨�

.´¨� ÀþÂ±�û ñ¢�ãõ

ÂîÁ� 10-7-1

ø ´¨�ÂþÁ�ñ�õÂ÷ c ü÷�Â½� ý�ÎÖ÷ ×� ¤¢ �î Àª�� (�¨) ø¢�b �¤¢ ý��ÜÞ�À�� ×þ P À��î Âê

.ÀþÂ�Ú�ÂÑ÷ ¤¢ �¤ Âþ¥ Â�¹÷¥

U 7�! P (U) 7�! P2(U) 7�! � � � 7�!P n�1(U) 7�! P n(U) (20-1)

ü È ª� � ´ ª� Ú ÷ × þ P jU : U 7�! P (U) �Á ó ´ ¨� ü ÷�Â ½ � ¤�À Ö õ ý�¤�¢ P (U) ö� � �À µ ��

´¨� (ô�¨) ôø¢�b �¤¢ üÈª� � ´ª�Ú ÷ ×þ (19-1) ´ª�Ú ÷ ö�� ñ�� .´¨� (ô�¨) ôø¢�b �¤¢

� î Pj
Pk(U)

: P k(U) 7�! P k+1(U) ý� û´ ª� Ú ÷ ô� Þ � (20-1) Â � ¹ ÷¥ ¤¢ � î ´ ¨� ô¥� �Á ó

ý�û�ä�Þ¹õ � î ´¨� � � ã õ ß þ� � � ß þ� ø .À �ª� � ÅþÀÞû ý�ûÝÆ � ê¤� õøÃ þ� ,1 � k � n � 1

.c =2 Sn�1
k=1

P k(U) ü�ãþ .À�µÆû �Ã¹õ c ü÷�Â½� ý�ÎÖ÷ ¥� P (U); P2(U); � � � ; P n�1(U)
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ÓþÂã� 11-7-1

×þ �¤ K(F ) Ûõ�î ý��ó�� ü�ä�Þ¹õ ù�Ú÷� Àª�� P ´ª�Ú÷ ¥� ý¥�¨ñ�õÂ÷ ×þ F : U 0 7�! V 0 Âð�

.Ý�õ�÷ ×��î Ûõ�î ý��ó�� ý�ä�Þ¹õ

ÓþÂã� 12-7-1

ÂþÁ�ñ�õÂ÷ P Ý���ð.¢¤�¢ c ü÷�Â½� ý�ÎÖ÷ ×þ �ú�� �î Àª�� ôø¢�b�¤¢ ý��ÜÞ�À�� ×þ P À��î Âê

¯Âª ¤¢ �î Àª�� ¢���õ P ¥� F = P njU : U 7�! P n(U) ý¥�¨ñ�õÂ÷ ×þ �î ü�¤�¬¤¢ ´¨� ù¢�¨

¥� �ú�� �þ ø Àª�� üú� �þ P i(K(F ))
T
P j(K(F )) âÎÖõ ,0 � i < j < n Âû ý�Â� ;À�î ëÀ¬ Âþ¥

.À�îüÞ÷ À�±Þû�÷ �¤ �ä�Þ¹õ ø¢ ßþ� ¥� ×þ º�û ö� éÁ� �î Àª�� ùÀª Û�ØÈ� ý��ÎÖ÷

ñ�·õ 13-7-1

f(z) = z2 + 0=419664338+ ´ª� Ú ÷ ýù¢� ¨ ý¥� ¨ñ� õÂ ÷ ¥� ñ� · õ × þ (6-1) Û Ø ª ¤¢

.´¨� ùÀª ù¢�¢ ö�È÷ ´¨�¤ ´Þ¨ ¤¢ ö� ý¥�¨ñ�õÂ÷ ø ²� ´Þ¨ ¤¢ (0=60629073)i

ÓþÂã� 14-7-1

¤¢ ¢�ªüõ �µÔð "ÂþÁ�ñ�õÂ÷ ¤�� ø¢' F : U 7�! V ü÷�Â½� ý�ÎÖ÷ ×þ �� ôø¢�b�¤¢-�±ª ´ª�Ú÷ ×þ

ÂþÁ�ñ�õÂ÷ ¤�±Øþ �î Àª�� �µª�¢ F1 = Fm1 : U1 7�! V1 �¤�¬ �� ý¥�¨ñ�õÂ÷ ×þ F �î ü�¤�¬

ý¥�¨ñ�õÂ÷ ×þ �î ¢¤�¢ ¢��ø F2 = F
m2

1
: U2 7�! V2 À�÷�õ üõø¢�b �¤¢-�±ª ´ª�Ú÷ ü�ãþ .´¨�

.´¨� F1 ¥�

ýù¢��÷�¡ �¤�¬ ßþ� ¤¢ .¢�ªüõ ÓþÂã�ÂþÁ�ñ�õÂ÷ ¤�� k ôø¢�b�¤¢-�±ª ´ª�Ú÷ ×þ ���Èõ ¤�Î�

ö� ¤¢ � î À þ�üõ ´¨À � fFi = Fmi : Ui 7�! Vigki=1 �¤�¬ � � F : U 7�! V ý�ûý¥�¨ñ� õÂ ÷

.m1 < m2 < � � � < mh
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f(z) = z2 � 1=75´ª�Ú÷ ý¥�¨ñ�õÂ÷ :5-1 ÛØª

f(z) = z2 + 0=419664338+ 0=60629073i´ª�Ú ÷ ý� � ó�� ý�ä�Þ¹õ :6-1 ÛØª
(´¨�¤) ö� ý¥�¨ñ�õÂ÷ ø (²�)

ÓþÂã� 15-7-1

¤�� ´þ�ú��� ´¨� ü÷�Â½� ý�ÎÖ÷ ×þ ý�¤�¢ ÍÖê �î F : U 7�! V ôø¢�b �¤¢-�±ª ´ª�Ú÷ Ý���ð

.Àª��ÂþÁ�ñ�õÂ÷ ¤�� k ,F ; k 2 N Âû ý�Â� �î ü�¤�¬ ¤¢ ,´¨� ÂþÁ�ñ�õÂ÷
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ø ��õ�¢ ù�ÂÞû ��f(z) = z2 � 1=13000+ (0=24033)i´ª�Ú÷ ý��ó�� ý�ä�Þ¹õ :7-1 ÛØª
ö� ¥� ý¥�¨ñ�õÂ÷ -2 ×þ ¢Â�



2 ÛÊê

ý��ó�� ý�û�ä�Þ¹õ ýÀ�±Þû �fã®�õ

ôø¢�b�¤¢

34
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�õÀÖõ 1-2

.Àª��üõ ¥�î�þ �� ��Æ�õ �î Ý��î üõ ´����¤ Âþ¥ ��Ìì Ç¿� ßþ� ¤¢

��Ìì 1-1-2

ü÷�Â½� �ÎÖ÷ ×þ ý�¤�¢ ÍÖê �î ý��ÜÞ� À��) ü÷�Â½�-×� ôø¢�b �¤¢ ý��ÜÞ� À�� À��î Âê

;À�î ëÀ¬ Âþ¥ Íþ�Âª ¤¢ f : z 7�! z2 + c (Àª��üõ

.Àª�� À�±Þû J(f) ý��ó�� �ä�Þ¹õ (1

.À�ª�� âê�¢ f ´��� �ÎÖ÷ ø¢ Âû (2

.Àª�±÷ ù¢�¨ ÂþÁ�ñ�õÂ÷ f (3

.´¨� À�±Þû �fã®�õ J(f) ý��ó�� �ä�Þ¹õ �¤�¬ ßþ� ¤¢

� � � î ü �¤�¬ ¤¢ ´¨� Gremer,f ý�� Ü Þ�À �� ¥� � Â ��ü � Ý¬� ¤�Ï � � ´ �� � ý�ÎÖ ÷ ×þ

Ý¬� ¤�Ï �� ´��� ý�ÎÖ÷ ×þ � ù�Ú÷� � =2 J(f) Âð� ø .Àª�� �µª�¢ ÕÜã� J(f) ý��ó�� ý�ä�Þ¹õ

;¢Âî �ä Âþ¥ ¤¢ (30) ø (20) ¯øÂª �� ö���üõ �¤ (3) ø (2) ý�û ¯Âª �µ±ó� .´¨� SiegleÂ��ü�

.Àª�� �µª�À÷ Siegle�þ Gremer "Â��ü� Ý¬� ¤�Ï ��' ´��� ý�ÎÖ÷ º�û f (20

.Àª�±÷ ÂþÁ� ñ�õÂ÷¤�� ´þ�ú��� f (30

ÓþÂã� 2-1-2

ý��ÜÞ�À�� �î üÞÆì �� c 2 C ý�ûÂµõ�¤�� ô�Þ� ¥� ÛØÈµõ ´¨� ý��ä�Þ¹õ ��Â±óÀ�õ �ä�Þ¹õ

¢�Þ÷ �� �¤ ��Â±óÀ�õ ý�ä�Þ¹õ .Àª�� À�±Þû ý��ó�� �ä�Þ¹õ ý�¤�¢ f : z 7�! z2 + c ü÷�Â½�-×�

.Ý�û¢üõ Çþ�Þ÷ M
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��Â±óÀ�õ ý�ä�Þ¹õ :1-2 ÛØª

ÓþÂã� 3-1-2

�f î ø Ûõ�î ,�µÆ� ,üú��÷ ý�ä�Þ¹õ ×þ E Âð� Ý�þ�ð ¤�µ÷�î �ä�Þ¹õ ×þ �¤ E � C �ä�Þ¹õ Âþ¥

.Àª�� À�±Þû�÷

¤�µ÷�î ý�ä�Þ¹õ ×þ f : z 7�! z2 + c ý��ÜÞ�À�� ý��ó�� ý�ä�Þ¹õ ù�Ú÷� c =2 M Âð�

.Àª� �üõ À�±Þû J(f) ù¤��Þû ýÀ�±Þû �f ã®�õ ¶½� ¤¢ ø¤ ßþ� ¥� .´Æ� ÷ À� ±Þû �f ã®�õ�Á ó ù¢� �

´�� � �ÎÖ ÷ �î üþ�ûý��ÜÞ�À�� ý�� ó�� ý�ä�Þ¹õ �î À÷¢Âî ´�� � ]1[ ý¢ø¢ ø ]7[ 1ö��� ó�¨

.À��î á��¤ ]11[�� À�÷���üõ ß��»Þû .´Æ�÷ À�±Þû �fã®�õ ÃðÂû,À÷¤�¢ Gremer

�ú÷� ý��ó�� ý�ä�Þ¹õ ø À�µÆû ÂþÁ� ñ�õÂ÷¤�� ´þ�ú��� �î üþ�ûý��ÜÞ�À�� ¥� ý��µ¨¢ ]11[ â�Âõ ¤¢

ý�ä�Þ¹õ �� �î c Âµõ�¤�� Âû ý�Â� �î ´¨� ù¢�¢ ö�È÷ ¥�î�þ .À÷�ùÀª Ó�¬�� ,´Æ�÷ À�±Þû �fã®�õ

À�±Þû �fã®�õ c ¤¢ M ù�Ú÷� ,Àª�±÷ ÂþÁ� ñ�õÂ÷ ¤�� ´þ�ú��� f : z 7�! z2 + c Âð� ,¢¤�¢ ÕÜã� ��Â±óÀ�õ

�bÂÖµ¨� �� �¤ ¥�î�þ ñøÀ� (2-2) Ç¿� ¤¢ �Àµ�� .À����� ]8[ ¤¢ À�÷���üõ �¤ �¹�µ÷ ßþ� ¥� ü÷�ûÂ� .´¨�

¤�Àõ Âû ý�Â� Å³¨ .Ý��îüõ üêÂãõ �¤ J(f) ¥� J0 ùÄþø ý�ä�Þ¹õÂþ¥ Å³¨ ø Ýþ¤ø�üõ ´¨À�

�î (1-2) ü÷�Â½� ¤�Àõ �� Í±�Âõ ý�Ü��� .Ý��îüõ üêÂãõ Í±�Âõ ý�Ü��� ×þ z0 7! z1 7! z2 7! � � �

Sullivan1
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.À�îüõ �Ôþ� üÞúõ ¤��Æ� ÇÖ÷ Ý�õ�÷üõ ü÷�Â½� ý�Ü��� �¤ ö�

0 = c0 7! c1 7! c2 7! � � � 7! cn 7! � � � (1-2)

ø ù¢Â î Ýû�Â ê üÜ¬��b �Ìì �� ± �� ý�Â � �¤ Í þ�Âª üþ� ûÝ ó �� ± �� üÏ (3-2) Ç¿� ¤¢ ö� ¥� Å�

.Ý�÷�¨¤üõ ��±�� �� �¤ üÜ¬��b �Ìì

¥�î�þ ñøÀ� 2-2

´�� � �Î Ö ÷ � ü� ã þ .Àª ü êÂ ã õ (13-1) ¤¢ � î Àª� � ü ÷� Þ û f ¥� � ´�� � �Î Ö ÷ À � � î Â ê

×þ � ,� �Ìì Âê Õ±Ï ö�� �¤�¬ ßþ� ¤¢ .(´¨� À� ±Þû� ÷ J(f) n f�g) Àª� � f ü÷ÀÈ÷�À�

¢¤�¢ ¢��ø ü�¤�¡ ��Â� q � 2 ¥� ¤ø¢ ×þ (15-5-1) �b �Ìì Â� ��� �Áó ´¨� f âê�¢ ´��� ý�ÎÖ÷

À��î Âê .À÷�ªüõ �µª�Ú÷ Ýû ýø¤ �� üó��µõ ¤�Ï �� f ´½� ø À÷�ªüõ Ýµ¡ � �ÎÖ÷ �� �î

Ýû ü�½�õ �� ¢øÀ½õ ý����÷ ,G � 1 ý����÷ .Àª�� ü÷�Â½� ¤�Àõ 0 = c0 7! c1 7! c2 7! � � �

Â�è ý�µÆ� üØþ¦�ó���� ×Æþ¢ q ö� ¥� �î Ý�÷¥üõ ©Â� ü�¤�¡ ��Â� q ßþ� Í¨�� �¤ (2-2) Û�Æ÷�µ�

ÂÔ¬ ÕÞä ¥� ¥�î�þ ñøÀ� ý�û�Ø� �¤ �ú÷� �î Àþ�üõ ´¨À� Y 0(0); Y 0(c1); � � � ; Y 0(cq�1) Û¡�Àµõ

.Ý�õ�÷üõ

S10 =
n
 
�
10e2�it

�
j0 � t � 1

o
(2-2)

ñøÀ� ý�Ø� 0 � i � q � 1 Âû ý�Â� .Ý�õ�÷üõ ÂÔ¬ ÕÞä ¥� ¥�î�þ ñøÀ� �¤ �û�Ø� ßþ� ý�ä�Þ¹õ

Y d
(1); Y

d
(2); � � � ; Y d

(m) Âð� .´¨� ci = f i(c0) ý�ÎÖ÷ Ûõ�ª �î ´¨� ÂÔ¬ ÕÞä ¤¢ ý��Ø� Y 0(ci)

ý�û�Ø� ,0 � i � q � 1 ,f�1(Y d
(i)) ý�û�ä�Þ¹õ ý�û�Ôó�bõ ù�Ú÷� ,À�ª�� d ÕÞä ¤¢ ñøÀ� ý�û�Ø�

¤¢ ñøÀ� ý�Ø � 2q � 1 � ú � � ñ� · õ ö�� � ä � � .À � û¢üõ Û�ØÈ � �¤ d + 1 ÕÞä ¤¢ ¥� î� þ ñøÀ�

Û�Æ÷�µ�Ýû ý����÷ ö¢¥ ©Â� ¥� �î Y 1(c0); Y
1(c1); � � � ; Y 1(cq�1) ý�û�Ø� .¢¤�¢ ¢��ø 1 ÕÞä

ý�û�Ø� ù�ÂÞû �� ;À÷�ùÀõ� ´¨À� � ´��� ý�ÎÖ÷ �� ô�µ¿õ ü�¤�¡ ��Â� q Í¨�� f�1fG � 1g
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f(z) = z2 + i´ª�Ú÷ ý�Â� ×þ ø ÂÔ¬ ý�ûÕÞä ¤¢ ¥�î�þ ñøÀ� ý�û�Ø� :2-2 ÛØª

� � � î ü�¤� ¡ � �Â � q Í¨� � f�1fG � 1g ý� ��� ÷ ö¢¥ ©Â � ¥� � î Y 1(�c1); � � � ; Y 1(�cq�1)

¤¢ ý�û�Ø� ö¢¤ø� ´¨À� ý�Â� üÜî ´ó�� ¤¢ .À÷�ùÀõ� ´¨À� ,À÷�ªüõ Ýµ¡ �� 2 f�1f�g ý�ÎÖ÷

©Â� f�df�g ý�ä�Þ¹õ ¯�Ö÷ �� ô�µ¿õ ü�¤�¡ ý�û��Â� Í¨�� �¤ f�dfG � 1g ý����÷,d ÕÞä

.Ý�÷¥üõ

ñ�·õ 1-2-2

ö�È÷ f : z 7�! z2 + i´ª�Ú÷ ý�Â� ×þ ø ÂÔ¬ ý�ûÕÞä ¥� ¥�î�þ ñøÀ� ý�û�Ø� (2-2) ÛØª ¤¢

ý�ÎÖ÷ �� ô�µ¿õ ü�¤�¡ ��Â� �¨ R4

7

ø R2

7

,R1

7

ß��»Þû q = 3 Ýþ¤�¢ ñ�·õ ßþ� ¤¢ .À÷�ùÀª ù¢�¢

.À�µÆû � ´���
ý¤�Áð¢�Þ÷ 2-2-2

ü�ãþ .Ý�û¢üõ Çþ�Þ÷ J0 ¢�Þ÷ �� �¤ � ´��� ý�ÎÖ÷øcÂÆ� ¤�Àõ

J0 =
[
n�0

f�nf�g (3-2)
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¥� �µØþ ý�ó�±÷¢ ×þ ø¤ ßþ� ¥� .À¨¤üÞ÷ � �� ÃðÂû z0 øcÂÈ�� ¤�Àõ ,z0 =2 J0 ý�ÎÖ÷ Âû ý�Â� ��®��

.À�µÆû z0 ý�ÎÖ÷ Ûõ�ª �î ¢¤�¢ ¢��ø Âþ¥ �¤�Ê� ��¤¢�� ñøÀ� ý�û�Ø�

Y 0(z0) � Y 1(z0) � Y 2(z0);� Y 3(z0);� � � � (4-2)

üÜ¬� ý�ÜÿÆõ 3-2-2

z Ûõ�ª �î Àª�� d ÕÞä ¤¢ ñøÀ� �Ø� �µØþ Y d(z) À��î Âê ß��»Þû .z 2 J n J0 À��î Âê

´±·õ �¤�¬¤¢ �î .´¨� ùÀª Û�ØÈ� �ÎÖ÷ ×þ �ú�� ¥� Td�0 Y
d(z) âÎÖõ �þ� �¤�¬ ßþ� ¤¢ .´¨�

Ýó Õ±Ï üêÂÏ ¥� .¢�� Àû��¡ Y d(z) ñøÀ� �Ø� ×þ Ûõ�ª z ý�ÎÖ÷ ¥� üÚþ�ÆÞû Âû ���� ö¢��

.´¨� À�±Þû Âþ¥ âÎÖõ ,d � 0 Âû ý�Â� ¢Âî Ý�û��¡ ´��� 3 ÛÊê ¤¢ �î (1-2-3)

Y d(z)
\
J(f) (5-2)

J(f) ý�Â� üã®�õ ý�þ�� ×þ �� fY d(z)g1d=0 ý�ó�±÷¢ ýø¤ ü����¬� ô�¹÷� �� ôøÃó �¤�¬¤¢ �Áó

.Ý�¨¤üõ z 2 J n J0 ý�ÎÖ÷ ¤¢

¥�î�þ ñøÀ� �� Í±�Âõ ý�ûë�Ï 4-2-2

ý�ÎÖ÷ Ûõ�ª �î �üó�� µõ ÕÞä ø¢ ¥� Y d(z) � Y d+1(z) üóøÀ� ý�û�Ø� ¢¤� ��û ø Â ÷�Â � À� ÷�Þû

ñ�ÞÈõ Y d+1(z) ÂµØ��î ý�Ø� �î Ý����üõ üÆ÷�ª©�¡ �� .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ ,À�µÆû z 2 J n J0

ü�ãþ .´¨� Y d(z) Âµð¤Ã� ý�Ø� öø¤¢ ¤¢

Y d+1(z) � Y d(z) (6-2)

.´¨� ÓþÂã�©�¡ ´±·õ ÕÜÎõ¤Àì ¥� ë�Ï ×þ ,(7-2) ë�Ï ´ó�� ßþ� ¤¢

Ad(z) =
�
int Y d(z)

�
n Y d+1(z) (7-2)
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Y d+1(z) ¥Âõ Y d(z) ñøÀ� �Ø� �î üµó�� ¤¢ .¢�ªüõ ùÀ�õ�÷ ñ�ø¥ �� ø ¤ Â�è ë�Ï ,üì�Ï ß��� ×þ

.¢�ªüõ ÓþÂã� ÂÔ¬ Â��Â� �¤ ö� ÕÜÎõ¤Àì ø ¢�ªüõ ùÀ�õ�÷ ñ�ø¥ �� ø ¤ Ad(z) ë�Ï ,À�îüõ âÎì �¤

.Ý�û¢üõ Çþ�Þ÷ mod Ad(z) ¢�Þ÷ �� �¤ Ad(z) ë�Ï ÕÜÎõ¤Àì

ñ�·õ 5-2-2

¤�Ñ�õ �î .´¨� ñ�ø¥ �� ø ¤ A0(0) ë�Ï üóø ´¨� ñ�ø¥ �� ø ¤ Â�è A0(�c1) ë�Ï (2-2) ÛØª ¤¢

.´¨� Y 1(ci) ö�Þû P1(ci) ¥� ¤�Ñ�õ ø Y 0(ci) ö�Þû P0(ci) ¥�

ùÀª ��¬� üÜ¬� ý�ÜÿÆõ 6-2-2

á�Þ¹õ ßþ� Âð� .´¨� üû��µõ�÷ Pd�0mod Ad(z) á�Þ¹õ �þ� z 2 J n J0 øÂÔõ ý�ÎÖ÷ ý�Â�

.À��þüõ Û�ÜÖ� �ÎÖ÷ ×þ �ú�� �� Td�0 Y
d(z) âÎÖõ (5-6-1) ý��aÌì Õ±Ï ù�Ú÷� Àª�� üû��µõ�÷

�� ÃðÂû ü÷�Â½� ý�ÎÖ÷ ¤�Àõ ü�ãþ .0 =2 J0 Ý��îüõ Âê ÛÊê ßþ� ô�Þ� ¤¢ :Ýúõ üÜ�¡ Âê

�� ]3, 11[ ¤¢ ��ó�� ý�ä�Þ¹õ ýÀ�±Þû �fã®�õ ,0 2 J0 �î üµó�� ¤¢ .¢�ª üÞ÷ Ýµ¡ �´��� ý�ÎÖ÷

.´¨� ùÀ�¨¤ ��±��

�Æþ�Öõ Âþ¥ �¤�¬ ��
n
Y d(0)

o1
d=0

ý�ó�±÷¢ �� �¤
n
Y d(z)

o1
d=0

ý�ó�±÷¢ .z 2 J n J0À��î Âê

ý�Â� �î Ý��îüõ ÓþÂã� d � 0 ¼�½¬ ¢Àä ßþÂµð¤Ã� ö���ä �� �¤ S(z) ü÷�Â½� �Þ�÷ ÕÞä .Ý��îüõ

�¤ S(z) ù�Ú÷� Y d(z) = Y d(0) Ý�ª�� �µª�¢ d � 0 Âû ý�Â� Âð� .Y d(z) = Y d(0) Ý�ª�� �µª�¢ ö�

Ý��îüõ ÓþÂã� ù�Ú÷� Y d(z) 6= Y d(0) Ý�ª�� �µª�¢ d � 0 Âû ý�Â� Âð� .Ý��îüõ ÓþÂã� ´þ�ú��� Â��Â�

Àû��¡ Â�ï¤Ã� Ã�÷ S(z) ,Àª�� Â�×þ¢Ã÷ ü÷�Â½� ý�ÎÖ÷ �� z ý�ÎÖ÷ �� Âû ø¤ ßþ� ¥� .S(z) = �1

.Ý��î Í±�Âõ Ýû �� �¤ (10-2) ý�ó�±÷¢ ø (8-2)¤�Àõ Ý�÷���üõ z 2 J n J0�ÎÖ÷ Âû ý�Â� .¢��

z0 7�! z1 7�! z2 7�! � � � (8-2)

c0 7�! c1 7�! c2 7�! � � � (9-2)
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fs(zi)g1i=0 = s(z0); s(z1); s(z2); � � � (10-2)

fs(ci)g1i=0 = s(c0); s(c1); s(c2); � � � (11-2)

.´¨� ¤�¢¤�¡Â� ý�ùÄþø ¤��Æ� ´�aÞû� ¥� (11-2) �ó�±÷¢ ø (9-2) ü÷�Â½� ¤�Àõ ß�� ¯�±�¤� ùÄþø ��

ÓþÂã� 7-2-2

zi Âû �� �µÆ��ø �î ´¨� ý��þ�¤� ,J ¤¢ z0 7�! z1 7�! z2 7�! � � � ¤�Àõ �� Í±�Âõ ý�Ü��� (�Ü���)

ÕÞä Âû �� ÃÒ��µõ ô�jù��¿ó¢ ö�µ¨ ¤¢ .¢¤�¢ ÂÎ¨ ×þ ¥�î�þ ñøÀ� ¤¢ d ÕÞä Âû �� �µÆ��ø ø ö�µ¨ ×þ

Ý¨¤ Û�ø¢ ý¢�Þä Í¡ ù¤�� ×þ d = s(zj) ÕÞä �� ÂÒ��µõ ø �ú�� ý¢�Þä Í¡ ù¤�� ×þ d < s(zj)

�ú÷� ý�Â� �î À�µÆû Y d(zi) üóøÀ� ý�û�Ø� �� ÂÒ��µõ Û�ø¢ �þ �ú�� ý¢�Þä ý�ûÍ¡ù¤�� ßþ� .Ý��îüõ

ö� ÂÚ÷��� ô�i ö�µ¨ ¤¢ ¢�Þä ý�ûÍ¡ù¤�� ß��� ¥� ü÷��Ï Â�¹÷¥ ×þ .Y d(zi) = Y d(0) Ý�ª�� �µª�¢

.´¨� ×þ¢Ã÷ ÂÔ¬ ü÷�Â½� ý�ÎÖ÷ �� üÜ�¡ zi ý�ÎÖ÷ �î ´¨�

×þ Í¨�� �¤ Y d(zi) À�÷�õ ý��Ø� �î ´¨� fm ¤�ÂØ� ÂÚ÷� � � ,m á�Ô�¤� ¥� ß���ÎÖ÷ ¯�Î¡

´ª�Ú÷ ×þ Âþ¥ ´ª�Ú÷ ü�ãþ .¢¤�Ú÷üõ Y d�m(zi+m) ý�Ø� ýø¤ �� ý��¡�ª üÈª�� ´ª�Ú÷

.´¨� ý��¡�ª üÈª��

fmjY d(zi) : Y d(zi) 7�! Y d�m(zi+m) (12-2)

ñ�·õ 8-2-2

.´¨� ùÀª Ý¨¤ Âþ¥ ´ª�Ú÷ ´½� z0 = 1 ý�ÎÖ÷ ¤�Àõ �� ¯��Âõ ü÷�Â½� ý�Ü��� (3-2) ÛØª ¤¢

f : z 7�! z2 � 1=6
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3.2 ñ�·õ ý�Â� ü÷�Â½� ý�Ü��� :3-2 ÛØª

�¤ d > 0 ÕÞä ¥� Y d(zi) ù��¿ó¢ �Ø� f ,J ¤¢ z0 7�! z1 7�! z2 7�! � � �øÂÔõ ¤�Àõ Âû ý�Â�

´ª�Ú÷ ×þ (13-2) ´ª�Ú÷ ù�Ú÷� 0 2 Y d(zi) Âð� .À�îüõ Âþ�Ê� Y d�1(zi+1) ý�Ø� ýø¤ Â�

ÅþÀÞû ÝÆ�ê¤�õøÃþ� ´ª�Ú÷ ×þ (13-2) ´ª�Ú÷ �¤�¬ ßþ� Â�è ¤¢ .´¨� ý��þ�ø¢ üÈª��

.ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ (14-2)ë�Ï �� (13-2) ´ª�Ú÷ ÀþÀ½� ö��î� .´¨�

f jY d(zi) : Y d(zi) 7�! Y d�1(zi+1) (13-2)

Ad(zi) = int Y d(zi) n Y d+1(zi) (14-2)

.Ýþ¤�¢ Âþ¥ �¤�¬ �� ´ó�� �¨

ü÷�Â½� ´ó��

Âð� .¢�ªüõ ùÀ�õ�÷ ü÷�Â½� ë�Ï ×þ Ad(zi) = Ad(0) ë�Ï ù�Ú÷� 0 2 Y d+1(zi) ø d < s(zi) Âð�

×þ Í¨�� �¤ Ad(zi) ë�Ï f ø À�î üõ �Ï��� �¤ ÂÔ¬ ü÷�Â½� �ÎÖ÷ ù�Ú÷� Àª�� ñ�ø¥ �� ø ¤ Â�è Ad(zi)

Ýþ¤�¢ ´ó�� ßþ� ¤¢ .¢¤�Ú÷üõ Ad�1(zi+1) ë�Ï ýø¤ Â� �þ� ø¢ üÈª�� ´ª�Ú÷

mod Ad(zi) =
1

2
mod Ad�1(zi+1) (15-2)
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ü÷�Â½� Â�è ´ó��

� êÂ Ïø¢ ¤� Î �) × � ê¤� õ� ó� û ý� � ¤� Î � �¤ Ad(zi) ,f ø 0 =2 Y d+1(zi) ù� Ú ÷� d > s(zi) Â ð�

Ýþ¤�¢ ´ó�� ßþ� ¤¢ .¢¤�Ú÷üõ Ad�1(zi+1) ë�Ï ýø¤ Â� (×�ê¤�õ�ó�û

mod Ad(zi) = mod Ad�1(zi+1): (16-2)

.´¨� ü÷�Â½�Â�è ë�Ï ×þ Ad(zi) ë�Ï Ý�þ�ð ø

ü÷�Â½�Ý�÷ ´ó��

ü ÷�Â ½ �Ý � ÷ ë� Ï × þ Ad(zi) ë� Ï � î Ý � þ� ð ø 0 2 Ad(zi) ù� Ú ÷� d = s(zi) Â ð�

ø ¢¤� Ú ÷ ü õY d�1(zi+1) ñøÀ � � Ø � ô� Þ � ýø¤ Â � �¤ Ad(zi) ë� Ï f ´ ó� � ß þ� ¤¢ .´ ¨�

.ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ Âþ¥ ´ª�Ú÷ .mod(Ad(zi)) >
1

2
mod (Ad�1(zi+1))

F = f jY d(zi) : Y d(zi) 7�! Y d�1(zi+1) (17-2)

Ûõ�ª �î ´¨� Y d�1(zi+1) ñøÀ� �Ø� ¥� (ù¢�¨ À�±Þû) ý�ä�Þ¹õÂþ¥ ×þ Y d(zi+1) ñøÀ� �Ø�

�� �¤ �û�Ôó�b õ ßþ� .À÷Ãþ�Þµõ Ýû ¥� �î ¢¤�¢ �Ôó�b õ ø¢ �fÖ�ì¢ F�1
�
Y d(zi+1)

�
�Áó .´Æ�÷ ü÷�Â½� ¤�ÀÖõ

´¨� �þ�ø¢ ø üÈª�� ´ª�Ú÷ F ö�� .Ý�û¢üõ Çþ�Þ÷ (f(z0) = zi+1�î) Y d+1(z0) ø Y d+1(zi)

éÁ� F ý��õ�¢ ¥� �¤ Y d(zi+1) ñøÀ� �Ø� Âð� �Áó .À�µÆû Y d(zi) ¤¢ ñ�ÞÈõ �û�Ôó�b õ ßþ� ýø¢ Âû

éÁ� �� �Áó .¢�ªüõ �µª�Ú÷ Y d(zi+1) �� F Í¨�� ø ´¨� üì�� ��õ�¢ ¤¢ Y d+1(z0) ý�Ø� ¥��û ,Ý��î

ý�Ø� ô�Þ� ýø¤ Â� Ad(zi) ë�Ï �¹�µ÷ ¤¢ ø ¢�ªüÞ÷ éÁ� ¢Â� ¥� Y d(zi+1) ,F ý��õ�¢ ¥� Y d+1(zi)

.¢�ªüõ �µª�Ú÷ Y d�1(zi+1)
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ü÷�Â½�Ý�÷ ø ü÷�Â½�Â�è ,ü÷�Â½� ý�ûë�Ï ¥� üþ�û�÷�Þ÷ :4-2 ÛØª

ÂîÁ� 9-2-2

ë�Ï Âð� �ú�� ø Âð� ´¨� ñ�ø¥ �� ø ¤ Â�è Ad(zi) ü÷�Â½�Ý�÷ ë�Ï �î ¢�ªüõ ùÀþ¢ üµ��Â� ñ�� Âû ��

�Þ�÷ Âð� �ú�� ø Âð� ´¨� ñ�ø¥ �� ø ¤ Â�è A0(z) ë�Ï ß��»Þû .Àª�� ñ�ø¥ �� ø ¤ Â�è Ad�1(zi+1)

ñ�ø¥ �� ø ¤ Â�è A0(zm+d) ë�Ï �ú�� ø Âð� ´¨� ñ�ø¥ �� ø ¤ Â�è Ad(zm) ë�Ï ßþ�Â���� .Àª�� ü÷�Â½�

.Àª��

ñ�·õ 10-2-2

.À÷�ùÀª Ý¨¤ ü÷�Â½��Þ�÷ ø ü÷�Â½� Â�è ,ü÷�Â½� ý�ûë�Ï ¥� üþ�û�÷�Þ÷ ²� ´Þ¨ (4-2) ÛØª ¤¢

.À�µÆû ü÷�Â½�Â�è A2(z) ë�Ï ø ü÷�Â½��Þ�÷ A1(z) ë�Ï ,ü÷�Â½� A0(z) ë�Ï

ÓþÂã� 11-2-2

Âð� �ú�� ø Âð� ´¨� Ad(0) ü÷�Â½� ë�Ï À÷¥Âê ×þ ¥�î�þ ñøÀ� ¤¢ Ad+k(0) ü÷�Â½� ë�Ï Ý�þ�ð

.Àª�� ý��¡�ª üÈª�� ´ª�Ú÷ ×þ fkjAd+k(0) : Ad+k(0) 7�! Ad(0) ´ª�Ú÷

×þ Ad+k(0) ü÷�Â½� ë�Ï ,´¨�ùÀª ù¢�¢ ö�È÷ ´¨�¤ ´Þ¨ (4-2) ÛØª ¤¢ �î ¤�Î÷�Þû

.´¨� Ad(0) ü÷�Â½� ë�Ï À÷¥Âê
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ÂîÁ� 12-2-2

;Ýþ¤�¢ ù�Ú÷� Àª�� Ad(0) ë�Ï À÷¥Âê ×þ Ad+k(0) ü÷�Â½� ë�Ï Âð�

mod Ad+k(0) =
1

2
mod Ad(0) (18-2)

×þ :´¨� Âþ¥ �Âª �� �¬�¡ ¤�Ï �� (6-2-2) ùÀª ��¬� ý�ÜÿÆõ Û� ý�Â� �õ ýÄ��Âµ¨�

�î ¢¤�¢ ÛÆ÷ ø À÷¥Âê ý¢�þ¥ ¢�Àã� ë�Ï ßþ� �î Ý��îüõ ´��� ø Ý���þüõ ñ�ø¥ �� ø ¤ Â�è ü÷�Â½� ë�Ï

×þ À÷¥Âê Âû ø ö� ÛÆ÷ ß�óø� ×þ �¤ ë�Ï ×þ À÷¥Âê Âû .´¨� üû��µõ�÷ �ú÷� ý�ûÕÜÎõ ¤Àì á�Þ¹õ

ë�Ï ×þ ÛÆ÷ ß�õ�-k×þ À÷¥Âê Âû °��Â� ß�Þû �� ø ö� ÛÆ÷ ß�õø¢ ×þ �¤ ë�Ï ×þ ÛÆ÷ ß�óø�

�� ùÀä�ì �¨ ¤¢ �¤ �Ü��� ý�ûüðÄþø ¢¤���û ø Â÷�Â� .Ý�õ�÷üõ ö� ÛÆ÷ ß�õ�-(k + 1) ×þ �¤ ü÷�Â½�

:À÷¢Âî �¬�¡ Âþ¥ �Âª

�fÖ�ì¢ �î ßþ� �þ ø ´¨� ü÷�Â½�Â�è �fõ�Þ� �þ ,´¨� ü÷�Â½� �fõ�Þ� �þ �Ü��� ¥� ö�µ¨ Âû :�Ü��� ñø� ýùÀä�ì

ýùÀä�ì .´¨� ü÷�Â½�Â�è üÚÞû ö� Âþ¥ ø ü÷�Â½� üÚÞû ö� ý��� �î ¢¤�¢ ü÷�Â½�-�Þ�÷ ÕÞä ×þ

.´¨� ¤�ÂìÂ� ��®�� s(zi) ÓþÂã� �� ���� �� ñø�

Âþ¥ �¤�¬ �� J ¤¢ z0 7! z1 7! � � � ¤�Àõ ý�Ü��� �� �¤ 0 = c0 7! c1 7! � � � ü÷�Â½� ¤�Àõ ý�Ü��� ñ��

¤¢ fzig1i=0 ý�Ü��� Âð� .(¢Âî �Æþ�Öõ ©¢�¡ �� ö���üõ �¤ ü÷�Â½� ¤�Àõ ý�Ü��� �µ±ó�) Ý��îüõ �Æþ�Öõ

Í¡ ×þ ü÷�Â½��Þ�÷ �þ ü÷�Â½� ë�Ï ßþ� ¥� ù�Ú÷� Àª�� ü÷�Â½�-�Þ�÷ �þ ü÷�Â½� m ö�µ¨ ø d ÕÞä

×þ Ã�÷ ü÷�Â½� ý�Ü��� ¥� ÂÔ¬ ö�µ¨ ø d ÕÞä ¤¢ �fÂÒ��µõ .Ý��îüõ Ý¨¤ üìÂª ñ�Þª ´ú� ¤¢ ´¨�¤

.Ý��îüõ Ý¨¤ üìÂª ñ�Þª ´ú� ¤¢ Í¡

ý��� Àþ�� Àª�� âì�ø ü÷�Â½� ý�Ü��� ¤¢ ýÂÎì Í¡ ý��� �fÀ�î� �î ýÃ�� Âû :�Ü��� ôø¢ ýùÀä�ì

�¤ (5-2) ÛØª) ¢�ª ü³î zi ¤�Àõ ý�Ü��� ¤¢ (üìÂª ñ�Þª ´ú� ¤¢ ´¨�¤ Í¡ ö�Þû) ýÂÎì Í¡

.(À���±�
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ñøÀ� ý�Ø� ×þ ý¥�¨Ý�¿® :5-2 ÛØª

Âð� ´¨� Ad(0) ü÷�Â½� ë�Ï À÷¥Âê Ad+k(0) ü÷�Â½� ë�Ï ,ÓþÂã� Õ±Ï :�Ü��� ôø¢ ýùÀä�ì ��±��

.À�ª�� ü÷�Â½�Â�è üÚÞû Ad+k�1(c1); � � � ; Ad+1(ck�1) ý�ûë�Ï ø Àª�� ü÷�Â½� Ad(ck) Âð� �ú�� ø

ü÷�Â½� ë�Ï �î �÷�Ú÷�Þû .ÝþÂ�ðüõ ÂÑ÷ ¤¢ ¤�Àõ ý�Ü��� ¤¢ �¤ Ad(zm) = Ad(0) ü÷�Â½� ë�Ï ñ��

¢�Àµõ� ¤¢ Ã�÷ �¤ Ad(0) ü÷�Â½� ë�Ï ,Ý�û¢üõ ´îÂ� �Ü� �� zm 7! zm+1 7! � � � ¢�Àµõ� ¤¢ �¤ Ad(zm)

.ÀþÂ�Ú� ÂÑ÷¤¢ �¤ Ad�k(ck) ë�Ï .Ý�û¢üõ ´îÂ� �Ü� ´Þ¨ �� 0 = c0 7! c1 7! � � � ü÷�Â½� ¤�Àõ

Àþ�üõ ´¨À� Âþ¥ ý�Î��¤ ,Ý�û¢ Â�� Ad(zm) = Ad(0) ý�Î��¤ ß�êÂÏ Â� �¤ fk Âð� �¤�¬ ßþ� ¤¢

Ad�k(zm+k) = Ad�k(ck):

Ad�k(zm+k) ë�Ï ù�Ú÷� Àª�� ü÷�Â½�Â�è �Ø�þ� �þ ø ü÷�Â½��Þ�÷ ,ü÷�Â½� Ad�k(ck) ë�Ï Âð� ßþ�Â����

2 .¢�� Àû��¡ ü÷�Â½�Â�è �þ ø ü÷�Â½��Þ�÷ ,ü÷�Â½� °��Â� �� Ã�÷

ý�Ü��� �î À��î Âê ø Àª�� d� k ÕÞä ¤¢ ü÷�Â½� ë�Ï À÷¥Âê ×þ d ÕÞä ¤¢ ë�Ï À��î Âê ñ��

.Àª�� ü÷�Â½��Þ�÷ ô�m ö�µ¨ ¥� d ÕÞä ¤¢fzigi ¤�Àõ

ë�Ï À÷¥Âê ×þ Ad(0) ë�Ï ø Àª�� ü÷�Â½��Þ�÷ Ad(zm) ë�Ï À��î Âê :�Ü��� ô�¨ ýùÀä�ì

ñ�Þª ´ú� ¤¢ Ad(zm) ë�Ï ¥� fzigi ¤�Àõ ý�Ü�� � ¤¢ Âð� �¤�¬ ßþ� ¤¢ .Àª�� Ad�k(0) ü÷�Â½�

.Ý�¨Â� ,Ad�k(zm+k) ü÷�Â½��Þ�÷ ë�Ï ×þ �� d� k ÕÞä ¤¢ Àþ�� ,Ý��î ´îÂ� üìÂª
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:Ýþ¤�¢ fk(Ad(0)) = Ad�k(0) ø Ad(zm) = Ad(0) Í��ø ¤ �� ���� �� :�Ü��� ô�¨ ýùÀä�ì ��±��

zm+k = fk(zm) 2 fk(Ad(zm)) = Ad�k(0) (19-2)

:Ýþ¤�¢ ßþ�Â����

zm+k 2 Ad�k(0) =)

8<: zm+k 2 Y d�k(0)

zm+k =2 Y d�k+1(0)
=)

8<: Y d�k(0) = Y d�k(zm+k)

Y d�k+1(0) 6= Y d�k+1(zm+k)
=) � � �

� � � =)

8<: 0 2 Y d�k(zm+k)

0 =2 Y d�k+1(zm+k)
=) 0 2 Ad�k(zm+k)

(20-2)

2 .´¨� ü÷�Â½�Ý�÷ Ad�k(zm+k) ë�Ï �î ´¨� ü�ãõ ßþ� �� (20-2) ý�Î��¤ ø

ÓþÂã� 13-2-2

ü�ãþ .Àª�±÷ ü÷�Â½� Âþ¢�Öõ ¥� ×þ º�û Ûõ�ª Âð� ,´¨� "üó�ä' ë�Ï ×þ Ad(0) ü÷�Â½� ë�Ï Ý�þ�ð

´¨� üó�ä ë�Ï ×þ Ad(0) ü÷�Â½� ë�Ï Ý�þ�ð ñ¢�ãõ ¤�Ï �� �þ .Àª�� �Ã¹õ fP n(0)g1n=1 ¤�Àõ ¥�

.Àª�� �µª�À÷ ü÷�Â½�Ý�÷ ë�Ï º�û ü÷�Â½� ý�Ü��� ¥� ô�-d ÂÎ¨ Âð�

ñ�·õ 14-2-2

üó�ä ý�ûë�Ï üÚÞû ,1;3;4;6;7;8;9; � � � ý�ûÕÞä ¤¢ ü÷�Â½� ý�ûë�Ï (6-2) ÛØª ¤¢

,5 ,10 ,18 ý�ûÕÞä ¤¢ ý�ûë�Ï .À�µÆû üó�ä Ýû �ú÷� �î À÷¤�¢ À÷¥Âê ø¢ �fÖ�ì¢ ×þ Âû .À�µÆû

.À÷¤�¢ À÷¥Âê ×þ �ú�� ×þ Âû ø À�µÆ�÷ üó�ä ,0 ,2

ÓþÂã� 15-2-2

ý¤�Ï À�ª�� ¤�À÷�Âî Â�è ,k > 0 �î s(ck) ¼�½¬ ¢�Àä� Âð� ´¨� "üµÈð¥��' ü÷�Â½� ý�Ü��� Ý�þ�ð

.À÷øÂ� ß�þ�� ù��¿ó¢ �� �î À�ª�� �µª�¢ ¢��ø üþ�ûö�µ¨ ü÷�Â½� ý�Ü��� ¤¢ �î
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�Ü��� ôø¢ ýùÀä�ì ý�Â� ñ�·õ :6-2 ÛØª

¢�ª �µª�±÷� ÂÔ¬ �ÎÖ÷ �� ü÷�Â½� �ÎÖ÷ ¤�Àõ �î ´¨� °ÜÎõ ßþ� �� ñ¢�ãõ ÓþÂã� ßþ� ´Ö�Ö� ¤¢

�� ü÷�Â½� ¤�ÀõÂð� .Àª�� i � 1 ,P i(0) ü÷�Â½� ¤�ÀÖõ ×þ Ûõ�ª ,ü÷�Â½� �ÎÖ÷ ¥� üÚþ�ÆÞû Âû ü�ãþ

:Ýþ¤�¢ ù�Ú÷� ¢�ª �µª�±÷� ü÷�Â½� ý�ÎÖ÷
�
8d; 9nd 2 N; Pnd(0) 2 Y d(0)

�
=)

�
8d; 9nd 2 N; Y d(0) = Y d(Pnd(0))

�
=) � � �

� � �
P
n
d (0)=cn

d======) (8d; 9nd 2 N;S(cnd ) � d)

(21-2)

.´¨� ¤�À÷�Âî Â�è fSck jk > 0g ý�ä�Þ¹õ �î ´¨� ö� ÂÚ÷��� �fÖ�ì¢ (21-2) ý�Î��¤ ø

ÓþÂã� 16-2-2

�î Àª�� ¢���õ ö��� k > 0 À�÷�õ ´±·õ ¼�½¬¢Àä ×þ Âð� ´¨� "�ø��µõ' ü÷�Â½� ý�Ü��� Ý�þ�ð

.Y d(ck) = Y d(0) Ý�ª�� �µª�¢ d ÕÞä Âû ý�Â� ü�ãþ .Sck =1
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Ýó 17-2-2

ù�Ú÷� ,Àª�±÷ "�ø��µõ' üóø Àª�� "üµÈð¥��' ü÷�Â½� ý�Ü��� Âð�

.¢¤�¢ À÷¥Âê ×þ Ûì�À� ü÷�Â½� ë�Ï Âû (a)

¢¤�¢ À÷¥Âê ø¢ Ûì�À� üó�ä ü÷�Â½� ë�Ï Âû (b)

´¨� üó�ä Ã�÷ ¢�¡ ,üó�ä ë�Ï ×þ À÷¥Âê Âû (c)

´¨� "üó�ä' ýÀ÷¥Âê ×� Âû (d)

.��±��

�� �� À��î ´¨�¤ ´ú� ¤¢ Ý�ÖµÆõ ´îÂ� �� áøÂª ü÷�Â½� ý�Ü��� ¤¢ ÂÔ¬ ö�µ¨ ¤¢ d ÕÞä ¥� : (a)

´ú� ¤¢ ýÂÎì ¤�Ï �� ñ�� ,À�¨Â� ô�k ö�µ¨ ¤¢ (�ú�� Í¡ù¤�� ×þ) ÂÚþ¢ ü÷�Â½� ë�Ï ß�óø�

.Ý�¨¤üõ d+ k ÕÞä ¤¢ Ad(0) ë�Ï À÷¥Âê ß�óø� �� �¤�¬ ßþ� ¤¢ .À��î ´îÂ� ü�Âè ����

Âþ¥ �¤�¬ �� ýÂÑ÷ ¤�Ï �� ö���üõ �¤ °ÜÎõ ßþ� ´Ö�Ö� ¤¢ .À��î �ã��Âõ (7-2) ÛØª ��

.´¨� ÂÔ¬ ü÷�Â½� ý�ÎÖ÷ ¥� üÚþ�ÆÞû ×þ Y d(0) ø ´¨� üµÈð¥�� ü÷�Â½� ý�Ü��� :¢Âî ö���

.À�îüõ âÎì �¤ Y d(0) �î Àª�� ffn(0)g1n=1 = fcng1n=1 ¤�Àõ ¥� ý��ÎÖ÷ ß�óø� ck Ý��î Âê

�� 0 7! c1 7! � � � 7! ck�1 7! ck ¤�Àõ ¢�Àµõ� ¤¢ �¤ Y d(0) ñøÀ� ý�Ø� Âð� �¤�¬ ßþ� ¤¢

ë�Ï Âð� �Áó .Ý�¨¤üõ Y d+k(0) ü÷�Â½� ý�Ø� �� d+ k ÕÞä ¤¢ ¤�� ß�óø� ý�Â� ,Ý�ÈØ� °Öä

�¤�±ä Ý�¨¤üõ ö� �� �î ü÷�Â½� ë�Ï ß�óø� Ý�ÈØ� °Öä �� ë�ê ¤�Àõ ¢�Àµõ� ¤¢ �¤ Ad(0)

×þ Ad+k(0) ü÷�Â½� ë�Ï �î À�îüõ ��¹þ� ¢�¡ ý��� ÷ � � ßþ� .Ad+k(0) ¥� ¢� � Àû��¡

.Àª�� Ad(0) ü÷�Â½� ë�Ï À÷¥Âê

´ÞÆì À�÷�Þû �¤ Ad+k(0) ü�ãþ ö� À÷¥Âê ß�óø� .Àª�� üó�ä ë�Ï ×þ Ad(0) À��î Âê : (b)

ø¤ ßþ� ¥� .S(ck) 6= 1 Ýþ¤�¢ �Áó ´Æ�÷ "�ø��µõ' ü÷�Â½� ý�Ü�� � ö�� .Ý��îüõ �À� � (a)



50 ôø¢�b�¤¢ ý��ó�� ý�û�ä�Þ¹õ ýÀ�±Þû �fã®�õ

1.2 Ýó ¤¢ a; b; dý�û´ÞÆì ý�Â� ��½�®�� : À÷¥Âê ö¢Âî �À�� :7-2 ÛØª

áøÂª � � .´¨� ü÷�Â½��Þ � ÷ ë�Ï ×þ Ad0(ck)�î ´¨� ¢���õ ö� �� d0 > d ¼�½¬ ¢Àä

´îÂ� üìÂª ñ�Þª ´ú� ¤¢ ýÂÎì ¤�Ï �� ,ü÷�Â½� ý�Ü �� � ¤¢ d0 ÕÞä ¤¢ ô�-k ö�µ¨ ¥�

ë�Ï ���Èõ ¤�Î� .Àª�� ü÷�Â½�Ý�÷ Àþ�� Ad0�k(c2k) ë�Ï �Ü��� ô�¨ ýùÀä�ì �Ü�¨�� .Ý��îüõ

.Ý�¨Â� d ÕÞä �� ù¤��ø¢ �î ü÷�õ¥ �� ,ñ���õ ß�Þû �� ø Àª�� ü÷�Â½�Ý�÷ Àþ�� Ã�÷ Ad0�2k(c3k)

Ý�û��¿÷ ¢¤�¡Â� ýÂÚþ¢ ü÷�Â½�Ý�÷ �þ ü÷�Â½� ë�Ï º�û �� ýÂÎì ´îÂ� ßþ� ¤¢ ßþ� Â� ùø�ä

d ÕÞä �� ýÂÎì ´îÂ� ßþ� ý�úµ÷� ¤¢ üµìø ùÄþ�� ,´¨� üó�ä ë�Ï ×þ Ad(0) ö�� .¢Âî

�ã��Âõ (7-2)ÛØª ��) Ý��îüÞ÷ ¢¤�¡Â� ü÷�Â½�Ý�÷ �þ ü÷�Â½� ë�Ï �� ÕÞä ßþ� ¤¢ ,Ý�¨¤üõ

�� ô�-m ö�µ¨ ¤¢ �� À��î ´îÂ� ´¨�¤ ´Þ¨ �� ,ÀþÀ� ö�µ¨ ¤¢ d ÕÞä ßþ� ¥� ö��î� .(À��î

öøÀ� �¤�¬ ßþ� ¤¢ .À��î ´îÂ� ü�Âè ���� ´ú� ¤¢ ñ�� .À��î ¢¤�¡Â� ü÷�Â½� ë�Ï ß�óø�

ë�Ï �� d +m ÕÞä ø ÂÔ¬ ö�µ¨ ¤¢ ô�¹÷�Â¨ ,ü÷�Â½�Ý�÷ � þ ü÷�Â½� ë�Ï º�û �� ¢¤�¡Â�

.´¨� Ad(0) ü÷�Â½� ë�Ï ôø¢ À÷¥Âê �î Ý�¨¤üõ Ad+m(0) ü÷�Â½�
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Àª�±÷ üó�ä ë�Ï ×þ Ad+k(0) Âð� .Àª�� Ad(0) üó�ä ë�Ï À÷¥Âê ×þ Ad+k(0) À��î Âê : (c)

´ª�¢ Ý�û��¡ �¤�¬ ßþ� ¤¢ � õ� .cr 2 Ad+k(0) �î ´¨� ¢���õ ö� �� r > 0×þ ù�Ú ÷�

üó�ä Ã�÷ Ad+k(0)�Áó .´¨� Ad(0) ë�Ï ö¢�� üó�ä �� Ëì��µõ �î cr+k 2 Ad(ck) = Ad(0)

.´¨�

.´Æ�÷ À÷¥Âê ×� Ad0(0) �î Ý��îüõ ´��� .Àª�±÷ üó�ä ,A0d(0) À÷¥Âê ë�Ï À��î Âê : (d)

ÂÚþ¢ À÷¥Âê ×þ ø d1 = d0 � k Ý�û¢üõ ¤�Âì .Àª�� Ad0�k(0) ë�Ï À÷¥Âê Ad0(0) Ý��î Âê

ë�Ï �î ´¨� ¢���õ ö��� k0 � k ¼�½¬¢Àä ×þ .Ýþ¤ø�üõ ´¨À� Ad1(0) ë�Ï ý�Â�

üìÂª ñ�Þª ´ú� ¤¢ k0 ö�µ¨ ø d0 ÕÞä ¥� Âð� �Ü��� ô�¨ ýùÀä�ì Õ±Ï .Àª�� üó�ä Ad0(ck0)

¤¢ ë�Ï ßþ� ¥� ñ�� .Ý�¨Â� ü÷�Â½��Þ�÷ ë�Ï ×þ �� d1 ÕÞä ¤¢ Àþ�� ,Ý��î ´îÂ� �� áøÂª

ßþ� ¤¢ .Ý�¨Â� ü÷�Â½� ë�Ï �� ô�-m ö�µ¨ ¤¢ �� Ý��îüõ ´îÂ� ´¨�¤ ´Þ¨ �� d1 ÕÞä

.´¨� Ad1(0) ë�Ï ý�Â� ÂÚþ¢ À÷¥Âê ×þ Ad1+m(0) �¤�¬2

üÜ¬��b �Ìì ��±�� ø ýÂþÁ�ñ�õÂ÷ 3-2

Âð� ,´¨� ù¢�¨ ÂþÁ�ñ�õÂ÷ f : z 7! z2 + c ü÷�Â½� ×� ôø¢�b �¤¢ ý��ÜÞ�À�� �î Ý��îüõ ý¤ø�¢�þ

üÞÆì �� À�ª�� �µª�¢ ¢��ø n � 2 ¼�½¬ ¢Àä ×þ ø ÂÔ¬ ü÷�Â½� ý�ÎÖ÷ ¥� U üÚþ�ÆÞû ×þ

Ý�ª�� �µª�¢ k � 1 Âû ý�Â� �î Àª�� ôø¢�b �¤¢-�±ª ´ª�Ú÷ ×þ fnjU : U 7�! fn(U) ´ª�Ú÷ �î

�þ f i (K (fnjU ))T f j (K (fnjU )) âÎÖõ 0 � i < j < n �î ,i; j Âû ý�Â� ß��»Þû ø fkn(0) 2 U

ý�ä�Þ¹õ ø¢ ¥� ×þ º�û ,í�Âµª� ý�ÎÖ÷ ßþ� �î Àª�� ùÀª Û�ØÈ� �ÎÖ÷ ×þ ¥� �ú�� �þ ø Àª�� üú�

ý�û�ä�Þ¹õ ,�û�ä�Þ¹õ ßþ� ¥� ×þ Âû ¥� í�Âµª� ý�ÎÖ÷ ßþ� éÁ� �� ü�ãþ .À�îüÞ÷ À�±Þû�÷ �¤ ë�ê

×þ ÛÊê ¤¢ �î ´¨� � ý�ÎÖ÷ ö�Þû ÂÑ÷ ¢¤�õ ý�ÎÖ÷ ´Ö�Ö� ¤¢ .À�µÆû À�±Þû ¥��û ùÀ÷�õ üì��

.Àª üêÂãõ
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Ýó 1-3-2

ý�Â� Âð� Â�Õ�ì¢ ¤�Ï �� .´¨� ù¢�¨ ÂþÁ�ñ�õÂ÷ f ù�Ú÷� ,Àª�� "�ø��µõ' f �� Í±�Âõ ü÷�Â½� ý�Ü��� Âð�

ýùÀä�ì �Ü�¨�� ø ¤ ßþ� ¥� �î) ´¨� ñ�Þ���õ p �î Ý�ª�� �µª�¢ �¤ Pd(cp) = Pd(0) ,d ý�ûÕÞä ô�Þ�

ù¢�¨ ý¥�¨ñ�õÂ÷ ×þ ý�¤�¢ f ù�Ú÷� (Y d(ci+p) = Y d(ci)´ª�¢ Ý�û��¡�ûd ø �ûi ô�Þ� ý�Â� �Ü��� ôø¢

.¢�� Àû��¡ p ýù¤ø¢ ¥�

Ýó 2-3-2

×þ ý�¤�¢ f ù�Ú÷� ,Àª�� âì�ø Y 1(0)
S
Y 1(c1)

S � � � Y 1(cq�1) á�Þµ�� ¤¢ �f õ�î ü÷�Â½� ¤�Àõ Âð�

.´¨� q ýù¤ø¢ ¥� ù¢�¨ ý¥�¨ñ�õÂ÷

ý�ä�Þ¹õ ý�µÆ� ý�ä�Þ¹õÂþ¥ ×þ ¤¢ üÏ�Ö÷ ¥� ÂÔ¬ ÕÞä ¤¢ ñøÀ� ý�Ø� Âû �î Ý�÷�¢üõ

ü �¤� ¡ ý� þø�¥ ø G Û � Æ ÷� µ � ý�¤�¢ � î K(f) ¥� �¤� ¡ ü Ï� Ö ÷ � � ù�Â Þ û K(f) Û õ� î ý� � ó� �

¤¢ .´¨� ùÀª Û�ØÈ � ,À � µÆû 0 � i < q ø 0 < G � 1 ,ti � t � t0i ý�ûýÂ ��Â �� ÷ ¤¢ ë¢�¬

ýù¢� ¨ À � ± Þ û � � �� ÷ ù� Ú ÷� ,f(Rti) = Rt0
i
� î À ª� � ö� � � 0 � ti � 1 Ý � � î Â ê Â ð� â ì�ø

ÓþÂã� ¤¢ ùÀª üêÂãõ ö�Þþ¤ ´ª�Ú÷ ö�Þû  ö� ¤¢ �î)  
�n
re2�itj1 < r � 10; ti � t � t0i

o�
ÕÞä ¤¢ Y 0(ci) ñøÀ� �Ø� .´¨� Y 0

i À�÷�õ ÂÔ¬ ÕÞä ¤¢ üóøÀ� ý�Ø� ×þ (´¨� (10-5-1)

×þ �Àµ�� :Ýþ¤ø� üõ ´¨À� Âþ¥ ÕþÂÏ �� �¤ bY 0(ci) ýùÀª Ý�¿® ý�Ø� ø �µêÂð ÂÑ÷ ¤¢ �¤ ÂÔ¬

¤ÀÖ÷� �¤ � � 0 ´±·õ ¢Àä Å³¨ ,Ýþ¤ø�üõ ´¨À� � ´��� ý�ÎÖ÷ ñ�� D�(�) ×��î ×Æþ¢

�þ jt� tij < � ý�ûýø�Æõ�÷ ¥� üØþ ¤¢ ö� ý�þø�¥ �î Rt ü�¤�¡ ��Â� Âû �î Ý��îüõ ¤��µ¡� ×��î

D�(�) ×Æþ¢ ¥� bY 0(ci) �î Ý��î Âê ö��î� .À�î âÎì�¤ D�(�) ×Æþ¢ ßþ� ,À�î ëÀ¬ jt� t0ij < �

;Àª�� ùÀª Û�ØÈ� Âþ¥ ¤¢ (c) ø (b) ,(a) ��ãÎì Í¨�� ùÀª ¢øÀ½õ ����÷ ø

.G = 1 Û�Æ÷�µ�Ýû ü�½�õ ¥� ti � � < t < t0i + � ý�ãÎì (a)

�û��Â� ßþ� âÎÖõ �� G = 1 Û�Æ÷�µ�Ýû ü�½�õ ¥� �î Rt0i+�
ø Rti�� ü�¤�¡ ý�û��Â� ¥� ü��ãÎì (b)
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�Ü��� ôø¢ ýùÀä�ì ý�Â� ñ�·õ :8-2 ÛØª

.À÷�ùÀª ùÀ�Èî D�(�) ��

,D�(�) ¥Âõ ¥� §�ì ×þ (c)

�bÂÖµ¨� �� ö��î� .´¨� ©¢�¡ öø¤¢ ¤¢ Y 0(ci) üÜ¬� ý�Ø� Ûõ�ª ,bY 0(ci) ,ùÀª Ý�¿® ý�Ø� ßþ�

,Àª�� d ÕÞä ¤¢ ùÀªÝ�¿® ý�Ø� ×þ bY d
(j) Âð� .Ýþ¥�¨üõ �¤ Â���� ý�ûÕÞä ¥� ùÀªÝ�¿® ý�û�Ø�

.À�µÆû d+ 1 ÕÞä ¤¢ ùÀªÝ�¿® ý�û�Ø� f�1(bY d
(j)) ý�û�Ôó�bõ ¥� ×þ Âû ù�Ú÷�

ñ�·õ 3-3-2

8-2)ÛØª ¤¢ ø .´¨� ùÀª ù¢�¢ ö�È÷ ÂÔ¬ ÕÞä ¤¢ ùÀªÝ�¿® ý�Ø� ×þ (Óó� 8-2) ÛØª ¤¢

.À÷�ùÀª ù¢�¢ ö�È÷ f : z 7�! z2 + 1´ª�Ú÷ ý�Â� ×þ ø ÂÔ¬ ý�ûÕÞä ¥� ùÀªÝ�¿® ý�û�Ø� (�

ÂîÁ� 4-3-2

Y d
(j) ý�Ø� ×þ Âð� �î ´¨� ßþ� ¤¢ üÜ¬� ý�û�Ø� �� ´±Æ÷ ùÀªÝ�¿® ý�ûñøÀ� �Ø� ýùÀÞä ´þaÃõ

öø¤¢ ¤¢ bY d+1
(k) ýùÀªÝ�¿® ý�Ø� Ûõ�ª bY d

(j) ýùÀªÝ�¿® ý�Ø� ù�Ú÷� Àª��Y d+1
(k) ý�Ø� Ûõ�ª

.´¨� bY d
(j) ýùÀªÝ�¿® ý�Ø� ¤¢ ñ�ÞÈõ ù¢ÂÈê ¤�Ï �� bY d+1

(k) ýùÀªÝ�¿® ý�Ø� �þ .´¨� ©¢�¡

.À�îüõ ßþÃÚþ�� ñ�ø¥ �� ø ¤ Â�è ý�ûë�Ï �� �¤ ÝþÀì ý�ûë�Ï ÀþÀ� ¤�µ¡�¨ ßþ� ø ¤ ßþ� ¥�
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ÂîÁ� 5-3-2

¤¢ �� À�ª�� ×��î üê�î ù¥�À÷� �� �î ¢Âî Ý�û��¡ ù¢�Ôµ¨� ý�ùÀªÝ�¿® ý�û�Ø� ¥� ÛÊê ßþ� ¤¢ �µ±ó�

öø¤¢ �� ü÷�Â½� ý�ÎÖ÷ Àþ�� ù�Ú÷� ,Àª�� ü÷�Â½� ý�ÎÖ÷ Ûõ�ª bY d
(z) Âð� ;À�ª�� ë¢�¬ Ã�÷ Âþ¥ ¯Âª

ü÷�Â½� ý�Ø� ×þ �� ¤ø�¹õ �î ñøÀ� �Ø� ×þ ö¢Âî Ý�¿® ô�Ú�û ü�ãþ .Àª�� �µª�¢ ÕÜã� Y d(z)

�î üõ�Ú�û .À�Ø÷ âÎì �¤ ü÷�Â½� ý�ÎÖ÷ ,ùÀªÝ�¿® ý�Ø� �î Ý�û¢üõ ô�¹÷� ý¤�Ï �¤ ¤�î ßþ� ,´¨�

.0 =2 J0 Ýþ¤�¢ Âê Õ±Ï �õ� .´¨� ßØÞõ Â�è ¤�î ßþ� ¢�ª Ýµ¡ � ý�ÎÖ÷ �� ü÷�Â½� ¤�Àõ

.Ýþ¥�¢Â�üõ (2-3-2) ø (1-3-2) ý�û Ýó ��±�� �� ö��î�

:(1-3-2) Ýó ��±��

ø Àª�� Ad�p(0) ü÷�Â½� ë�Ï À÷¥Âê ×þ Ad(0) ü÷�Â½� ë�Ï �î Ý��îüõ ��¿µ÷� ï¤Ã� ¤ÀÖ÷� �¤ d

�î bY d�p(cp) = bY d�p(0) �� ´¨� Â��Â� �P = fp(�0) �¤�¬ ßþ� ¤¢ .�0 = bY d(0) Ý�û¢üõ ¤�Âì

ø Y d+i(cp) = Y d+i(0) Ý�÷�¢üõ .À�ª�� ù��¿ó¢ i ø d Ý��îüõÂê .´¨� �0 Ûõ�ª Ç÷ø¤¢ ¤¢

:Ýþ¤�¢ �Áó f i
�
Y d+i(cp)

�
= Y d(ci+p)

Y d(ci+p) = f i
�
Y d+i(cp)

�
= f i

�
Y d+i(0)

�
= Y d(ci) (22-2)

:Ýþ¤�¢ ø Àª�� üû��¿ó¢ ¢Àä k Ý��î Âê ñ��

Y d(ckp) = Y d(c(k�1)p+p) = Y d(c(k�1)p) = Y d(c(k�2)p+p) =

Y d(c(k�2)p) = � � � = Y d(ck�(k�1)p+p) = Y d(cp+p) = Y d(cp)
(23-2)

:Ýþ¤�¢ (23-2) �� ���� �� ñ��

ckp 2 Y d(ckp) = Y d(cp) = Y d(0) � bY d(0) = �0 (24-2)

,¢�� Ad�p(0) ü÷�Â½� ë�Ï À÷¥Âê ×þ Ad(0) ö�� ø .fCkpg1k=1 � �0 �î À�îüõ ��¹þ� ßþ� ø

,bY d�i(ci) ýùÀªÝ�¿®ý�û�Ø� �¹�µ÷ ¤¢ Y d�1(c1); Y
d�2(c2); � � � ; Y d�(p�1)(cp�1) ý�û�Ø� �Áó

,Y d�i(ci) ý�û�Ø� �Áó ´¨� ñ�Þ���õ P ö�� .¢�� À�û��¿÷ ü÷�Â½� ý�ÎÖ÷ Ûõ�ª 1 � i � p� 1
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f i
�
K
�
fpj�0

��T
f j
�
K
�
fpj�0

�� ý�ûâÎÖõ í�Âµª� ý�ÎÖ÷ ßþ�Â���� .À�µÆ�÷ Û¡�Àµõ 0 � i < p

À÷�� �üÞ ÷ ßþ�Â �� � � ø .Àª� � � µª�¢ ÕÜã � Y d�i(ci) ý�û�Ø � ¥Âõ � � À þ� � (ö¢� � üû �� ÷ �¤�¬ ¤¢)

fpj�0
: �0 7�! �p ´ª�Ú÷ �Áó .À�î À�±Þû�÷ �¤ f i �K �

fpj�0

��×��î Ûõ�î ý��ó�� ý�û�ä�Þ¹õ

2 .¢�� Àû��¡ f ¥� ù¢�¨ ý¥�¨ñ�õÂ÷ ×þ

:(2-3-2) Ýó ��±��

:Ýþ¤�¢ �¤�¬ ßþ� ¤¢ .�0 = bY 1(0) À��î Âê

�1 = f(�0) = f
�bY 1(0)

�
= bY 0(c1)

�2 = f(�1) = f
�bY 0(c1)

�
= bY 0(c2)

...
�q�1 = f(�q�2) =

bY 0(cq�1)

�q = bY 0(cq) = bY 0(0)

(25-2)

�µª�¢ 0 < i < q ×þ ý�Â� Âð� .À�µÆû Ãþ�Þµõ Y 0(0); Y 0(c1); � � � ; Y 0(cq�1) ý�û�Ø� Ý�÷�¢üõ

Y 0(ci) = Y 0(0) Ýþ¤�¢ ßþ�Â��� � .0 2 int Y 0(ci) ´ª�¢ Ý�û��¡ ù�Ú÷� 0 2 �i = bY 0(ci) Ý�ª��

q ö�� .À� µÆ� ÷ ü÷�Â½� ý�ÎÖ÷ Ûõ�ª 0 < i < q ,�û�i ¥� ×þ º�û �Á ó .´¨� Ëì�� � ×þ �î

�Áó ,(15-5-1 ��aÌì )À÷¤�¢ ¤�Âì ¤ø¢ ×þ ¤¢ ,À�¨¤üõ Ýû �� � ´��� ý�ÎÖ÷ ¤¢ �î ü�¤�¡ ��Â�

.À÷�ªüõ Âþ�Ê� Ýû ýø¤ Â� üó��µõ ¤�Ï �� f ´½� Y 0(0); Y 0(c1); � � � ; Y 0(cq�1) Ãþ�Þµõ ý�û�Ø�

:Àþ�üõ ´¨À� Âþ¥ Â�¹÷¥ ø ¤ ßþ� ¥�

Y 0(0) 7�! Y 0(c1) 7�! � � � 7�! Y 0(cq�1) 7�! Y 0(cq) = Y 0(c0) 7�!
Y 0(cq+1) = Y 0(c1) 7�! � � �

(26-2)

:Ýþ¤�¢ �¤ Âþ¥ Í��ø ¤ �Áó .Y 0(cq+i) = Y 0(ci) Ýþ¤�¢ i � 0 Âû ý�Â� ßþ�Â����

cq 2 Y 0(cq+0) = Y 0(0)

c2q 2 Y 0(c2q) = Y 0(cq+q) = Y 0(cq) = Y 0(0)
...

ckq 2 Y 0(ckq) = Y 0(cq+(k�1)q) = Y 0(c(k�1)q) = � � � = Y 0(cq) = Y 0(0)
...

(27-2)
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ü÷�Â½� ý�ÎÖ÷ ¤�Àõ Âê Õ±Ï ö��î� .fckqgk�0 � Y 0(0) �î À��îüõ ��¹þ� (27-2) Í��ø ¤

.´¨� Sq�1
i=0

Y 1(ci) ¤¢ ñ�ÞÈõ Ã�÷ fckqg1k=1 ¤�Àõ �Áó ´¨� Sq�1
i=0

Y 1(ci) á�Þµ�� ¤¢ ñ�ÞÈõ �f õ�î

Y 0(cq) = Y 0(0) ö�� .fckqg1k=1 � Y 1(0) �î ¢�ªüõ �¹�µ÷ fckqgk�0 � Y 0(0) ý�Î��¤ ¥� �Áó

:Ýþ¤�¢ ùÀªÝ�¿® ý�û�Ø� ¤�µ¡�¨ �� ���� �� ñ�� .�q = bY 0(0) ´ª�¢ Ý�û��¡ �Áó

�0 � bY 1(0) � bY 0(0) = �q (28-2)

2 .Àª��üõ f ¥� ù¢�¨ ý¥�¨ñ�õÂ÷ ×þ f qj�0
: �0 7�! �q ´ª�Ú÷ ßþ�Â����

ù¤�Ãð 6-3-2

.¢¤�¢ ¢��ø ñ�ø¥ �� ø ¤ Â�è ü÷�Â½� ë�Ï ×þ ù�Ú÷� Àª�±÷ ù¢�¨ ÂþÁ�ñ�õÂ÷ f Âð�

À þ� � ü ÷�Â ½ � ¤�À õ (2-3-2) Ý ó Õ ± Ï ù� Ú ÷� À ª� ± ÷ ù¢� ¨ Â þÁ �ñ� õÂ ÷ f Â ð� .�� ± ��

�¤� ¬ ß þ� ¤¢ ,cd 2 Y 1(�ci) Ý � � î Â ê ñ� · õ ý�Â � .À � î â Î ì �¤ Sq�1
i=1

Y 1(�ci) á� Þ µ ��

Ý � û¢ü õ ö� È ÷ A0(cd) = A0(�ci) ¢� ªü õ � ¹ � µ ÷ ö� ¥� � î .Ý þ¤�¢ �¤ Y 1(cd) = Y 1(�ci)

¤�À õ ¢�À µ õ� ¤¢ �Â ÷� Â ð� �¤� ¬ ß þ� ¤¢ � î ´ ¨� ñ�ø¥ � � ø ¤ Â � è A0(cd) = A0(�ci) ë� Ï � î

ö�� .Àõ� Àû��¡ ´¨À� Ad(0) ñ�ø¥ �� ø ¤ Â�è ë�Ï ,Ý�ÈØ� °Öä �� 0 = c0 7! c1 7! � � � 7! cd

ý�û� �Â � ø À ÷�ªüõ Ý µ¡ �� ý�ÎÖ ÷¤¢ À � ÷¥ üõ ©Â � �¤ Y 1(�ci) ý�Ø � � î ü�¤�¡ ý�û� �Â �

ñ�ÞÈõ Y 1(�ci) ß��»Þû ø À÷�ªüõ Ýµ¡ � ´��� ý�ÎÖ÷ ¤¢ À�÷¥üõ ©Â� �¤ Y 0(cd) �î ü�¤�¡

Y 0(cd) �� Àþ�� ´¨� Y 1(�ci) ý¥Âõ ý�ÎÖ÷ ×þ �î �� ý�ÎÖ÷ �Áó ,´¨� Y0(cd) = Y0(�ci) ¤¢

×þ �î ,�� = � Ý�ª�� �µª�¢ Àþ�� ù�Ú÷� Àª�� �µª�¢ ÕÜã� Y 0(cd) ¥Âõ �� ��Âð� .Àª�� �µª�¢ ÕÜã�

À�îüõ ��¹þ� (9-2) ÛØª �� ���� �� ßþ� ø .´¨�Y 0(�ci) ü÷ø¤¢ �ÎÖ÷ ×þ �� �Áó .´¨� Ëì���

ü�ãþ ´¨� ñ�ø¥ �� ø ¤ Â�è ë�Ï ×þ A0(cd) = A0(�ci) ë�Ï ø¤ ßþ� ¥� .Y 1(�ci) � Y 0(�ci)�î

2 .mod(A0(cd)) > 0
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A0(�ci) = A0(cd)ë�Ï ö�Þû ÛØª ¤¢ ùÀª Ù÷¤ ����÷ :9-2 ÛØª

Ýó 7-3-2

.Àª�� �Ã¹õ Y N (0) ü÷�Â½� ñøÀ� �Ø� ¥� �î Àª�� J n J0 ¤¢ ý¤�Àõ z0 7�! z1 7�! � � � À��î Âê

.À��þüõ Û�ÜÖ� �ÎÖ÷ ×þ �ú�� �� Td�0 Y
d(0) âÎÖõ �¤�¬ ßþ� ¤¢

N � 1 ÕÞä ¤¢ ùÀªÝ�¿® ñøÀ� ý�û�Ø� �ûbY N�1
(i) �î Ui = int

�bY N�1
(i)

�
À��î Âê .��±��

ý�Ø� Âû .Àª�� �µª�¢ ÕÜã� Y N�1(0) ý�Ø� �� c1 ü÷�Â½� ¤�ÀÖõ �î À��î Âê ß��»Þû .À�µÆû

×þ Ui Âû ýø¤ .´¨� Y N�1
(i) ý�µØþ ñøÀ� �Ø� ×þ ¤¢ ñ�ÞÈõ N ý ø�Æõ �þ Âµð¤Ã� ÕÞä ¤¢ ñøÀ�

¢��ø Ui ýø¤ f�1 ¥� �¡�ª ø¢ �fÖ�ì¢ i > 0 Âû ý�Â� .ÝþÂ�ðüõ ÂÑ÷¤¢ disti(x; y) 2ùÂØ÷��� ×þÂµõ

Âþ¥ ×þ �� �¤ Ui ø ´¨� ×þ �� ×þ Ui ýø¤ gk Âû �î À��î ���� .Ý�õ�÷üõ g2 ø g1 �¤ �ú÷� �î ¢¤�¢

À�±Þû ý�û��õ�¢ ß�� ×�ê¤�õ�ó�û üµª�Ú÷ gk Âû ø¤ ßþ� ¥� .À�îüõ Âþ�Ê� Uj ×þ ¥� ùÂ¨ ý�ä�Þ¹õ

ù��¿ó¢ �Ø� Âû .´¨� ßî Ýî ñ�Ï gk Âû �Áó .À�µÆû Ãú¹õ ùÂØ÷��� ×þÂµõ �� �î ´¨� (�ûUi) ù¢�¨

�� ý��Ø� ß��� Âû ý�Â � �Á ó .´¨� N � 1 ÕÞä ¤¢ Ui ý�Ø� ×þ öø¤¢ ¤¢ ñ�ÞÈõ N ÕÞä ¤¢

.´¨� ´¡���Øþ ´��� ×þ � > 0 �î .distj (gk(x); gk(y)) < �disti(x; y) Ýþ¤�¢ ,i > 0 �Ø÷� ¯Âª

Â�¹÷¥ ù��¿ó¢ h ý�Â� .Àª�� N ÕÞä ¤¢ ý�û�Ø� ýùÂØ÷�� � ý�ûÂÎì ÝÞþÃî�õ Â ��Â � Æ À��î Âê

ù��¿ó¢ 1 � i � h Ý��î Âê .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ Y N+h(z0) 7! Y N+h�1(z1) 7! � � � 7! Y N (zh)

¥� .f(zi�1) = zi 2 Y N�1
(0)

´ª�¢ Ý�û��¡ ù�Ú÷� Y N+h�i(zi) � Y N�1(0) Âð� �¤�¬ ßþ� ¤¢ .Àª��

Poincare metric2
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º�û �Áó .´¨� ��ÌìÂê �� Ëì��µõ �î .zi�1 2 f�1
�
Y N�1
(0)

�
= Y N (0) ´ª�¢ Ý�û��¡ ø¤ ßþ�

ÝþÂ�ðüõ �¹�µ÷ ø ¤ ßþ� ¥� .À�µÆ�÷ Y N�1
(0)

ý�Ø� ¤¢ ñ�ÞÈõ 1 � i � h ,Y N+h�i(zi) ý�û�Ø� ¥� ×þ

üõ�Ú�û Y N+h(z0) ý�û�Ø� ýùÂØ÷��� ÂÎì �Áó .´¨� �hÆ Â��Â� Â·î�À� Y N+h(z0) ýùÂØ÷��� ÂÎì �î

�¹�µ÷ ¤¢ ø Sh Y
N+h(z0) âÎÖõ �Ø�þ� ü�ãþ ßþ� ø .¢Âî Àû��¡ Û�õ ÂÔ¬ �� ,À�îüõ Û�õ1 �� h �î

À�±Þû �fã®�õ z0 ¤¢ J(f) ý�ä�Þ¹õ ßþ�Â���� .À�îüõ �À�� Û�ÜÖ� �ÎÖ÷ ×þ �ú�� �� Td Y
d(z0) âÎÖõ

2 .´¨�

d ÕÞä ¤¢ ñøÀ� ý�Ø� ø¤ ßþ� ¥� .fd(z0) = � ´ª�¢ Ý�û��¡ d ÕÞä ×þ ý�Â� ù�Ú÷� z0 2 J0 Âð�

.¢�ªüÞ÷ ÓþÂã� �µØþ ¤�Ï �� ,´¨� z0 Ûõ�ª �î

ÓþÂã� 8-3-2

�î Àª�� d ÕÞä ¤¢ ñøÀ� ý�û�Ø� ô�Þ� á�Þµ�� Â��Â�
?

Y d (z) À��î Âê z 2 J(f) ý�ÎÖ÷ Âû ý�Â�

ý�µØþ ý�Ø� �� ´¨� Â��Â�
?

Y d (z) ��ìø� Â·î� ¤¢ .(´¨� üû��µõ �û�Ø� ßþ� ¢�Àã�) À�µÆû z Ûõ�ª

.´¨� �Ã¹õ ý�Ø� q á�Þµ��
?

Y d (z) ù�Ú÷� fd(z) = � Âð� �¤�¬ Âû ¤¢ .Y d(z)

.Ý��î ´��� �¤ ÛÊê ßþ� üÜ¬� ý�¹�µ÷ �î Ý�µÆû üÎþ�Âª ¤¢ ö��î�

��Ìì 9-3-2

Âû ,´¨� À�±Þû Çþ��ó�� ý�ä�Þ¹õ �î Àª�� ü÷�Â½�-×� ôø¢ �b�¤¢ ý��ÜÞ�À��×þ f À��î Âê

¤�Àõ �î À��î Âê ùø�ã� .´Æ�÷ ù¢�¨ ÂþÁ�ñ�õÂ÷ ü÷�Â½� �ÎÖ÷ ¤¢ ø À�µÆû âê�¢ Çµ��� ý�ÎÖ÷ ø¢

.Td

?

Y d (z) = fzg Ýþ¤�¢ z 2 J(f) Âû ý�Â� �¤�¬ ßþ� ¤¢ ´¨� �Ã¹õ �´��� ý�ÎÖ÷ ¥� ü÷�Â½�

�� ø ¤ Â�è ü÷�Â½� ë�Ï ×þ (6-3-2) ýù¤�Ãð Õ±Ï �Áó ´Æ�÷ ù¢�¨ ÂþÁ�ñ�õÂ÷ f ö�� .��±��

ý�ä�Þ¹õ �Ø�þ� ü�ãþ ßþ� ø .Td Y
d(0) = f0g�î Ý��îüõ ´��� �Àµ�� .¢¤�¢ ¢��ø Am(0) À�÷�õ ñ�ø¥

� ¥� ü÷ø ¤�ø Âþ�Ê� �î 0 6= z 2 J(f) Âû ý�Â� Å³¨ .´¨� À�±Þû �fã®�õ ü÷�Â½� �ÎÖ÷ ¤¢ ��ó��
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f ý�û¤�ÂØ� ´½� ö�ª¤�Àõ �î J(f) ¥� üÏ�Ö÷ ý�Â� ô�¹÷�Â¨ ø .Td Y
d(z) = fzg Ý��îüõ ´��� ´Æ�÷

.Ý��îüõ ´��� �¤ ÝØ� ,¢�ªüõ Ýµ¡ �´��� ý�ÎÖ÷ ��

ý�ÎÖ÷ ñ�� Y d(0) ý�Ø� �Àµ �� .Àª� � üµÈð¥� � ü÷�Â½� ý�ÎÖ÷ À��î Âê ñø� ´ó�� (a)

Ûì�À� Ã�÷ ©À÷¥Âê Âû ø Àª�� �µª�¢ À÷¥Âê ø¢ Ûì�À� Am(0) À��î Âê .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ ü÷�Â½�

Am(0) ö�À÷¥Âê A12 ø A11 À��î Âê �¤�¬ ßþ� ¤¢ .Â¡� üó� °��Â� ß�Þû �� ø Àª�� �µª�¢ À÷¥Âê ø¢

.Ýþ¤�¢ �Áó À�ª�� A1
2
ö�À÷¥Âê A2

22
ø A2

21
ß��»Þûø A1

1
ö�À÷¥Âê A2

12
ø A2

11
.À�ª��

mod A1
1
= modA1

2
=
1

2
mod Am

0
(29-2)

mod A2
11

= modA2
12

= modA2
21

= modA2
22

=
1

22
mod Am

0
(30-2)

:Ýþ¤�¢ �Áó

mod A1
1
+ modA1

2
= modAm

0
(31-2)

2X
i=1

2X
j=1

modAi
j =

2X
i=1

2X
j=1

1

22
mod Am(0) = modAm(0) (32-2)

ß � õø¢ �¤ 1 � j � 2 ,A1j ý�ûÀ ÷¥Â ê ø Am(0) ý�ûÛÆ ÷ ß � óø� �¤ Am(0) À ÷¥Â ê Â û Â ð� ö� � î�

(31-2) Í��ø ¤ � � ��� � � � ù�Ú ÷� ,Ý þÂ �Ú � ÂÑ÷¤¢ ,Â¡� üó� °� �Â � ß�Þû �� ø Am(0) ý�ûÛÆ÷

À þÀ � PdmodAd(0) á�Þ¹õ ¤¢ modAm(0) À��ø ×þ ô�-k ý�ûÛÆ÷ ,k Âû ý�Â � (32-2) ø

ý�ûë�Ï ß�� ¤¢ �î Ý��î Âê ñ�� .¢�� Àû��¡ üû��µõ�÷ Pd modAd(0) á�Þ¹õ �Áó .À÷¤ø�üõ

¢�ª �µ¨�î ´�aÜî ¥� �Ø÷� öøÀ� .Àª�� �µª�¢ À÷¥Âê ×þ �ú�� �î Àª�� �µª�¢ ¢��ø üì�Ï ,ÛÆ÷ ×þ

×� ßþ� �¤�¬ ßþ� ¤¢ .¢¤�¢ À÷¥Âê ×þ �ú�� A1
1
ë�Ï ñø� ÛÆ÷ ö�Þû ¤¢ �î Ý��î Âê Ý�÷���üõ

üó�ä Ã�÷ �ú÷� ¥� ×þ Âû �î .¢¤�¢ À÷¥Âêø¢ Ûì�À� ø ´¨� üó�ä ë�Ï ×þ (17-2-2) Ýó Õ±Ï À÷¥Âê

ø¢ B2 ø B1 ø Àª�� A11 À÷¥Âê �ú�� ýùÀ�û¢ Çþ�Þ÷ B À��î Âê .Â¡� üó� °��Â� ß�Þû �� ø À�µÆû

:Ýþ¤�¢ �¤�¬ ßþ� ¤¢ .À�ª�� B ö�À÷¥Âê ¥� ��

mod B =
1

2
mod A1

1
=

1

22
mod Am(0) (33-2)
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mod B1 = modB2 =
1

2
mod B =

1

23
mod Am(0) (34-2)

:Ýþ¤�¢ ßþ�Â����

mod B1 + modB2 =
1

2
mod Am(0) (35-2)

:Ýþ¤�¢ ñ��

mod A1
1
+ modB + modB1 + modB2 = modAm(0) (36-2)

�Á ó modC = 1

24
mod Am(0) Ý þ¤�¢ �¤�¬ ßþ� ¤¢ .Àª� � B1 À ÷¥Â ê ×þ C À� � î Âê ö� � î�

ÕÜÎõ¤Àì ý�ê�®� �� �ú÷� ý�ûÕÜÎõ¤Àì âÞ�Û¬�� �î ÝþÂ�ðüõ ÂÑ÷¤¢ ý��Ü�Âõ ö� �� �¤ C ý�ûÛÆ÷

¢�À ã � °� �Â � ß þÀ � .Ý � û¢üõ � õ�¢� Â¡� � � �¤ ¤� î ß þ� ø .¢�ª modAm(0) � � Â ��Â � C ë�Ï ¢�¡
P

d modAd(0) á�Þ¹õ �Áó .¢�ªüõ Âû�Ò Pd modAd(0) á�Þ¹õ ¤¢ modAm(0) À��ø üû��µõ�÷

ý�ÎÖ÷ ö��î� .Td Y
d(0) = f0g �î ÝþÂ�ðüõ �¹�µ÷ (5-6-1) ��aÌì ¥� ñ�� .Àª Àû��¡ üû��µõ�÷

¤¢ .´¨� �Ã¹õ � ´��� ý�ÎÖ÷ ¥� z0 ý�ÎÖ÷ ¤�Àõ �î À��î Âê .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ 0 6= z0 2 J(f)

z0 ýø�� üóøÀ� ý�û�Ø� ¥� Y 0(z0) � Y 1(z0) � Y 2(z0) � � � � ý�µØþ ý�ó�±÷¢ ×þ �¤�¬ ßþ�

�î ¢�ªüõ �¹� µ ÷ (7-3-2) Ýó ¥� ù�Ú ÷� ,¢�È ÷ � µª� ± ÷� ü ÷�Â½� ý�ÎÖ ÷ � � z0 ¤�Àõ Âð� .Ý þ¤�¢

�� z0 ý�ÎÖ÷ ¤�Àõ Âð� üóø .¢�� Àû��¡ À�±Þû �fã®�õ z0 ¤¢ J(f) ßþ�Â���� ø .
T
d Y

d(z0) = fz0g

�î ´¨� ¢���õ ö��� n � 0 ¼�½¬ ¢Àä ×þ d ÕÞä Âû ý�Â� ù�Ú÷� ,¢�ª �µª�±÷� ü÷�Â½� ý�ÎÖ÷

ý�Ü��� ¤¢ ÂÔ¬ ö�µ¨ ø d ÕÞä ¥� Àª�� ù��¿ó¢ d ÕÞä À��î Âê .Y d(z0) = Y d(0) Ý�ª�� �µª�¢

ß�óø� ý�Â� �î ¢¤�¢ ¢��ø n ö�µ¨ ×þ Âê Õ±Ï .Ý��îüõ ´¨�¤ ´Þ¨ �� ´îÂ� �� áøÂª z0 ¤�Àõ

´ú� ¤¢ ýÂÎì ¤�Î� ´�aãì�õ ßþ� ¥� ñ�� .Ý��îüõ ¢¤�¡Â� ü÷�Â½� ë�Ï ×þ �� ö�µ¨ ßþ� ¤¢ ¤��

ë�Ï ¥� Âð� ßþ�Â���� .Ý�¨Â� ÂÔ¬ ö�µ¨ �� n+ d ÕÞä ¤¢ �� Ý��îüõ ´îÂ� �� áøÂª ü�Âè ����

ü÷�Â½� ë�Ï ×þ �� d ÕÞä ¤¢ ¤�� ß�óø� ý�Â� ,Ý��î ´îÂ� �� áøÂª üìÂª ñ�Þª ´ú� ¤¢ An+d(0)

n ù�Ú÷� ¢�� ü÷�Â½� Ad(z0) ë�Ï Âð� ñ�� .Ý��îüõ ¢¤�¡Â� ´¨� Ad(zn) = Ad(0) ë�Ï �÷�Þû �î
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Àª�±÷ ü÷�Â½� Ad(z0) ë�Ï Âð� üóø .Àªüõ Õ±Î�õ Ad(0) ë�Ï Â� Ad(z0) ë�Ï ø ¢�ªüõ ÂÔ¬ Â��Â�

Àû��¡ ü÷�Â½� Â�è 0 � i � n� 1 ,Ad+n�i(zi) ý�ûë�Ï Âþ¥ Â�¹÷¥ ¤¢ ø ¢�� Àû��¡ n > 0 ù�Ú÷�

.¢��

Ad+n(z0) 7! Ad+n�1(z1) 7! � � � 7! Ad(zn) = Ad(0)

ý�¹�µ÷ ¤¢ �î ,¢�� Àû��¡ ÝÆ�ê¤�õøÃþ� Ad(0) ü÷�Â½� ë�Ï �� ÅþÀÞû ¤�Î� Ad+n(z0) ë�Ï �Áó

´¨À� ü�ø�Ôµõ ý�ûn �ø�Ôµõ ý�ûd ý�Â� �µ±ó� .modAd+n(z0) = modAd(0) ´ª�¢ Ý�û��¡ ö�

ÂµØ��î (d2 �� ÂÒ��µõ ö�µ¨) n2 ¥� (d1 �� ÂÒ��µõ ö�µ¨) n1 ù�Ú÷� d1 < d2 Âð� Â�Õ�ì¢ ¤�Î� .Àþ�üõ

.´¨� ÂµØ��î n2 ¥� �fÀ�î� n1 �î Ý��î Âê Ý�÷���üõ ¢�ª �µ¨�î ´�aÜî ¥� �Ø÷� öøÀ� .Àª Àû��¡

ëÀ¬ Âþ¥ ýø�Æ� ¤¢ �î Àþ�üõ ´¨À� ´¨� fAd(z0)g1i=0 ¥� �ó�±÷¢Âþ¥ ×þ �î fAi+ni(z0)g1i=0 �Áó

.À�îüõ

modAi+ni(z0) = modAi(0) i = 0;1;2 � � �

(5-6-1) ��aÌì ¥� �Áó .´¨� üû��µõ�÷Pd modAd(z0) á�Þ¹õ �î Ý��îüõ ùÀû�Èõ °��Â� ßþ� ��

.Td Y
d(z0) = fz0g �î ¢�ªüõ �¹�µ÷

(7-3-2) Ý ó Â ð� .Àª� � ü µÈð¥� �Â � è ü ÷�Â½ � ¤�À õ � î À � � î Âê ö� � î� ôø¢ ´ó�� (b)

Ý þ¤�¢ ß þ�Â �� � � ø Td Y
d(f(0)) = ff(0)g ù� Ú ÷� Ý þÂ ± � ¤� Ø � f(0) ü ÷�Â ½ � ¤�À Ö õ ¤�À õ ý�Â � �¤

Ýþ¤�¢ ´Ö�Ö� ¤¢ .Td Y
d(0) = f0g

f(0) 2 Y d (f(0)) = f
�
Y d�1(0)

�
() 0 2 Y d�1(0): (37-2)

¢�È÷ �µª�± ÷� ü÷�Â½� ý�ÎÖ÷ �� z0 ¤�Àõ Âð� .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ 0 6= z0 2 J(f) ý�ÎÖ÷ ö��î�

ü÷�Â½� ý�ÎÖ÷ �� z0 ý�ÎÖ÷ ¤�Àõ �î À��î Âê �Áó .Àþ�üõ ´¨À� ÝØ� (7-3-2) Ýó ¥� ù�Ú÷�

ÕÞä ×þ �î ¢�ªüõ �¹�µ÷ (6-3-2) ýù¤�Ãð ¥� �Áó ´Æ�÷ ù¢�¨ ÂþÁ�ñ�õÂ÷ f ö�� .¢�ª �µª�±÷�



62 ôø¢�b�¤¢ ý��ó�� ý�û�ä�Þ¹õ ýÀ�±Þû �fã®�õ

.modAm(0) > 0 ü�ã þ .´¨� ñ�ø¥ � � ø ¤ Â �è Am(0) ü÷�Â½� ë�Ï �î üÞÆì � � ¢¤�¢ ¢��ø m

ë�Ï ×þ Û ì�À� d ÕÞä Â û ¤¢ �Á ó ¢� ªüõ � µ ª� ± ÷� ü ÷�Â½ � ý�ÎÖ ÷ � � z0 ý�ÎÖ ÷ ¤�À õ ö��

k1 �Ø þ¤�Ï À�ª� � ü÷�Â½� Am(zk1); Am(zk2); � � � ý�ûë�Ï Ý� � îüõÂê .¢¤�¢ ¢��ø ü÷�Â½�

.À÷�ü÷�Â½� �î À�ª�� m ÕÞä ¤¢ ö�µ¨ ß�õ�-j ,kj °��Â� ß�Þû �� ø ö�µ¨ ß�õø¢ k2 ,ö�µ¨ ß�óø�

ÅþÀÞû ¤�Î � Am(zk1) = Am(0) ü÷�Â½� ë�Ï � � Am+k1(z0) Û±ì ´ó�� Õ±Ï �¤�¬ ßþ� ¤¢

� � ,Ý � � î ´ îÂ � � � áøÂ ª ü �Â è �� � � ´ú� ¤¢ Am(zk2) ë�Ï ¥� � î ü µ ìø .´¨� é¤� õøÃ þ�

¢¤�¡Â� ü÷�Â½� ë�Ï �� (ô�-k1 ö�µ¨ ¤¢ �f �Þµ��) ¤� � ×þ Â·î�À� ,Am+k2(z0) ë�Ï �� öÀ�¨¤

ü÷�Â½� ë�Ï ×þ Am(zk2) ë�Ï ö�� .modAm+k2(z0) � 1

2
mod Am(zk2) Ýþ¤�¢ �Áó .Ý��îüõ

´�ã ì� õ ¥� Â ð� °� �Â � ß �Þû � � .modAm+k2(z0) � 1

2
mod Am(0) � î ¢�ªüõ �¹ � µ ÷ �Á ó ¢� �

¤�� ø¢ Â·î�À� Am+k2(z0) ë�Ï �� öÀ�¨¤ �� Ý��î ´îÂ� �� áøÂª ü�Âè ���� ´ú� ¤¢ Am(zk2)

Ýþ¤ø�üõ ´¨À� �Áó .¢Âî Ý�û��¡ ¢¤�¡Â� ü÷�Â½� ý�ûë�Ï �� (ô�-k2 ø ô�-k1 ö�µ¨ ¤¢ �f �Þµ��)

�Áó ,´Æ�÷ �ø��µõ ü÷�Â½� ý�Ü��� ö�� .modAm+k3(z0) � 1

22
mod Am(zk3) =

1

2
mod Am(0)

Ý�ª�� �µª�¢ j Âû ý�Â� �î ¢¤�¢ ¢��ø N À�÷�õ ü½�½¬ ¢Àä

modAm+kj (z0) �
1

2N
mod Am(0):

üû� � µ õ� ÷ Ã � ÷ PdmodAd(z0) á�Þ¹õ �Á ó ,´¨� üû� � µ õ� ÷PdmodAd(0) á�Þ¹õ ö�� ù¤� �ø¢

.Td Y
d(z0) = fz0g �î À�îüõ ��¹þ� (5-6-1) ��aÌì ø Àª Àû��¡

Âê ö���üõ ñ�·õ ý�Â� .Àª�� � Â��Â� z0 ¥� ý¤�ÂØ� ×þ�î Ý��îüõ Âê ö��î� ô�¨ ´ó�� (c)

À�µÆû z0 Ûõ�ª �î À÷¤�¢ ¢��ø d ÕÞä ¤¢ Y n
(i) Ãþ�Þµõ ñøÀ� �Ø� q ´ó�� ßþ� ¤¢ .fn(z0) = � ¢Âî

Âû .´¨��ú÷� íÂµÈõ ý¥Âõ ý�ÎÖ÷ ×þ z0 ´Ö�Ö� ¤¢ .(À÷�ªüõ Ýµ¡ � �� ü�¤�¡ ��Â� q ö��)

Y n
(i) � Y n+1

(i) � � � � À�÷�õ z0 Ûõ�ª üóøÀ� ý�û�Ø� ¥� ��¤¢�� ý�ó�±÷¢ ×þ ¤¢ ñ�ÞÈõ�ûßþ� ¥� ×þ

ßþ� ¥� ×þ Âû ý�Â� �î Ý��îüõ �ä¢�.´¨� �ó�±÷¢ ßþ� ¤¢ ÂÊ�ä Âû íÂµÈõ ý¥Âõ ý�ÎÖ÷ z0 �î À�µÆû
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Àª Àû��¡ �¹�µ÷ �f¤�ê �¤�¬ ßþ� ¤¢ �î ,À�îüõ �À�� Û�ÜÖ� z0 ý�ÎÖ÷ �ú�� ��
T
d Y

d
(i) âÎÖõ �ó�±÷¢ q

ÂÔ¬ ü÷�Â½� ý�ÎÖ÷ �� �Áó ¢�ªüõ Ýµ¡ � ´��� ý�ÎÖ÷ �� z0 ¤�Àõ ö�� .Td

?

Y d (z0) = fz0g �î

ßþ� ¥� ø ´¨� Ýû�Âê (7-3-2) Ýó Íþ�Âª Y n
(i) � Y n+1

(i) � � � � ý�ó�±÷¢ ý�Â� �Áó .Àª Àû��¿÷ �µª�±÷�

Ýþ¤�¢ ñ�� .Tn Y
n
(i) = fz0g �î ÝþÂ�ðüõ �¹�µ÷ 1 � i � q Âû ý�Â� ø ¤

\
d

?

Y d (z0) =

 \
d

Y d
(1)

!
[ � � � [

 \
d

Y d
(q)

!
= fz0g [ � � � [ fz0g = fz0g:

�� ßþ� ¤¢ (9-3-2) ��aÌì ö�ûÂ� ßþ�Â���� .À¨¤üõ ��±�� �� ÝØ� Ã�÷ ´ó�� ßþ� ¤¢ °��Â� ßþ� ��

2 .¢�ªüõ Ûõ�î



3 ÛÊê

ý��ó�� ý�û�ä�Þ¹õ ýÀ�±Þû �fã®�õ

üµÈð¥�� �÷�ÂÊõ �î üÏ�Ö÷ ¤¢ ô�¨�b�¤¢

À�µÆ�÷

64



65 À�µÆ�÷ üµÈð¥�� �÷�ÂÊõ �î üÏ�Ö÷ ¤¢ ô�¨ ý��¤¢ ý��ó�� ý�û�ä�Þ¹õ ýÀ�±Þû �fã®�õ

�õÀÖõ 1-3

¤¢ �¤ ��aÌì ßþ� �Àµ��.À��îüõ ´��� �¤ À��ø ��aÌì ×þ Ýû ù�ÂÞû �� ¤�ú� ø �¨ ý�ûÛÊê ´Ö�Ö�¤¢

¤¢ Å³¨ ø Ý��îüõ ´��� ´Æ�÷ "üµÈð¥�� �÷�ÂÊõ' ü÷�Â½� ý�ÎÖ÷ ¤�Àõ �î üµó�� ¤¢ ø �¨ ÛÊê

��±�� �� ,´¨� "üµÈð¥�� �÷�ÂÊõ' ü÷�Â½� ¤�Àõ �î üµó�� ¤¢ ,ô¥� ¤�Ã�� ö¢Âî Ýû�Âê �� ¤�ú� ÛÊê

´¨� ü÷�Â½� ý�ÎÖ÷ ×þ ý�¤�¢ �î d � 0�b �¤¢ ¥� P ý��ÜÞ�À�� ÛÊê ßþ� ¤¢ .Ýþ¥�¢Â�üõ ÝØ�

.ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ ´¨� ë¢�¬ Âþ¥ Íþ�Âª ¤¢ ø (ü÷�Â½� ×� ý�ûý��ÜÞ�À��)

.´¨�À�±Þû J(P ) ý��ó�� �ä�Þ¹õ (1

.À�µÆû âê�¢ P �ø��µõ ý�û¤�Àõ ô�Þ� (2

.´Æ�÷ ÂþÁ�ñ�õÂ÷ c ü÷�Â½� ý�ÎÖ÷ ¤¢ P (3

.¢�ªüõ Ýµ¡ P ¥� �Ã¹õ ´��� ý�ÎÖ÷ ×þ ¤¢ P ´��� ��Â� Âû (4

ÓþÂã� 1-1-3

fnig1i=1 À�÷�õ ý¢�ã¬ �fÀ�î� ý�ó�±÷¢ ×þ ù�ðÂû ,´¨� "üµÈð¥�� üÜ�õü� ��' c ü÷�Â½� ý�ÎÖ÷ Ý�þ�ð

¥� üÈª�� ´ª�Ú÷ ×þ Âþ¥ ´ª�Ú÷ ,i � 0 Âû ý�Â� �î À�ª�� ¢���õ ö��� K;N 2 N ¼�½¬ ¢�Àä� ø

.Àª�� N �� ýø�Æõ �þ ÂµÞî�b�¤¢

P ni�K jY ni (c) : Y ni(c) 7�! Y k
�
P (ni�K)(c)

�

ÓþÂã� 2-1-3

"üµÈð¥�� üÜ�õü� ��' üóø Àª�� üµÈð¥�� c Âð� ,´¨� "üµÈð¥�� �÷�ÂÊõ' c ü÷�Â½� ý�ÎÖ÷ Ý�þ�ð

.Àª�±÷
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��Ìì 3-1-3

ô�Þ� ,´¨�À�±Þû J(P ) �î üÞÆì �� Àª�� d � 0�b�¤¢ ¥� ü÷�Â½� ×� ý��ÜÞ�À��×þ P À��î Âê

×þ¤¢ P ´��� ��Â� Âû ø ´Æ�÷ ÂþÁ�ñ�õÂ÷ c ü÷�Â½� ý�ÎÖ÷ ¤¢ �ú�� P ,À�µÆû âê�¢ P �ø��µõ ý�û¤�Àõ

,Àª�±÷ "üµÈð¥�� �÷�ÂÊõ' c ü÷�Â½� �ÎÖ÷ Âð� �¤�¬ ßþ� ¤¢ .¢�ªüõ Ýµ¡ P ý�Ã¹õ ´��� ý�ÎÖ÷

.´¨� À�±Þû �fã®�õ J(P ) ù�Ú÷�

ý�ä�Þ¹õ ¤¢ z0 7! z1 7! z1 7! � � � ¤�Àõ Âð� ,Ýþ¢Âî ùÀû�Èõ (7-3-2) Ýó ¤¢ �î¤�Ïö�Þû

�Áó ø À��þüõ Û�ÜÖ� z0 �ÎÖ÷ �ú�� ��
T
n�0 Y

n(z0) âÎÖõ ù�Ú÷� ,À�Ø÷ âÎì �¤ PN (c) ý�Ø� ÃðÂû ��ó��

ÍÖê ´¨� üê�î ø ¤ ßþ� ¥� .´¨� À�±Þû �fã®�õ z0 ¤¢ J(P ) �î ¢�ªüõ �¹�µ÷ (5-6-1) ��aÌì ¥�

.Ý��î ´��� �¤ ÝØ� ,À÷�ªüõ �µª�±÷� ü÷�Â½� ý�ÎÖ÷ �� �î J(P ) ¥� üÏ�Ö÷ ý�Â�

üÜ¬� ý�¹�µ÷ ��±�� 2-3

w(z) ¢�Þ÷ �� �¤ ,fP n(z)g1
0
,z øÂÈ�� ¤�Àõ ý��ó�±÷¢Âþ¥ ¢øÀ� ô�Þ� ý�ä�Þ¹õ ,z 2 C �ÎÖ÷ Âû ý�Â�

.¢�ªüõ �µª�±÷� �ú÷� �� z ¤�Àõ �î À�µÆû üÏ�Ö÷ �fÖ�ì¢ w(z) ý�Ìä� .Ý�û¢üõ Çþ�Þ÷

w(z) =
n
� 2 C

��� 9fnig1i=1 s:t P ni(z)
z!1�! z

o
(1-3)

¤�Àõ �î ´Ôð Ý�û��¡,¢�ªüõ �µª�±÷� � ¤¢ z ¤�Àõ Ý�þ�Ú� �Ø�þ� ý�¹� ��ìø� üû�ð ,Àª�� � 2 w(c) Âð�

K(P ) Ûõ�î ý��ó�� ý�ä�Þ¹õ �� z ý�ÎÖ÷ Âð� �î Ý�÷�¢üõ ñ�·õ ö���ä �� .´¨� üµÈð¥�� � ñ�� z

ô�Þ� ö�� . w(z) = f1g Ýþ¤�¢ ßþ�Â���� ø ,n!1�î üõ�Ú�û P n(z)!1 ù�Ú÷� Àª�� �µª�À÷ ÕÜã�

ÛÊê ¤¢ �f ±ì �»÷� Õ��Îõ ø¤ ßþ� ¥� ø À�µÆû âê�¢ Ã�÷ ´��� ¯�Ö÷ �Áó À�µÆû âê�¢ ,�ø��µõ ý�û¤�Àõ

üÞÆì ��¢¤�¢ ¢��ø ,´¨� ùÀª üêÂãõ �f ±ì �î � ´��� ý�ÎÖ÷ ø À÷Ãþ�Þµõ ´��� ¯�Ö÷ ô�Þ� Àª Âî£ ×þ

q � 2 ¥� ¤ø¢ ×þ (15-5-1) ��aÌì Õ±Ï �Áó .À÷�ªüÞ÷ Ýµ¡ ö� �� üµ��� ��Â� º�û ø ´¨� âê�¢ �î

.À÷�ªüõ Ýµ¡ � �� ´Æû ü�¤�¡ ��Â�
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ý�û� �Â � á� Þ µ�� �0 À � � î Âê .À þÂ � Ú � ÂÑ ÷¤¢ �¤fz 2 C j G(z) = 1g Û�Æ ÷� µ �Ý û ü�½ � õ

ßþ� .À÷�ªüõ Éì�÷ fz 2 C j G(z) = 1g ¤¢ ø À÷�ªüõ Ýµ¡ �´��� ý�ÎÖ÷ �� �î Àª�� ý�ü�¤�¡

ý�û�Ôó�bõ .Ý�û¢üõ Çþ�Þ÷ Y0 �� �Â÷� ø ùÀ�õ�÷ "ÂÔ¬ ÕÞä ¥� ¥�î�þ ýÀ��ÂØ��' �¤ ù¢ÂÈê ý�ä�Þ¹õ

.Ý�û¢üõ Çþ�Þ÷ Y 0
i �� ø ùÀ�õ�÷ ÂÔ¬ ÕÞä ¥� ¥�î�þ ñøÀ� ý�û�Ø� �¤ ,C � Y0 ,Y0 ÝÞµõ ¤�À÷�Âî

ÕÞä ¤¢ Y 0(z) ý�µØþ ñøÀ� ý�Ø� ×þ ,¢�ªüÞ÷ Ýµ¡ � �� ö� ¤�Àõ �î z 2 J(P ) ý�ÎÖ÷ Âû ý�Â�

Ûõ�ª À�±Þû ø ¥�� ý�ä�Þ¹õ �µØþ ö���ä �� �¤ n ÕÞä ¤¢ Y n(z) ñøÀ� �Ø� .¢¤�¢ ¢��ø z Ûõ�ª ÂÔ¬

m < n Âð� .P n(Y n(z)) = Y 0
i ;Ý�ª�� �µª�¢ ÂÔ¬ ÕÞä ¤¢ Y 0

i ý�Ø� ×þ ý�Â� �î Ý��îüõ ÓþÂã� z

.Ýþ¤�¢ �¤ Y n(z) � Y m(z) ù�Ú÷� Àª��

Ýó 1-2-3

º�û ø ´¨� À�±Þû Çþ��ó�� ý�ä�Þ¹õ ,´Æ�÷ ÂþÁ�ñ�õÂ÷ ü÷�Â½� ý�ÎÖ÷ ¤¢ �î �¤ P ý��ÜÞ�À��

�Ø� Y n
i Âð� .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ ¢¤�À÷ ,(P 0(�) = 1) Àª�� +1 ö� ¤¢ P �ÂÌõ �î � ´��� ý�ÎÖ÷

Y n
i

T
J âÎÖõ ù�Ú÷� ,Àª�� P ý��ó�� ý�ä�Þ¹õ J(P ) = J ø n ÕÞä ¤¢ üû��¿ó¢ ¥�î�þ ñøÀ�

.´¨� À�±Þû

� = fRtjgmj=1
ü�¤�¡ ��Â� üû��µõ ý¢�Àã� Í¨�� Y n

i ù��¿ó¢ ñøÀ� ý�Ø� Âû �î Ý�÷�¢üõ .��±��

¯� Ö ÷ ü û� � µ õ ý¢�À ã � ¥� @Y n
i

T
J âÎ Ö õ �Á ó .´¨� ùÀ ª ¢øÀ½ õ Û � Æ ÷� µ �Ý û ü �½ � õ × þ ø

ÛØª � � ´¨� � ¤¢ ü�¤�¡ � �Â � ø¢ ô� µ¿õ ý�ÎÖ ÷ pj ý�ÎÖ ÷ Âû .´¨� ùÀª Û�ØÈ� fPjgm0

j=1

¥� � ´��� ý�ÎÖ÷ ¤¢ ü�¤�¡ ��Â� q = 3 �î Ýþ�ù¢Âî Âê (1-3) ÛØª ¤¢ .À��î á��¤ (1-3)

ý�Ø� ùÀª Ù÷¤ ý����÷ ÛØª ßþ� ¤¢ .À÷�ùÀª Ýµ¡ Pc(z) = z3 + c ô�¨�b �¤¢ ý��ÜÞ�À�� ×þ

ý�Ø� ×þ Y n
i Ý��îüõÂê ,ÓÜ¡ ö�ûÂ� �� .´¨� ×þ ÕÞä ¥� ü÷�Â½� ý�ÎÖ÷ Ûõ�ª Y 1(0)

ø ¥�� ý�û�ä�Þ¹õ �¤�¬ ßþ� ¤¢ .´¨� À�±Þû�÷ Y n
i

T
J âÎÖõ ö� ý�Â� �î Àª�� n ÕÞä ¤¢ ñøÀ�

¤¢ .Ýþ¤�¢ �¤ Y n
i \ J = (Y n

i \ J \X) [ (Y n
i \ J \ Y ) �î üÞÆì �� À�µÆû ¢���õ Y;X ý�Ã¹õ
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. ´¨� ×þ ÕÞä ¥� ü÷�Â½� ý�ÎÖ÷ Ûõ�ª Y 1(0) ý�Ø� ,ùÀª Ù÷¤ ý����÷ :1-3 ÛØª

pm00+1; � � � ; pm0 ø X �� p1; � � � ; pm00 À��î Âê .Y �� �þ ø ¢¤�¢ ÕÜã� X �� �þ pj Âû �¤�¬ ßþ�

ÍÜµ¿õ ý�½Ô¬ ,À÷�ªüõ Ýµ¡ pj ý�ÎÖ÷ �� �î � ¤¢ ü�¤�¡ ��Â� ø¢ .À�ª�� �µª�¢ ÕÜã� Y ��

ßþ� ¤¢ .Ý�û¢üõ Çþ�Þ÷ Zj �� �¤ ´¨� �Ã¹õ Y n
i ¥� �î �ú÷� ¥� üØþ .À�÷¥üõ ©Â� ��õ�¢ ø¢ �� �¤ C

ý�Â� �î À�µÆû �Ã¹õ ¥�� ý�ä�Þ¹õ ø¢ V 0 = Y
S�Sm0

j=m00+1 Zj
�
ø U 0 = X

S�Sm00

j=1 Zj
�
�¤�¬

Âê �Áó .´¨� ��ó�� ý�ä�Þ¹õ ö¢�� À�±Þû �� Éì��µõ �î .J = (U 0 \ J) [ (V 0 \ J) Ýþ¤�¢�ú÷�

2 .À¨¤üõ ��±�� �� ÝØ� ø ù¢�� ÛÏ�� ÓÜ¡

¥� U ¥�� üÚþ�ÆÞû ×þ Âð� ,´¨� ÂþÁ�ñ�õÂ÷ c ü÷�Â½� ý�ÎÖ÷ ¤¢ P ý��ÜÞ�À�� �î Ý��îüõ ý¤ø�¢�þ

´ª�Ú÷ ×þ P njU : U 7�! P n(U) �î üÞÆì �� ÀÞª�� �µª�¢ ¢��ø n � 2 ¼�½¬ ¢Àä ×þ ø c

.P kn(c) 2 U Ý�ª�� �µª�¢ k 2 N Âû ý�Â� �î À�ª�� ý��ÜÞ�À��-�±ª

Ýó 2-2-3

×þ N 2 N Âû ý�Â� �¤�¬ ßþ� ¤¢ .Àª�±÷ ÂþÁ�ñ�õÂ÷ c ü÷�Â½� ý�ÎÖ÷ ¤¢ P ý��ÜÞ�À�� À��î Âê

.mod
�
Y n(c) n Y n+1(c)

�
> 0 �Øþ¤�Î� ¢¤�¢ ¢��ø n > N ¼�½¬ ¢Àä

�î Ý��îüõ �ä¢� .Àª�� � ´��� ý�ÎÖ÷ �� ô�µ¿õ ü�¤�¡ ý�û��Â� ¢�Àã� p � 2 À��î Âê .��±��

ý�û��Â� Í¨�� ø ´¨� ×þ ÕÞä ¤¢ ý��Ø� �î ,Y 1
i ñøÀ� ý�Ø� ×þ ø t > 0´±·õ ¼�½¬ ¢Àä ×þ
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P�1fG = 1g Û�Æ÷�µ�Ýû ý����÷ ø ;P (�0) = � ø �0 6= � �î , �0 ý�ÎÖ÷ ×þ �� ô�µ¿õ ü�¤�¡

Âê .Àª�±÷ ß��� À��î Âê ÓÜ¡ ö�ûÂ� �� .P tp(c) 2 Y 1
i �Øþ¤�Ï À÷¤�¢ ¢��ø ,´¨� ùÀª ¢øÀ½õ

¥� ×��î ¥�� üÚþ�ÆÞû ×þ ø Y 1(c) á�Þµ�� Â��Â� eY ü�ãþ .Àª�� Y 1(c) ¥� ý¥�¨Ý�¿®×þ eY À��î

Àû��¡ eY ¤�µÆ� Ûõ�ª P p(eY ) ù�Ú÷� ¢�ª ��¿µ÷� ×��î üê�î ¤ÀÖ� üÚþ�ÆÞû ßþ� Âð� .Àª�� Y 1(c)

Âð� ñ�� .P p
�
Y 1(c)

�
= Y 0 (P p(c)) = Y 0 (cp) = Y 0(c) Ýþ¤�¢ Y 1(c) ßµêÂð ÂÑ÷¤¢ �� �Âþ¥ .Àª

Çþ�Þ÷gY 0; eY �� °��Â� �� �¤ ùÀª Ý�¿® ý�û�Ø� ø Ý��î Ý�¿® üõÂ÷ �� �¤ Y 0(c); Y 1(c) ý�û�Ø�

Ýþ¤�¢ k 2 N Âû ý�Â� üêÂÏ ¥� .P p(eY ) =gY 0 � eY ßþ�Â���� . ´ª�¢ Ý�û��¡ �¤ eY �gY 0 ù�Ú÷� ,Ý�û¢

¥� �Á ó ,´¨� Y 0(c) ü÷�Â½� ý�Ø� ¤¢ ñ�ÞÈõ �f õ�î fP kp(c)g ¤�Àõ ö�� .P kp(c) 2 Y 1(c) � eY
´ª�Ú÷ ×þ P pjeY : eY 7�! P p(eY )´ª�Ú÷ ö��î� .fP kp(c)g � Y 1(c) �î ¢�ªüõ �¹�µ÷ ÓÜ¡Âê

¤¢ P �î ´¨� ��ãõ ßþ� �� ßþ� ø .P kp(c) 2 eY Ýþ¤�¢ k 2 N Âû ý�Â� �î ´¨� ý��ÜÞ�À��-�±ª

¼�½¬ ¢Àä ø ù¢�� ÛÏ�� ÓÜ¡Âê �Áó .´¨� Ëì��� ×þ ßþ� �î ´¨� ÂþÁ�ñ�õÂ÷ c ü÷�Â½� ý�ÎÖ÷

��±�� ý�Àµ�� ¤¢ �î üþ�û�Ø� á�÷ ¥� Y 1
i À�÷�õ ×þ ÕÞä ¤¢ ñøÀ� �Ø� ×þ ø t > 0 À�÷�õ üµ±·õ

Û�ØÈ� �¤ Y 1
i ¥Âõ �î ü�¤�¡ ý�û��Â� ö�� ñ�� .P kp(c) 2 Y 1

i �Øþ¤�Î� À÷¤�¢ ¢��ø ,Àª Ó�¬��

À�÷�õ ÂÔ¬ ÕÞä ¤¢ �Ø� ×þ ¤¢ ñ�ÞÈõ ù¢ÂÈê ¤�Î� Y 1
i �Áó À÷�ªüÞ÷ Ýµ¡ � ´��� ý�ÎÖ÷ �� À÷�ù¢�¢

.À��î �ã��Âõ (1-3) ÛØª �� .Y 1
i � Y 0

j .´¨� Y 0
j

ü�ãþ .´¨� ñ�ø¥ �� ø ¤ Â�è �î ´¨� P tp(c) = ctp ñ�� ë�Ï ×þ A0(ctp) = Y 0
j n Y 1

i ë�Ï ö��î�

°Öä �� c 7! P (c) 7! � � � 7! P tp(c) = ctp ¤�Àõ ¢�Àµõ� ¤¢ �¤ ë�Ï ßþ� Âð� ñ�� .modA0(ctp > 0

�Øþ¤�Î� ¢¤�¢ ¢��ø t > 0 ¼�½¬¢Àä �Áó .Ý�¨¤üõ c ñ�� Atp(c) ñ�ø¥ �� ø ¤ Â�è ë�Ï �� Ý�ÈØ�

ø ¤ Â�è ü÷�Â½� ý�ûë�Ï �Áó ´¨� üµÈð¥�� ©¢�¡ ñ�� ü÷�Â½� ý�ÎÖ÷ ö�� ñ�� .modAtp(c) > 0

2 .À�þ�üõ ´¨À� ù��¿ó¢ ÕÞä Âû ¥� ñ�ø¥ ��
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Ýó 3-2-3

�ÎÖ÷ ß�óø� zk Âð� .Àª�� P ý��ÜÞ�À�� ´½� ù��¿ó¢ ¤�Àõ ×þ fz0 7! z1 7! z2 7! � � �g À��î Âê

.Ýþ¤�¢ 0 � i < j � h �î i; j Âû ý�Â� ù�Ú÷� ,À�îüõ âÎì �¤ Y n(zk) �î Àª�� z0 ¤�Àõ ¥�

Y n+i(zk�i)
\
Y n+j(zk�j) = ;

�î Àª�� z0 ¤�Àõ ¥� ÂÊ�ä ß�óø� zk À��î Âê .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ n ÕÞä ¤¢ Y n
i ý�Ø� .��±��

,0 � i < j � k ,i; j Ý��î Âê ÓÜ¡ ö�ûÂ� �� .Y n
i = Y n(zk) Ý�û¢üõ ¤�Âì .¢¤�¢ ÕÜã� Y n

i ��

�¤�¬ ßþ� ¤¢ .Y n+i(zk�i) \ Y n+j(zk�j) 6= ; Ý�ª�� �µª�¢ �ú÷� ý�Â� �î üÞÆì �� À�ª�� ¢���õ

:Ýþ¤�¢ ø ¤ ßþ� ¥� .Y n+j(zk�j) � Y n+i(zk�i) Ýþ¤�¢ i < j ö��

zk�(j�i) 2 Y n+j�i(zk�j+i) = P i
�
Y n+j(zk�j)

�
� Y n(zk)

À�îüõ âÎì �¤ Y n(zk) ,zk ¥� Â�¢ø¥ �î ´¨� z0 ¤�Àõ ¥� ý��ÎÖ÷ zk�(j�i) �Áó ´¨� j � i > 0 ö��

2 .Àþ�üõ ´¨À� ÝØ� �Áó .´¨� Âê �� Ëì��µõ �î

Ýó 4-2-3

ý�Â� �î üÞÆì �� ¢¤�¢ ¢��ø � > 0×þ ù�Ú÷� Àª�� "üµÈð¥�� üÜ�õ ü� ��' c ü÷�Â½� ý�ÎÖ÷ ¤�Àõ Âð�

ö� ¢�Àµõ� ¤¢ �¤ B(z0; �) ý�ð Âð� �î ¢¤�¢ ¢��ø w(�) ¤¢ fz0; z�1; � � � ; z�ng ý�ó�±÷¢ ×þ n 2 N Âû

´¨À� (ÅþÀÞû ý�ûÝÆ�ê¤�õøÃþ� ´Ö�Ö� ¤¢) ×þ �� ×þ ý�û´ª�Ú÷ ¥� Â�¹÷¥ ×þ Ý�ÈØ� °Öä ��

.Àþ�üõ

�� À÷¤�¢ ¢��ø k;N 2 N ¼�½¬ ¢�Àä� ø fnig1i=1 ý¢�ã¬ �fÀ�î� ý�ó�±÷¢ ×þ Âê Õ±Ï .��±��

ÂµÞî�b�¤¢ ¥� üÈª�� ´ª�Ú÷ ×þ P ni�K : Y ni(c) 7�! Y k(P ni�k(c)) ´ª�Ú÷ ,i Âû ý�Â� �î üÞÆì

¼�½¬ ¢Àä ×þ ,i Âû ý�Â� �Áó ´¨� P ý��ÜÞ�À�� ü÷�Â½� ý�ÎÖ÷ �ú�� c ö�� .´¨� N ýø�Æõ �þ

¤¢ �Ø� �ú�� Y ni�m(Pm(c)) = Y ni�m(c) ý�Ø� �î ¢¤�¢ ¢��ø ý¤�Ï 1 � m � ni � k ,m 2 N
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(4.3) Ýó ��±�� öÀª Âµ�ªø¤ ý�Â� ÛØª Çþ�Þ÷ :2-3 ÛØª

.´¨� ü÷�Â½� ý�ÎÖ÷ Ûõ�ª �î ´¨� Âþ¥ Â�¹÷¥

Y ni(c) 7�! Y ni�1 (P (c)) 7�! � � � 7�!Y ni�m (Pm(c)) 7�! � � � 7�!Y K
�
P ni�K(c)

�
(2-3)

.¢�ªüõ �Öó� (×þ �� ×þ ý�û´ª�Ú÷ ùÄþ��) ÅþÀÞû ý�ûÝÆ�ê¤�õøÃþ� ¥� (3-3)Â�¹÷¥ ßþ�Â����

Y ni�1 (P (c))
P7�! � � � P7�! Y ni�m (Pm(c)) = Y ni�m(c) (3-3)

�ûi ô�Þ � ý�Â � N ¼�½¬ ¢Àä ,c ü÷�Â½� ý�ÎÖ÷ ö¢� � " üµÈð¥� � üÜ�õ ü� � �' ÓþÂã � ¤¢ ö��

Âð� .¢�ª ü÷��Ï ù��¿ó¢ �� (3-3) Â�¹÷¥ �î Ý��îüõ ¤��µ¡� ï¤Ã� ¤ÀÖ÷� �¤ ni �Áó ,¢�� ´¡���Øþ

ý��Ø� Y ni�m(c) ü÷�Â½� ý�Ø� �Ø�þ� � � ����� � ñ�� .Pm(c) 6= � Ýþ¤�¢ ùÄþ� � ù�Ú÷� � =2 w(c)

�Áó ,´Æ�÷ ü�¤�¡ ý�û��Â� ¥� ý¤ø¢ º�û ô�µ¿õ ý�ÎÖ÷ Pm(c) ø ´¨� ( Óó� 2-3) ÛØª ���Èõ

Y ni�m(c) ü÷�Â½� ñøÀ� �Ø� ü÷ø¤¢ ý�ÎÖ÷ ×þ Pm(c) �î ¢�ªüõ �¹�µ÷ Pm(c) 2 Y ni�m(c) ¥�

�� c 7! P (c) 7! � � � 7! Pm(c) Â�¹÷¥ ñ�Ï ¤¢ üµìø �î ¢¤�¢ ¢��ø B(�; Pm(c)) ý�ð ×þ �Áó .´¨�

Âð� üóø .Àþ�üõ ´¨À� ×þ �� ×þ ý�û´ª�Ú÷ ¥� ü÷��Ï ù��¿ó¢ �� Â�¹÷¥ ×þ ,¢�ª ùÀ�Èî °Öä

Û�ÜÖ� � �� ´¡���Øþ ¤�Î� �î ´ª�¢ Àû��¡ ¢��ø � ñ�� � á�ãª �� ý�ð ×þ ù�Ú÷� Àª�� � 2 w(c)

2 .À���±� �¤ ( � 2-3) ÛØª .À�îüõ �À��
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��Ìì 5-2-3

ß��»Þû .À�î ëÀ¬(3-1-3) ��aÌì Íþ�Âª ¤¢ P (z) = z3 + c ô�¨�b�¤¢ ý��ÜÞ�À�� À��î Âê

�� z 2 J ý�ÎÖ÷ Âð� �¤�¬ ßþ� ¤¢ ,Àª�� "üµÈð¥�� üÜ�õü� ��' c ü÷�Â½� ý�ÎÖ÷ �ú�� �î À��î Âê

.´¨� À�±Þû �fã®�õ z ¤¢ P ý��ó�� ý�ä�Þ¹õ ù�Ú÷� ¢�ª �µª�±÷� c ü÷�Â½� ý�ÎÖ÷

´ ± · õ ø ¼ � ½¬ ¢�À ä� �Á ó ´ ¨� "ü µ È ð¥� � ü Ü � õü � � �' c ü ÷�Â ½ � ý� Î Ö ÷ ö� � .�� ± ��

P ni�k : Y ni(c) 7�! Y k(P ni�k(c)) ´ª�Ú÷ ,i Âû ý�Â� �î À÷¤�¢ ¢��ø fnig1i=1 ý�ó�±÷¢ ø k;N 2 N

¼ �½¬ ¢À ä (2-2-3) Ý ó Õ ± Ï �Á ó ´Æ � ÷ Â þÁ �ñ� õÂ ÷ c ¤¢ P ö�� .´¨� deg � N�b �¤¢ ¥�

¤¢ .l = k0 � k + 1 À��î Âê .mod
�
Y k0(c) n Y k0+1(c)

�
> 0 �Øþ¤�Î� ¢¤�¢ ¢��ø K 0 > k � 1

Ýþ¤�¢ �¤�¬ ßþ�

modAk+l(c) = mod
�
Y k+l�1(c) n Y k+l(c)

�
> 0 :

ý�ÎÖ ÷ ¤�À õ ö�� .À þÂ � Ú � ÂÑ ÷ ¤¢ �¤ ni > k + l ø modAk+r(c) = M À � � î Âê ß� �»Þû

´¨� ü÷�Â½� ý�ÎÖ÷ ¥� üÚþ�ÆÞû ×þ Y k+l(c) ø ´¨� üµÈð¥�� c ü÷�Â½� ý�ÎÖ÷ ñ�� P ni�k(c)

ßþ� ¥� �ÎÖ ÷ ß� óø� P ni�k+si(c) À��î Âê .À�îüõ âÎì �¤ P ni�k(c) ý�ÎÖ÷ ¤�Àõ Y k+l(c) �Á ó

ýù¤�Ãð ¥� ù�Ú÷� P (A) = A0 �î À�ª�� üþ�ûë�Ï A;A0 Âð� .À�îüõ âÎì �¤ Y k+l(c) �î Àª�� ¤�Àõ

´ª�¢ Ý�û��¡ ù�Ú÷� Àª�� Pm(A) = A0 Âð� ø modA � 1

3
mod A0 �î ¢�ªüõ �¹�µ÷ (6-6-1)

¢�Àµõ� ¤¢ �¤ Ak+l(c) = Ak+l

�
P ni�k+si(c)

�
ñ�ø¥ �� ø ¤ Â�è ë�Ï ö��î� .modA � 1

3m
mod A0

.Ý�Èîüõ °Öä �� Âþ¥ ¤�Àõ

c 7�! P (c) 7�! � � � 7�!P (ni�k+si)�l(c) 7�! � � �
� � � 7�! P ni�k(c) 7�! P ni�k+1(c) 7�! � � � 7�!P ni�k+si(c)

(4-3)

,Ýþ¤�¢ �¤ ni � k > l Âê Õ±Ï .Ý�¨¤üõ Ak+2l

�
P ni�k+si�l(c)

�
ñ�ø¥ �� ø ¤ Â�è ë�Ï �� �Àµ�� ¤¢

(6-3-2) ýù¤�Ãð ¥� ø ¤ ßþ� ¥� .Ýþ¤�¢ P l
�
Ak+2l

�
P ni�k+si�l(c)

��
= Ak+l(c) ý�Î��¤ ßþ�Â����
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Ýþ¤�¢

mod Ak+2l

�
P ni�k+si�l(c)

�
� 1

3l
mod Ak+l(c) =

M

3l
: (5-3)

¤¢ Âð� �Áó ¢�� N ¥� ÂµÞî�b �¤¢ ¥� P ni�k : Y ni(c) 7�! Y k(P ni�k(c)) ´ª�Ú÷ Âê Õ±Ï üêÂÏ ¥�

c ü÷�Â½� ý�ÎÖ÷ ñ�� Ai(c) À�÷�õ üì�Ï �� Ý�ÈØ� °Öä �� �¤ Ak+2l

�
P ni�k+si�l(c)

�
ë�Ï �õ�¢�

Ýþ¤�¢ ö� ý�Â� �î Ý�¨¤üõ

mod Ai(c) � 1

N
mod Ak+2l

�
P (ni�k+si)�l(c)

�
: (6-3)

Ý�¨¤üõ Âþ¥ ýÂ��Â��÷ �� (6-3) ø (5-3) Í��ø ¤ Õ�ÔÜ� �� ö��î�

mod Ai(c) � M

3lN
: (7-3)

�Áó .Àþ�üõ ´¨À� ë�ê Íþ�Âª �� ni �� �µÆ��ø Ai(c) ë�Ï ×þ ni > k + l Âû ý�Â� ��� À÷ø ¤ ß�Þû ��

Ýþ¤�¢ I = fi 2 Njni > k + lgÂê ��

1X
d=1

modAd(c) �
X
i2I

modAi(c) �
X
i2I

M

3lN
: (8-3)

ø¤ ßþ� ¥� .À �� þüõ Û�ÜÖ � c ý�ÎÖ÷ �ú� � � � T1d=1 Yd(c) âÎÖõ(5-6-1) ��aÌì Õ±Ï ø¤ ßþ� ¥�

.Àª�� üû��¿ó¢ ÕÞä d Ý��î Âê ö��î� .´¨� À�±Þû �fã®�õ c ý�ÎÖ÷ ¤¢ J(P ) ý��ó�� ý�ä�Þ¹õ

üÚþ�ÆÞû �� �î ´Æû z0 øcÂÈ�� ¤�Àõ ¤¢ ý��ÎÖ÷ �Áó ,¢�ªüõ �µª�±÷� ü÷�Â½� ý�ÎÖ÷ �� z0 ¤�Àõ ö��

�î Àª�� z0 øÂÈ�� ¤�Àõ ¤¢ ÂÊ�ä ß�óø� zn Ý��î Âê .Àª�� �µª�¢ ÕÜã� ü÷�Â½� ý�ÎÖ÷ ¥� Y d(c)

¥� �ÎÖ÷ ß�óø� zn ø¤ ßþ� ¥� ø zn 2 Y d(0) = Y d(zn) Ýþ¤�¢ �¤�¬ ßþ� ¤¢ .À�îüõ âÎì �¤ Y d(c)

¤¢ �¤ Y d(0) ñøÀ� ý�û�Ø� Âð� (3-2-3) Ýó Õ±Ï �Áó À�îüõ âÎì �¤ Y d(zn) �î ´¨� z0 ¤�Àõ

.¢�� À�û��¡ Ãþ�Þµõ Û¬�� ý�û�Ø� ô�Þ� Ý�ÈØ� °Öä �� Âþ¥ ¤�Àõ ¢�Àµõ�

z0 7�! z1 7�! z2 7�! � � � 7�! zn (9-3)
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ßþ�Â �� � � .¢� � Àû��¿÷ ü÷�Â½� ý�ÎÖ÷ Ûõ�ª 1 � i � n ,Y d+i(zn�i) ý�û�Ø� ¥� ×þ º�û ùÄþ� �

�î Ý�¨¤üõ An+d(z0) ë�Ï �� Ý�ÈØ� °Öä �� (9-3) ¤�Àõ ¢�Àµõ� ¤¢ �¤ Ad(c) ü÷�Â½� ë�Ï Âð�

ù��¿ó¢ d ö�� .modAn+d(z0) = modAd(c) > 0 ü�ãþ .´¨� ÅþÀÞû Ad(c) � � ÅþÀÞû ¤�Î�

À�îüõ ��¹þ� ßþ� �î ¢¤�¢ ¢��ø ë�ê ý�ûë�Ï ¥� üû��µõ�÷ ¢�Àã� PmodAd(z0) á�Þ¹õ ¤¢ ,¢��

�� Td�0 Y
d(z0) âÎÖõ �î ¢�ªüõ �¹�µ÷ (4-6-1) Ã�øÂð ýÂ��Â��÷ ¥� �î .PmodAd(z0) = 1

ý��ó�� ý�ä�Þ¹õ �î À�îüõ ��¹þ� ,(5-6-1) ý��aÌì Ýû ¥�� �î À��þüõ Û�ÜÖ� z0 ý�ÎÖ÷ �ú��

2 .´¨� À�±Þû �fã®�õ z0 2 J ý�ÎÖ÷ ¤¢ P ý��ÜÞ�À��

.¢�ª üõ �¹�µ÷(5-2-3) ��Ììø(7-3-2) Ýó ¥�(3-1-3) ��Ìì ö��î�
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�õÀÖõ 1-4

ý�ÎÖ÷ ×þ ý�¤�¢ ÍÖê ��®�� �î P : z 7�! z3 + c ôÂê �� ô�¨ �b�¤¢ ý�ûý��ÜÞ�À�� ÛÊê ßþ� ¤¢

:À��îüõ ëÀ¬ Âþ¥ Íþ�Âª ¤¢ �î ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ À�µÆû c = 0 ü÷�Â½�

.´¨� À�±Þû J(P ) ý��ó�� ý�ä�Þ¹õ �

.¢¤�¢ âê�¢ �ø��µõ ¯�Ö÷ ÍÖê P ý��ÜÞ�À�� �

.´Æ�÷ ÂþÁ�ñ�õÂ÷ ü÷�Â½� ¯�Ö÷ ¤¢ P �

Àª�� �µª�¢ ¢��ø c ¥� U üÚþ�ÆÞû ×þ Âð� ,¢�ª üõ ùÀ�õ�÷ " üµÈð¥�� üÜ�õ ü� ��' P ý��ÜÞ�À��

Âû ý�Â� ø .Àª�� ck 2 U �Øþ¤�Î� Àª�� �µª�¢ ¢��ø c ¤�Àõ ¤¢ ck ×þ n 2 N Âû ý�Â� �î ý¤�Î�

üÜ�õü� ��' üóø Àª�� " üµÈð¥��' c ü÷�Â½� ý�ÎÖ÷ ¤�Àõ Âð� .P i(ck) =2 U Ý�ª�� �µª�¢ 1 � i � n

.´¨� "üµÈð¥�� �÷�ÂÊõ' P Ý�þ�ð ù�Ú÷� Àª�±÷ " üµÈð¥��

�î ÛÊê ßþ� ý�Àµ�� ¤¢ ùÀª üêÂãõ ý�ûý��ÜÞ�À�� á�÷ ¥� ý��ÜÞ�À�� Âû �î ÝþÀþ¢ �¨ ÛÊê ¤¢

. ´¨� À�±Þû�fã®�õ ý��ó�� ý�ä�Þ¹õ ý�¤�¢ ,Àª�±÷ "üµÈð¥��' �þ Àª�� "üµÈð¥�� üÜ�õü� ��'

ý�Ã¹õ ø ¥�� ý�û×Æþ¢ ¥� ý��þ�¢Âð ,�µê�þ Ý�Þã� ô�¨ �b �¤¢-�±ª ´ª�Ú÷ ×þ �î Ý��îüõ ý¤ø�¢�þ

À�÷�õ üÜ�Ü½� â���� ¥� ù¢��÷�¡ ×þ �� ù�ÂÞû ,À�µÆû V 0 ¥�� ×Æþ¢ ×þ ¤¢ ñ�ÞÈõ ù¢ÂÈê ¤�Î� �î Vi

×þ g0 : V0 7�! V 0 ø ´¨� ×þ �� ×þ gi ,i 6= 0 Âû ý�Â � �î üÞÆì �� ,´¨� gi : Vi 7�! V 0

ÃðÂû ü÷�Â½� ý�ÎÖ÷ ¤�Àõ ø ´¨� ü÷�Â½� ý�ÎÖ÷ ×þ �ú�� �� ×�ê¤�õ�ó�û ô�¨ ��¤¢ üÈª�� ´ª�Ú÷

�¤ Vi Âû ü÷�Â½� ý�ÎÖ÷ ¤�Àõ �î ¢Âî Ý�û��¡ Âê ,ÛÊê ßþ� ¤¢ ßþ� Â� ùø�ä .À�î üÞ÷ íÂ� �¤ Si Vi

ÂþÁ�ñ�õÂ÷ c ü÷�Â½� ý�ÎÖ÷ ¤¢ �î P : z 7�! z3 + c ÍÜµ¿õ ô�¨ �b�¤¢ ý��ÜÞ�À�� Âû �� .À�î âÎì

�î Ý��îüõ Í±�Âõ �µê�þÝ�Þã� ý��ÜÞ�À��-�±ª ´ª�Ú÷ ×þ ,´¨� " üµÈð¥�� �÷�ÂÊõ' ø ´Æ�÷

ô¥� ¤�Ã�� ö¢Âî Ýû�Âê ¥� Å� ø ù¢Âî üêÂãõ �¤ ¥�¹õ ý�ûù¢��÷�¡ Å³¨ .´¨� ÂþÁ�ñ�õÂ÷ ¤�� ´þ�ú���

ýÀ�±Þû �fã®�õ �÷�Þû �î �¤ (2-1-4) ý��aÌì ö� ¥� Àã� ø ù¢Âî ��±�� �¤ (1-1-4) ��aÌì �Àµ��



77 À÷�üµÈð¥�� �÷�ÂÊõ �î üÏ�Ö÷ ¤¢ ô�¨ �b�¤¢ ý��ó�� ý�û�ä�Þ¹õ ýÀ�±Þû �fã®�õ

.Ý��îüõ ��±�� ø ö��� �¤ ,¢¤�¢ Â�¤¢ �¤ P ý��ÜÞ�À�� ý��ó�� ý�ä�Þ¹õ

��Ìì 1-1-4

ý�ÎÖ÷ ×þ ÍÖê �î Àª�� �µê�þ Ý�Þã� ý��ÜÞ�À��-�±ª ´ª�Ú÷ ×þ g : Si V
1
i 7�! V 0 À��î Âê

¥�Â� Âû ¤¢ ,gn :
S
i V

n
i 7�! V n�1

0
�Øþ¤�Î� Àª�� ¢���õ n ¥�Â� ¤¢ ý¥�¨ñ�õÂ÷ ×þ Âð� .¢¤�¢ ü÷�Â½�

À�±Þû�÷ �f î K(g) Ûõ�î ý��ó�� ý�ä�Þ¹õ ù�Ú÷� ,Àª�� �µª�¢ ¥�¹õ ý�ûù¢��÷�¡ n ¥� Àã� ý¥�¨ñ�õÂ÷

.´¨�

��Ìì 2-1-4

À�±Þû ý��ó�� ý�ä�Þ¹õ ý�¤�¢ �î Àª�� ö��� P : z 7�! z3 + c ô�¨ �b�¤¢ ý��ÜÞ�À�� À��î Âê

´ª�Ú÷ Âð� �¤�¬ ßþ� ¤¢ ´¨� "üµÈð¥�� �÷�ÂÊõ' ø ´Æ�÷ ÂþÁ�ñ�õÂ÷ ü÷�Â½� ý�ÎÖ÷ ¤¢ ,´¨�

J(P ) ý��ó�� ý�ä�Þ¹õ ù�Ú÷� À�î ëÀ¬(1-1-4) ��aÌì Íþ�Âª ¤¢ P �� Í±�Âõ ý��ÜÞ�À��-�±ª

.´¨� À�±Þû �fã®�õ

¥�î�þ ñøÀ� 2-4

À�±Þû ý��ó�� ý�ä�Þ¹õ ý�¤�¢ �î P : z 7�! z3 + c ô�¨ �b �¤¢ ý��ÜÞ�À�� Âû �� Ç¿� ßþ� ¤¢

×þ ,´¨� üµÈð¥�� ö� ü÷�Â½� ý�ÎÖ÷ ø ¢¤�¢ âê�¢ �ø��µõ ý�û¤�Àõ ÍÖê ,´Æ�÷ ÂþÁ�ñ�õÂ÷ ,´¨�

Ç¿� ßþ� ¸þ�µ÷ .´¨� ý¥�¨ñ�õÂ÷ ý�¤�¢ ý¥�Â� Âû ¤¢ �î Ý��îüõ Í±�Âõ ý��ÜÞ�À��-�±ª ´ª�Ú÷

.À�µÆû ]13[ ¥� �f¨�¨�

À��î Âê .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ À�îüõ ëÀ¬ ÛÊê ßþ� Íþ�Âª ¤¢ �î P : z 7�! z3 + c ý� �ÜÞ�À��

��Â� q ø P�1fG = 1g ÛÆ÷�µ�Ýû ü�½�õ Í¨�� �î Àª�� ×þ ÕÞä ¤¢ ñøÀ� ý�û�Ø� Y 1
0
; � � � ; Y 1

q�1

ÂÚþ¢ Z1
1
; � � � ; Z1

2q�2 �î À��î Âê ß��»Þû .À÷�ùÀª ¢øÀ½õ � ´��� ý�ÎÖ÷ �� ô�µ¿õ ü�¤�¡
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q = 3 ý�Â� ×þ ø ÂÔ¬ ý�ûÕÞä ¤¢ ¥�î�þ ý�ûñøÀ� :1-4 ÛØª

q = 3 ý�Â� ÂÔ¬ ÕÞä ¥� ¥�î�þ ñøÀ� (Óó� 8-2) ÛØª ¤¢ .Àª�� ×þ ÕÞä ¤¢ ñøÀ� ý�û�Ø�

¤¢ �î ü�¤�Ê� À÷���üõ (ÂÔ¬ ÕÞä ß��»Þû) ×þ ÕÞä ¤¢ ¥�î�þ ñøÀ� ß��»Þû .´¨� ùÀª Ý¨¤

1 � j � 4 Âû ý�Â� ¢�ªüõ ùÀþ¢ (� 1-4) ¤¢ �î ¤�Î÷�Þû .Àª�� ´¨�ùÀª Ý¨¤ (� 1-4) ÛØª

ý��ÜÞ�À��Âê Õ±Ï .mod(Y 0
0
n Z1j ) > 0 ü�ãþ .À�µÆû ñ�ø¥ �� ø ¤ Â�è Y 0

0
n Z1j ý�ûë�Ï

Àþ�� ô�¹÷�Â¨ ü÷�Â½� ý�ÎÖ÷ ¤�Àõ �î Ý��îüõ �ä¢� .´�Æ÷ ÂþÁ�ñ�õÂ÷ c = 0 ü÷�Â½� ý�ÎÖ÷ ¤¢ P

ý�ÎÖ÷ ¤�Àõ ö�� ßþ�Â���� .Àª�±÷ ß��� À��î Âê ÓÜ¡ ö�ûÂ� �� :�ä¢� ��±�� .À�î âÎì �¤ [jZ1j

Ý�ª� � � µª�¢ Àþ� � �Á ó ,´¨� ÂÔ¬ ÕÞä ¤¢ Y 0

0
ü÷�Â½� ý�Ø� ¤¢ ñ�ÞÈõ �f õ�î P q ´½� ü÷�Â½�

×þ º�û Ûõ�ª ø ´¨� Y 1

0
¤�µÆ� Ûõ�ª �î Àª�� ý¥�� �ä�Þ¹õ eY À��î Âê .

n
P kq(0)

o1
k=1

� Y 1

0

P qjeY : eY 7�! P q(eY ) �î ¢�ªüõ ùÀþ¢ ��®�� �¤�¬ ßþ� ¤¢ .´Æ�÷ P (0); � � � ; P q�1(0) ¯�Ö÷ ¥�

ßþ� ¥� .´¨� Âê �� Éì��µõ �î ´¨� P ¥� ý¥�¨ñ�õÂ÷ ×þ �î ´¨� ý��ÜÞ�À��-�±ª ´ª�Ú÷ ×þ

.À¨¤üõ ��±�� �� �ä¢� üµ¨¤¢ ø¤

ø¤ Â � è ë� Ï ß þ�Â �� � � .À � î â Î ì �¤ Z1i ý�Ø � ¤� � ß � óø� ý�Â � ü ÷�Â ½ � ¤�À õ À � � î Â ê ñ� �

ñ�ø¥ � � ø ¤ Â � è ë� Ï � Ø � þ� � � Ý � È îü õ ° Ö ä � � ü ÷�Â ½ � ¤�À õ ¢�À µ õ� ¤¢ �¤ Y 0
0
n Z1i ñ�ø¥ � �

ü÷�Â½� ý�ÎÖ÷ ö�� .V 0 = Y k
0
Ý�û¢üõ ¤�Â ì Å³¨ .Ýþ¤ø� ´¨À� �¤ Ak�1(0) = Y k�1

0
n Y k

0

üû� � µ õ� ÷ ¢�Àã � ü÷�Â½� ¤�Àõ �Á ó ,´¨� ü÷�Â½� ý�ÎÖ ÷ ¥� üÚþ�ÆÞû ×þ V 0 ø ´¨� üµÈð¥� �

ck ¤�À õ ¥� ý�� Î Ö ÷ ß � óø� cj+k ø ck 2 V 0 Ý � � î Â ê .À � îü õ ´È ð¥� � V 0 ý�Ø � � � � ã ê¢

¤�Àõ ¢�Àµõ� ¤¢ �¤ V 0 ý�Ø� Âð� �¤�¬ ßþ� ¤¢ .ck 6= c Ý��î Âê .À�îüõ âÎì �¤ V 0 �î Àª��
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¥�Â�¤¢ ý�Ø� �¤ ö� �î Ý�¨¤üõ ck Ûõ�ª ý��Ø� �� Ý�ÈØ� °Öä �� ck 7�! ck+1 7�! � � � 7�! ck+j

¤�Ï �� V 0 ý�Ø� �� �Ø� ßþ� (3-2-3) Ýó Õ±Ï .Ý�û¢üõ Çþ�Þ÷ V 1(ck)�� ø ùÀ�õ�÷ ck Ûõ�ª ø ×þ

.´¨� ÅþÀÞû ÝÆ�ê¤�õøÃþ� ×þ Âþ¥ ´ª�Ú÷ ü�ãþ .´¨� é¤�õøÃþ� ÅþÀÞû

P j jV 1(ck)
: V 1(ck) 7�! V 0 (1-4)

ü÷�Â½� ¤�Àõ Ý�÷�¢üõ .´¨� ô�¨ ��¤¢ üÈª�� ´ª�Ú÷ ×þ (1-4) ´ª�Ú÷ ù�Ú÷� Àª�� ck = c Âð�

ô�¹÷� À�îüõ âÎì�¤ V 0 �î ck Âû ý�Â� �¤ ��� ý�û¤�î Âð� �Áó .À�î üõ ´Èð¥�� V 0 �� ¤�� ´þ�ú���

´¨� ü÷�Â½� ý�ÎÖ÷ Ûõ�ª �î ×þ ¥�Â� ¤¢ ý�Ø� �µØþ .À�þ�üõ ´¨À� ×þ ¥�Â� ¥� V 1
i ý�û�Ø� ,Ý�û¢

ü�ãþ .À�µÆû V 0 ¤¢ ñ�ÞÈõ ù¢ÂÈê ¤�Ï �� V 1
i ý�û�Ø� �î Ý��î üõ�ä¢� .Ý�û¢üõ Çþ�Þ÷ V 1

0
�� �¤

.´¨� V 0 ý�ä�Þ¹õÂþ¥ �î ´¨� ý�ù¢ÂÈê ý�ä�Þ¹õ V 1
i ¤�µÆ�

.@V 1
i

T
@V 0 6= � ßþ�Â���� .V 1

i 6� V 0 Ý�ª�� �µª�¢ i×þ ý�Â� ø Àª�±÷ ß��� Ý��î Âê :�ä¢� ��±��

Ýþ¤�¢ ø j = l � k �î P j(V 1
i ) = V 0 = Y k

0
�¤�¬ ßþ� ¤¢ .Àª�� l Â��Â� V 1

i ÕÞä Ý��î Âê

� 6= P j
�
@V 1

i \ @V 0
�
�
�
@V 0 \ @P j(V 0)

�
:

ë�Ï ö¢�� ñ�ø¥ ��ø ¤ Â�è �� Ëì��µõ Ýû ßþ� �î .@Y k�1
0

\ @Y k
0
6= � �î À�îüõ ��¹þ� ßþ� �î

.¢�ªüõ ´��� �ä¢� üµ¨¤¢ �Áó .´¨� Y h�1
0

n Y k
0

ý�ÎÖ÷ ¤�Àõ ¤¢ ck ×þ ý�Â� �¤�¬ ßþ� ¤¢ .Àª�� ×þ ¥�Â� ¤¢ ù��¿ó¢ ý�Ø� ×þ V 1
i Ý��î Âê

×þ �þ ô�¨ �b �¤¢ üÈª�� ´ª�Ú÷ ×þ (1-4) ´ª�Ú÷ V 1
i �� Í±�Âõ .V 1

i = V 1(ck) Ýþ¤�¢ ü÷�Â½�

ô�¨ �b �¤¢ üÈª�� ´ª�Ú÷ ×þ P jjVi �î) g1jVi := P jjVi ÓþÂã� � � .´¨� ÅþÀÞû ÝÆ�ê¤�õøÃþ�

Í± �Â õ �î g1 : [iV 1
i 7�! V 0 ý��ÜÞ�À��-�±ª ´ª�Ú ÷ ,(´¨� ÅþÀÞû ÝÆ� ê¤�õøÃ þ� ×þ � þ

À�îüõ âÎì �¤ V 1

0
�ãê¢ üû��µõ�÷ ¢�Àã� �� ü÷�Â½� ¤�Àõ ö�� .Àþ�üõ ´¨À� ,´¨� P ý��ÜÞ�À����

¤�ÂØ� g1 ý��ÜÞ�À��-�±ª ´ª�Ú÷ ¥� ý¥�¨ñ�õÂ÷ ×þ ö¢¤ø� ´¨À� ý�Â� �¤ ��� À÷ø ¤ ö�Þû Ý�÷���üõ

¢�Àµõ� ¤¢ �¤ V 1

0
.À�îüõ âÎì �¤ V 1

0
�î Àª�� ck ¤�Àõ ¥� ÂÊ�ä ß�óø� ck+l ø ck 2 V 1

0
Ý��î Âê .Ý��î

´¨À� �¤ ´¨� ck Ûõ�ª �î ø¢ ¥�Â� ¤¢ ñøÀ� �Ø� ø ùÀ�Èî °Öä �� ck 7! ck+1 7! � � � 7! ck+l ¤�Àõ
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ý�ÎÖ÷ Ûõ�ª �î ø¢ ¥�Â� ¤¢ ñøÀ� ý�Ø� �µØþ . Ý�û¢üõ Çþ�Þ÷ V 2(ck) �� �¤ �Ø� ßþ� .Ýþ¤ø�üõ

g2 : [iV 2
i 7�! V 1

0
ý��ÜÞ�À��-�±ª ´ª�Ú÷ °��Â� ßþ� �� .Ý�û¢üõ Çþ�Þ÷ V 2

0
�� �¤ ´¨� ü÷�Â½�

¥� ý¥�¨ñ�õÂ÷ ×þ �î Ýþ¤ø�üõ ´¨À� �¤ ,Àþ�üõ ´¨À� g1 ´ª�Ú÷ ý�Î��® À�÷�Þû ©��Î��® �î

.À�þ�üõ ´¨À� ý¥�Â� Âû ¤¢ g1 ý�ûý¥�¨ñ�õÂ÷ ��� À÷ø ¤ ¤�ÂØ��� .¢�ªüõ ùÀ�õ�÷ g1

�Ã¹õ ý�ûù¢��÷�¡ ø ö¤�Öµõ�÷ ÕÜÎõ¤Àì 3-4

ö¤�Öµõ�÷ ÕÜÎõ¤Àì ×þ Å³¨ ø ù¢Âî ÓþÂã� �¤ "¥�¹õ' ý�ûù¢��÷�¡ ý¥�¨ñ�õÂ÷ ¥�Â� Âû ¤¢ Ç¿� ßþ�¤¢

Âê .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ g ù��¿ó¢ ý�µê�þ Ý�Þã� ô�¨ �b �¤¢-�±ª ´ª�Ú÷ ×þ .Ý��îüõ üêÂãõ

Çþ�Þ÷ V n
0
Ý��îüõÂê ß��»Þû .Àª�� g ¥� n ¥�Â� ¤¢ ý¥�¨ñ�õÂ÷ ×þ gn : [iV n

i 7�! V n�1
0

Ý��î

ýùÀ�û¢ Çþ�Þ÷ �n À��î Âê ñ�� .´¨� ü÷�Â½� ý�ÎÖ÷ Ûõ�ª �î Àª�� n ¥�Â� ¤¢ �Ø� �µØþ ýùÀ�û¢

.Àª�� n ¥�Â� ¤¢ ü÷�Â½�Â�è ý�û�Ø� ¥� ,ý¤�¬ ý�û¢�Þ÷ ö���ä �� �ûV n
i Í¨�� ùÀªÀ�ó�� ¢�¥� ùøÂðÝ�÷

ü�ãþ

�n = f = f1; � � � ; kg j i = V n
i ; i 6= 0g :

Âû �� .jIj = 0 À��î ÓþÂã� Àª��  ý�ÞÜî ñ�Ï �� Â��Â� jj ø Àª�� �n ü÷�Þû ÂÊ�ä I À��î Âê

:Ý��îüõ ¯��ÂõÂþ¥ �¤�¬ �� V n�1
0

¥� ¥�� ý�ä�Þ¹õÂþ¥ ×þ  2 �n ý�ÞÜî

Ý þ¤�¢ j 6= 0×þ ý�Â � ù� Ú ÷� jj = 1 Â ð� .U(I) = V n
0
À � û¢ ¤�Â ì ø  = I ù� Ú ÷� jj = 0 Â ð�

� � 0 2 �n Â û ý�Â � � î À � � î Â ê ö� � î� .U() = V n
j À � û¢ ¤�Â ì ´ ó� � ß þ� ¤¢ . = V n

j

ÂÑ÷¤¢ �¤ jj = k ��  2 �n ý�ÞÜî ø Ý�ª�� ù¢Âî ¯��Âõ V n�1
0

¥� ¥�� ý�ä�Þ¹õÂþ¥ ×þ j0j � k �1

V n
j �� gn ÀþÀ½� ,ÓþÂã� Õ±Ï ö�� .j 6= 0 �î 1 = V n

j ø  = f1; � � � ; kg À��î Âê .ÀþÂ�Ú�

ý�ä�Þ¹õÂþ¥ �Áó ´¨� V n�1
0

¥� ý¥�� ý�ä�Þ¹õÂþ¥ U(f2; � � � ; kg) ø ´¨� ÅþÀÞû ´ª�Ú÷ ×þ

üõ �µª�Ú÷ U(f2; � � � ; kg) ýø¤ Â� ÅþÀÞû ¤�Î� gn Í¨�� �î üÞÆì �� ¢¤�¢ ¢��ø V n
j ¥� ý¥��

�ä¢� .gn(U()) = U(f2; � � � ; kg) ü�ãþ .Ý��îüõ ÓþÂã� ¥�� ý�ä�Þ¹õ ßþ� Â��Â� �¤ U() .¢�ª
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.¢�ªüõ �µª�Ú÷ V n�1
0

ýø¤ Â� ÅþÀÞû ¤�Î� gjjn Í¨�� U() , 2 �n Âû ý�Â� �î Ý��îüõ

0 2 �n Âû ý�Â� À��î Âê ñ�� .Àþ�üõ ´¨À� gn ÓþÂã� ¥� ÝØ�  = 1 ý�Â� :�ä¢� ��± ��

ø  = f1; � � � ; kg À��î Âê .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ jj = k ��  2 �n ø Àª�� ¤�ÂìÂ� ÝØ� j0j < k��

¤�Î� gjj�1n ´ª�Ú÷ ´½� U(0) �bÂÖµ¨� Âê Õ±Ï �¤�¬ ßþ� ¤¢ .0 = f2; � � � ; kg À�û¢ ¤�Âì

:Ýþ¤�¢ ñ�� .¢�ªüõ �µª�Ú÷ V n�1
0

ýø¤ Â� ÅþÀÞû

gjjn (U()) = gjj�1n (gn(U())) = gjj�1n (U(f2; � � � ; kg)) = gjj�1n

�
U(0)

�
= V n�1

0

.À¨¤üõ ��±�� �� �ä¢� üµ¨¤¢ �Áó

;Ý �ª� � � µ ª�¢ i; j 2 J Â û ý�Â � � î Àª� � �n¤¢ ��Þ Ü î ¥� ý�ù¢�� ÷�¡ �j	j2J � �n À � � î Âê

ÓþÂã � Â þ¥ �¤�¬ �� üØþ¦� ó� �� � ë�Ï ×þ j 2 J Âû ý�Â � ø .U(j) \ U(i) 6= � () i = j

:Ý��îüõ

:À�î ëÀ¬ Âþ¥ ¯Âª �¨¤¢ �î ´¨� ñ�ÞþÃî�õ ÕÜÎõ¤Àì ¥� üØþ¦�ó���� ë�Ï ×þ RJ(U(
j))

.RJ(U(
j)) � V n�1

0
n V n

0
�

.´¨�RJ (U(
j)) ë�Ï ÝÞµõ ¥� ¤�À÷�ÂîÂ�è ý�Ôó�bõ ¤¢ ñ�ÞÈõ V n

i ,i 6= j Âû ý�Â� �

.´¨� RJ(U(
j)) ë�Ï ÝÞµõ ¥� ¤�À÷�Âî ý�Ôó�bõ ¤¢ ñ�ÞÈõ V n

j �

Ý � � �üõ � î ¤�Ïö�Þû .À � � � ± � �¤ (2-4) ÛØª .¢¤�¢ ¢��ø ë�Ï ß� �� ×þ Ûµ ÷� õ�b �Ì ì Õ ±Ï
�
j
	
j2J � �n À��î Âê ñ�� .´¨� �µÆ��ø J ¤�Áð ÅþÀ÷� ý�ä�Þ¹õ �� RJ(U(

j)) ë�Ï ÓþÂã�

.j = fj
0
; � � � ; jk(j)g ö� ¤¢ �î Àª�� �n ¤¢ ��ÞÜî ¥� ý�ù¢��÷�¡

ÓþÂã� 1-3-4

Ý�ª�� �µª�¢ i 6= j �î i; j Âû ý�Â� ù�ðÂû ´¨� "�Ã¹õ' J ýù¢��÷�¡ Ý�þ�ð

U(j
0
) 6= U(i

0
):
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ö� öø¤¢ ý�û��õ�¢ ù�ÂÞû �� V n�1
0

ý��õ�¢ :2-4 ÛØª

.j = fj
0
; � � � ; jk(j)g ö� ¤¢ �î Àª�� �n ¤¢ �Ã¹õ ýù¢��÷�¡ ×þ �j	j2J � �n À��î Âê

¤�Ï �� �¤ U(j) ,gk(j)+1n ù�Ú÷� j 6= I Âð� .U0(I) = U(I) = V n
0
Ý�û¢üõ ¤�Âì ù�Ú÷� j = I Âð�

U(j) �� gk(j)+1n ÀþÀ½� ø V n�1
0

¥� ý¥�� ý�ä�Þ¹õÂþ¥ V n
0
ö�� .¢¤�Ú÷üõ V n�1

0
ýø¤ Â� ÅþÀÞû

ýø¤ Â� ÅþÀÞû ¤�Ï �� �î ¢¤�¢ ¢��ø U(j) ¥� ý¥�� ý�ä�Þ¹õÂþ¥ �Áó ,´¨� ÅþÀÞû ´ª�Ú÷ ×þ

:Ýþ¤�¢ ßþ�Â���� .Ý�û¢üõ Çþ�Þ÷ U0(j) �� �¤ ¥�� ý�ä�Þ¹õ ßþ� .¢�ªüõ �µª�Ú÷ V n
0

gk(j)+1n (U(j)) = V n�1
0

; gk(j)+1n (U0(
j)) = V n

0

üØþ V n
0
�î Àª�� n ý¥�¨ñ�õÂ÷ ¥�Â� ¤¢ ñøÀ� ý�û�Ø� ¥� ù¢��÷�¡ ×þ fV n

i gi2I �î À��î Âê ö��î�

.Ýþ¤�¢ �¤ Âþ¥ ÓþÂã� I ý�Â� ,´¨� ü÷�Â½� ý �ÎÖ÷ Ûõ�ª �î Àª�� Çþ�Ìä� ¥�

ÓþÂã� 2-3-4

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� I ýù¢��÷�¡ "ö¤�Öµõ�÷ ÕÜÎõ¤Àì'

�n(I) = modRI(V
n
0
) +

1

3

X
i6=0

modRI(V
n
i )

¤¢ "�Ã¹õ' ýù¢��÷�¡ ×þ fjgj2J � �n ø ñøÀ� ý�û�Ø� ¥� ù¢��÷�¡ ×þ fV n
i gi2I À��î Âê

.À�ª�� ��� À�÷�Þû �n
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ÓþÂã� 3-3-4

;Àª�� ¤�ÂìÂ� Âþ¥ Íþ�Âª ¥� üØþ i 2 I Âû ý�Â� Âð� ´¨� "ÍÜÆõ' I ýù¢��÷�¡ Â� J ýù¢��÷�¡ Ý�þ�ð

.U(jm) = V n
i �Øþ¤�Ï Àª�� �µª�¢ ¢��ø 1 � m � k(j) ¼�½¬¢Àä ×þ ø j 2 J ×þ (1

.Sj2J(U(
j
0
)) � Si2I V

n
i ø U(j

0
) = V n

i �î üÞÆì �� Àª�� �µª�¢ ¢��ø j 2 J ×þ (2

Ýó 4-3-4

,Àª�� ÍÜÆõ fV n
i gi2I ýù¢��÷�¡ Â� ø Àª�� �µª�¢ ÂÊ�ä �¨ Ûì�À� fjgj2J ý�Ã¹õ ýù¢��÷�¡ Âð�

�n(I) � 1

3

P
j modRJ(U0(

j)):Ýþ¤�¢ ù�Ú÷�

.�n(I) = mod(RI(V
n
0
)) + 1

3

P
i6=0mod(R(V n

i )) Ýþ¤�¢ ö¤�Öµõ� ÷ ÕÜÎõ¤Àì ÓþÂã� ¥� .��± ��

À÷�¢���õ ö��� 1 � m � k(j) ¼�½¬ ¢Àä ×þ ø j 2 J ×þ 0 6= i 2 I Âû ý�Â� �î À��î Âê �Àµ��

:Ýþ¤�¢ �¤�¬ ßþ� ¤¢ .U(jm) = V n
i �î

mod
�
U(j

m�1
n jm)

�
� mod

�
V n�1 n V n

0

�
� mod (RI(V

n
i )) (2-4)

À��î Âê ö��î� .mod
�
U(j) n U0(j)

�
� mod

�
V n�1
0

n V n
0

�
ù�Ú÷� Àª�� j 6= I Âð� ß��»Þû

ý�Â� ÍÖê V n
i = U(jm) ý�Î��¤ 0 � m � k(j) ø j 2 J ×þ ý�Â� �î Àª�� ¢���õ ö��� i 2 I

Ýþ¤�¢ ,ö¢�� ÍÜÆõ ÓþÂã� �� ���� �� �¤�¬ ßþ� ¤¢ .V n
i = U(j

0
) ü�ãþ .Àª�� ¤�ÂìÂ� m = 0

Uj2J
�
U(j

0
)
�
� Ui2IV

n
i : (3-4)

2 .À�îüõ Ûõ�î �¤ ö�ûÂ� ßþ� ø .mod
�
RJ(U(

j
0
))
�
� mod(RI(V

n
i )) Ýþ¤�¢ ßþ�Â����
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Ýó 5-3-4

ßþ� ¤¢ .À�û¢ Çþ�Þ÷ 1; 2 �� �¤ �ú÷� ø Àª�� �µª�¢ ÂÊ�ä ø¢ �ú�� J ý�Ã¹õ ýù¢��÷�¡ À��î Âê

:Ýþ¤�¢ ù�Ú÷� ,Àª�� ÍÜÆõ I ýù¢��÷�¡ Â� J ýù¢��÷�¡ Âð� �¤�¬

�n(I) � 2

3
mod RJ(U0(

1)) +
1

3
mod RJ(U0(

2))

¼�½¬ ¢Àä i 6= 0 �î V n
i ý�Â� .2 = f2

0
; � � � ; 2k g ø 1 = f1

0
; � � � ; 1k g À��î Âê .��±��

Ýþ¤�¢ ù�Ú÷� m = 0 Âð� .V n
i = U(m) �Øþ¤�Î� ¢¤�¢ ¢��ø 0 �m � k

mod (RJ(U(m))) � mod(RI(V
n
i )) : (4-4)

ù¤� �ø¢ ø .mod
�
U(j

m�1
n jm)

�
� mod

�
V n�1 n V n

0

�
� mod (RI(V

n
i )) ù� Ú ÷� m 6= 0 Â ð� ø

2 .mod(U() n U0()) � mod(V n�1
0

n V n
0
) Ýþ¤�¢  6= 1 ý�Â�

¥�¹õ ý�ûù¢��÷�¡ 4-4

�b�¤¢-�±ª ´ª�Ú÷ .Ý��îüõ üêÂãõ �¤ üóøÀ� ý�û�Ø� ¥� "¥�¹õ' ý�ûù¢��÷�¡ �bÂÖµ¨� �� ´ÞÆì ßþ� ¤¢

Âê .À þÂ � Ú � ÂÑ ÷¤¢ �¤ ¢¤�¢ 1
�
¥�Â � ¤¢ ñøÀ� ý�Ø � �¨ Ûì�À� �î �¤ g1 :

S
i V

1
i 7�! V 0 ô�¨

¥�Â� ¤¢ ñøÀ� ý�û�Ø� ¥� I2 ýù¢��÷�¡ ×þ .Àª�� g1 ¥� ý¥�¨ñ�õÂ÷ ×þ g2 :
S
i V

2
i 7�! V 1

0
À��î

:Àª�� Âþ¥ ¯Âª ø¢ ý�¤�¢ Âð� ,¢�ªüõ ùÀ�õ�÷ "¥�¹õ' ,2
�
ý¥�¨ñ�õÂ÷

.Àª�� ùÀª Û�ØÈ� ´¨� ü÷�Â½� Â�è ÂÚþ¢ ý�� ø¢ ø ü÷�Â½� üØþ �î ñøÀ� �Ø� �¨ ¥� �fÖ�ì¢ I2 �

ý��ä�Þ¹õÂþ¥ �ûgl
1
(I2) ,0 � l � k Âû ý�Â� �î Àª�� ¢���õ ý¤�Ï k � 0 ¼�½¬ ¢Àä ×þ �

.Àª�� "�Ã¹õ' ýù¢��÷�¡ ×þ gk+1
1

(I2) ø À�ª�� 1
�
¥�Â� ¤¢ ö�ÆØþ ñøÀ� �Ø� ×þ ¥�

ýù¢��÷�¡ ×þ .Ýþ¤�¢ "¥�¹õ' ý�ûù¢��÷�¡ n� 1 �� 2 ý�û¥�Â� ¤¢ ,n � 3 ý�Â� �î À��î Âê ö��î�

:Ý�ª�� �µª�¢ �î ü�¤�¬ ¤¢ ,¢�ªüõ ùÀ�õ�÷ ¥�¹õ ,n ¥�Â� ¤¢ üóøÀ� ý�û�Ø� ¥� In
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ü÷�Â½� Â�è ÂÚþ¢ ý�� ø¢ ø ü÷�Â½� üØþ �î Àª�� ùÀª Û�ØÈ� üóøÀ� ý�Ø� �¨ ¥� �fÖ�ì¢ In (1

.À�ª��

¤¢ ñ�ÞÈõ �ûgl
1
(I2) ,0 � l � k Âû ý�Â� �î Àª�� ¢���õ ý¤�Ï k � 0 À�÷�õ ü½�½¬ ¢Àä (2

.Àª�� ¥�¹õ ý�ù¢��÷�¡ gk+1
1

(In) ýù¢��÷�¡ ø À�ª�� 1
�
¥�Â� ¤¢ ö�ÆØþ üóøÀ� ý�Ø� ×þ

Â� ù¢��÷�¡ ßþ� ù�Ú÷� ,U0(i) = gk+1
n�1

(V n
i ) �î Àª�� ý¤�Ï ��ÞÜî ¥� figi2I ýù¢��÷�¡ Âð� (3

.Àª�� "ÍÜÆõ' ,n� 1 ¥�Â� ¥� "¥�¹õ' ýù¢��÷�¡ ×þ

ù�Ú÷� ,Àª�� �µª�À÷ ý¥�¹õ ýù¢��÷�¡ º�û �î Àª�� �µª�¢ ¢��ø ý¥�¨ñ�õÂ÷ ¥�Â� ×þ �î ü�¤�¬ ¤¢

�î n � � 2 ý�û ¥�Â � ¤¢ À� �î Âê .Ý� �îüõ ���¤� Àã � � � ¥�Â � ßþ� ¥� �¤ ¥�¹õ ý�ûù¢�� ÷�¡ ÓþÂã �

�¤�Ê� �¤ "n ¥�Â� ¤¢ ö¤�Öµõ�÷ ÕÜÎõ¤Àì' �¤�¬ ßþ� ¤¢ À�ª�� �µª�¢ ¢��ø ¥�¹õ ý�ûù¢��÷�¡ ,n � 2

.À�îüõ Â��ç� ¥�¹õ ý�ûù¢��÷�¡ ýø¤ I �î Ý��îüõ ÓþÂã� �n = min�(I)

Ýó 1-4-4

�� 2 ý�û¥�Â� ¤¢ �î Àª�� �µê�þ Ý�Þã� ô�¨ �b �¤¢-�±ª ´ª�Ú÷ ×þ g1 :
S
i V

1
i 7�! V 0 À��î Âê

,Àª�� �µª�¢ ¢��ø ¥�¹õ ýù¢��÷�¡ ×þ n ¥�Â� ¤¢ Âð� .¢¤�¢ ¥�¹õ ý�ûù¢��÷�¡ ,n � 3 ý�Â� n� 1

.�n � �n�1 ;´ª�¢ Ý�û��¡ ù�Ú÷�

ÛÊê ßþ� üÜ¬� ��aÌì ö�ûÂ� 5-4

¯� Ö ÷ Â ð� �Á ó ,À � � îü Þ ÷ â Î ì �¤ K(g) Û õ� î ý� � ó� � ý� ä� Þ¹ õ ü óøÀ � ý� û� Ø � ¥Â õ ö� �

K(g) ¥� ýÃþ�Þµõ À�±Þû ý�û�Ôó�bõ ¤¢ Àþ�� ù�Ú÷� À�ª�� âì�ø Ãþ�Þµõ üóøÀ� ý�û�Ø� ¤¢ z1; z2 2 K(g)

ü�ãþ ,V n(z) üóøÀ� ý�û�Ø� âÎÖõ z 2 K(g) Âû ý�Â� �î Ý�û¢ ö�È÷ Âð� ø ¤ ßþ� ¥� .À�ª�� âì�ø Ã�÷

Ûõ�î ý��ó�� ý�ä�Þ¹õ �î ´êÂð Ý�û��¡ �¹�µ÷ ù�Ú÷� À��þüõ Û�ÜÖ� z ý�ÎÖ÷ �� ÍÖê Tn V
n(z)

ý�ûñøÀ� �Ø� ¥� Tn V
n
0
âÎÖõ �î Ý�û¢üõ ö�È÷ ñø� ý�Ü�Âõ ¤¢ �Àµ�� .´¨� À�±Þû�÷ �f î K(g)
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ö�È÷ z 2 K(g) Âû ý�Â� ôø¢ ý�Ü�Âõ ¤¢ ´þ�ú÷ ¤¢ ø .À��þüõ Û�ÜÖ� ü÷�Â½� ý�ÎÖ÷ �ú�� �� ü÷�Â½�

.´¨� üû��µõ�÷ Pmod(V n(z) n V n+1(z)) á�Þ¹õ �î ¢�¢ Ý�û��¡

� î ü Þ Æ ì � � ¢¤�¢ ¢� �ø n ý¥� ¨ñ� õÂ ÷ ¥�Â � × þ � � Ì ì Â ê � � � �� � � � :1 ý� Ü �Â õ

(1-4-4) Ýó ¥� .¢¤�¢ ¥�¹õ ý�ûù¢��÷�¡ ¢�¡ ¥� Àã� ý¥�¨ñ�õÂ÷ ¥�Â� Âû ¤¢ gn :
S
i V

n
i 7�! V n�1

0

ý� ûñøÀ� � Ø � ¥� I ¥� ¹ õ ýù¢�� ÷� ¡ × þ m � n ý¥� ¨ñ� õÂ ÷ ¥�Â � Â û ý�Â � � î ¢� ªü õ �¹ � µ ÷

Ý�ª�� �µª�¢ �Øþ¤�Î� ¢¤�¢ ¢��ø V m
0
; V m

1
; V m

2

mod (RI(V
m
0
)) +

1

3
mod (RI(V

m+1
1

)) +
1

3
mod (RI(V

m
2
)) � �n > 0 (5-4)

� î ´ ¨� ¢� �� õ ö� � � b > 0 ´ ± · õ ¢À ä ,¢�À ä� ü ¨À � Þ ª¤� ´ � ¬� ¡ ¥� �Á ó �n > 0 ö� �

¢�ªüõ �¹�µ÷ Âþ¥ Í��ø ¤ ¥� üØþ (8-4) �Î��¤ ¥� .�n � b+ b+ b > 0

1

3
mod (RI(V

n
i )) � b or mod (RI(V

m
0
)) � b:

Âð� üóø .Ýþø ¤üõ m+ 1 ¥�Â� �� ù�Ú÷� modRI(V
m
0
) � b Ý�ª�� �µª�¢ 1 � i � 2×þ ý�Â� Âð�

´½� ü÷�Â½� ý�ÎÖ÷ ¤�Àõ ö�� ù�Ú÷� ,1
3
mod RI(V

n
i ) � b Ý�ª�� �µª�¢ 1 � i � 2×þ ý�Â�

¥� �ÎÖ ÷ ß � óø� gkm(0) Ý � � î Âê .Ý � � î ÛÞä Â þ¥ Õ þÂÏ � � Ý � ÷�� �üõ À � îüõ âÎ ì �¤ V n
i ,gm

¢�Àµõ� ¤¢ �¤ RI(V
n
i ) ë�Ï Âð� �¤�¬ ßþ� ¤¢ ,À�îüõ âÎì �¤ V n

i �î Àª�� gm ´½� ü÷�Â½� ¤�Àõ

Çª�� ×þ �î Ý�¨¤üõ Am(0) ü÷�Â½� ë�Ï �� Ý�ÈØ� °Öä �� 0 7�! gm(0) 7�! � � � 7�! gkm(0)

ö� � î� .modAm(0) � 1

3
mod RI(V

n
i ) � b > 0 :Ý þ¤�¢ ü � ã þ .´¨� RI(V

n
i ) ë�Ï ¥� � þ� �¨

ßþ�Â���� .Àª�� m+1 ¥�Â� ¤¢ V m+1
0

; V m+1
1

; V m+1
2

üóøÀ� ý�û�Ø� ¥� ¥�¹õ ý�ù¢��÷�¡ J Ý��î Âê

:Ýþ¤�¢ (1-4-4) Ýó ¥�

mod (RJ (V
m+1
0

)) +
1

3
mod (RJ (V

m+1
1

)) +
1

3
mod (RJ(V

m+1
2

)) � �n � b+ b+ b > 0 (6-4)

�µª�¢ Àþ�� 1 � j � 2×þ ý�Â� Ûì�À� �þ ø mod(RJ (V
m+1
0

)) � b �þ (8-4) ý�Î��¤ �� ���� ��

ßþ� Â�è ¤¢ Ýþø ¤üõ m+ 2 ¥�Â� �� ù�Ú÷� mod(RJ(V
m+1
0

)) � b Âð� .mod(RJ (V
m+1
j )) � b Ý�ª��
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´½� ü÷�Â½� ý�ÎÖ÷ ¤�Àõ ¥� ý��ÎÖ÷ ß�óø� �¤ grm+1(0) ù�Ú÷� mod(RJ (V
m+1
j )) � b Âð� �¤�¬

¢�Àµõ� ¤¢ �¤ RJ(V
m+1
j ) ñ�ø¥ �� ø ¤ Â�è ë�Ï Å³¨ .À�îüõ âÎì �¤ V m+1

j �î ÝþÂ�ðüõ ÂÑ÷ ¤¢ gm+1

�î Ý�¨Â� Am+1(0) ü÷�Â½� ë�Ï �� �� Ý�Èîüõ °Öä �� 0 7�! gm+1(0) 7�! � � � 7�! grm+1(0)

:Ýþ¤�¢ �¤�¬ ßþ� ¤¢ .¢�ªüõ �µª�Ú÷ RJ(V
m+1
j ) ýøÂ� ô�¨ �b�¤¢ üÈª�� ´ª�Ú÷ ×þ Í¨��

mod Am+1(0) � 1

3
mod (RJ(V

m+1
j )) � b (7-4)

b �� ýø�Æõ �þ Âµð¤Ã� ÕÜÎõ¤Àì �� ü÷�Â½� ë�Ï ×þ m � n ý¥�¨ñ�õÂ÷ ¥�Â� Âû ¤¢ �Ø�þ� �� ���� ��

�b �Ìì ¥� ù¢�Ôµ¨� �� �Áó .´¨� üû��µõ�÷Pn V
n
0
n V n+1

0
á�Þ¹õ �î ÝþÂ�ðüõ �¹�µ÷ Àþ�üõ ´¨À�

.À��þüõ Û�ÜÖ� ü÷�Â½� ý�ÎÖ÷ �ú�� �� ñøÀ� ý�û�Ø� ¥� Tn V
n
0
âÎÖõ �î ÝþÂ�ðüõ �¹�µ÷ (5-6-1)

P
mod (V n(z)nV n+1(z)) á�Þ¹õ �î Ý��îüõ ´��� z 2 K(g) Âû ý�Â� �Ü�Âõ ßþ� ¤¢ :2 ý�Ü�Âõ

¢��ø n ý¥�¨ñ�õÂ÷ ¥�Â� ×þ ù�Ú÷� 0 =2 w(z) Âð� .Àª�� ù��¿ó¢ z 2 K(g) Ý��îÂê .´¨� üû��µõ�÷

�ú�� .À�îüõ âÎì �¤ V n�1
0

ý�Ø� üóø À�îüÞ÷ âÎì �¤ V n
0
ý�Ø� z ý�ÎÖ÷ ¤�Àõ �î üÞÆì �� ¢¤�¢

ø ¤ ßþ� ¥� .À�µÆû �Ã¹õ ø¢ �� ø¢ ö�Èþ�û¤�µÆ� �î ¢¤�¢ ¢��ø n ¥�Â� ¤¢ ü÷�Â½� Â�è ý�Ø� üû��µõ ¢�Àã�

B > 0 À�÷�õ üµ±·õ ¢Àä ù�Ú÷� Àª�� n ¥�Â� ¤¢ ü÷�Â½� Â�è ý�ûñøÀ� �Ø� ýù¢��÷�¡ fV n
i gi2I Âð�

À�÷�õ ý��Ø� ×þ z ¤�Àõ ö�� .mod(RI(V
n
i )) � B ;Ý�ª�� �µª�¢ i 2 I Âû ý�Â� �Øþ¤�Î� ¢¤�¢ ¢��ø

âÎì �¤ V n
i ý�Ø� z ¤�Àõ �î �Ü�Âõ Âû ¤¢ .Ý��îüõ ÛÞä Âþ¥ ÕþÂÏ �� ,À�îüõ âÎì ¤�� ´þ�ú��� �¤ V n

i

üì�Ï �� �� Ý�Èîüõ °Öä �� (�Ü�Âõ ö� ¥�) z ¤�Àõ ¢�Àµõ� ¤¢ �¤ RI(V
n
i ) ñ�ø¥ �� ø ¤ Â�è ë�Ï ,À�îüõ

Û��Âõ ßþ� ¥� üû��µõ�÷ ¢�Àã� �� ö�� .Ý�¨Â� ,´¨� ÅþÀÞû RI(V
n
i ) ë�Ï �� ÅþÀÞû ¤�Î� �î z ñ��

´ª�¢ Ý�û��¡ �Áó ¢¤�¢ ¢��ø
1X
n=1

mod(V n(z) n V n+1(z)) �
1X
n=1

B =1:

Âê ñ�� .À�� þüõ Û�ÜÖ � z ý�ÎÖ÷ �ú� � � � Tn V
n(z) âÎÖõ (5-6-1) �b �Ìì Õ±Ï ßþ�Â �� � �

¢��ø l ý¥�¨ñ� õÂ ÷ ¥�Â � üû� � µ õ� ÷ ¢�À ã � Ý þÀ þ¢ ñø� ý� Ü�Â õ ¤¢ � î ¤�Î ÷� Þ û .0 2 w(z) À � � î

á�Þ¹õ ü� ã þ .´¨� ¤�À ÷�Â î Â Ô¬ ¥� ¤ø¢ V l(0) n V l+1(0) ë�Ï ÕÜÎõ ¤À ì � ú ÷� ý�Â � � î ¢¤�¢
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ü÷�Â½� ý�ÎÖ÷ ¥� üÚþ�ÆÞû ×þ V l
0
,l Âû ý�Â� ñ�� .´¨� üû��µõ�÷Pl mod(V l(0) n V l+1(0))

.À�îüõ âÎì �¤ V l
0
�î Àª�� ýÂÊ�ä ß�óø� gk(z) Ý��î Âê .À�îüõ âÎì �¤ ö� z ¤�Àõ �Áó ,´¨�

ø¤ Â �è ë�Ï öÀ�Èî °Öä � � ù�Ú ÷� i = 0 Âð� .gk(z) 2 V l+1
i Ýþ¤�¢ i ×þ ý�Â � �¤�¬ ßþ� ¤¢

ñ�ø¥ �� ø ¤ Â�è ë�Ï �� z 7�! g(z) 7�! � � � 7�! gk(z) ¤�Àõ ¢�Àµõ� ¤¢ V l(0) n V l+1(0)) ñ�ø¥ ��

üóø .´¨� ÅþÀÞû V l(0) n V l+1(0)) ë�Ï �� ÅþÀÞû ¤�Î� �î Ý�¨¤üõ z ý�ÎÖ÷ ñ�� Ak+l+1(z)

¤¢ �¤ U() nU0() ë�Ï ö��î� .gk(z) 2 U0() ´ª�¢ Ý�û��¡  2 �l+1 ×þ ý�Â� ù�Ú÷� i 6= 0 Âð�

z ý�ÎÖ÷ ñ�� A(z) À�÷�õ üì�Ï �� �� Ý�Èîüõ °Öä �� z 7�! g(z) 7�! � � � 7�! gk(z) ¤�Àõ ¢�Àµõ�

Ý�÷�¢üõ ÓþÂã� �� ���� �� üêÂÏ ¥� .´¨� é¤�õøÃþ� U() n U0() ë�Ï �� ÅþÀÞû ¤�Î� �î Ý�¨Â�

.Ýþ¤�¢ �¤ (10-4) ý�Î��¤ �Áó .À�µÆû ÅþÀÞû ý�ûÝÆ�ê¤�õøÃþ� (9-4) ø (8-4) ý�û´ª�Ú÷

g
jj
l+1
jU() : U() 7�! V l

0
(8-4)

g
jj
l+1

jU0() : U0() 7�! V l+1
0

(9-4)

mod(U() n U0()) = mod(V l
0
n V l+1

0
) (10-4)

ø¤ Â�è ë�Ï üû��µõ�÷ ¢�Àã� ,À�î Â��ç� l ¥�Â� Âð� ñ�� .´¨� ¤�À÷�Âî ÂÔ¬ ¥� ¤ø¢ A(z) ë�Ï ßþ�Â����

á�Þ¹õ �Ø�þ� ü�ãþ ßþ� ø .À�µÆû ¤�À÷�Âî ÂÔ¬ ¥� ¤ø¢ �î Ýþ¤ø�üõ ´¨À� z ý�ÎÖ÷ ñ�� ñ�ø¥ ��
T
n V

n(z) âÎÖõ �î ¢�ªüõ �¹�µ÷ (5-6-1) ��Ìì ¥� ö��î� .´¨� üû��µõ�÷ PV n(z) n V n+1(z)

2 .´¨� À�±Þû�÷ �f î K(g) Ûõ�î ý��ó�� ý�ä�Þ¹õ ßþ�Â���� .À��þüõ Û�ÜÖ� z ý�ÎÖ÷ �ú�� ��

ÛÊê ý�Àµ�� Íþ�Âª ¤¢ �î P : z 7�! z3 + c ý��ÜÞ�À�� ý��ó�� ý�ä�Þ¹õ ýÀ�±Þû �fã®�õ ñ��

Ûõ�î Ç¿� ßþ� üÜ¬� ý�¹�µ÷ ö�ûÂ� °��Â� ßþÀ� .¢�ªüõ �¹�µ÷(1-1-4) ��Ìì ¥� ,À�îüõ ëÀ¬

.¢�ªüõ
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�õÀÖõ 1-5

ý�ÎÖ÷ ×þ ÍÖê �î üþ�û ý��ÜÞ�À��) ü÷�Â½�-×� ôø¢�b �¤¢ ý�ûý��ÜÞ�À�� ÛÊê ßþ� ¤¢

ý�¤�¢ ø "ý��¡�ª Â�è' ,ù¢��ÂþÁ�ñ�õÂ÷ ¤�� ´þ�ú��� �î P : z 7�! z2 + c ôÂê �� (À÷¤�¢ ÂÔ¬ ü÷�Â½�

À� ±Þû �f ã®�õ�ûö� ý�� ó�� ý�ä�Þ¹õ �î Ý� �îüõ ´�� � ø �µ êÂð ÂÑ÷¤¢ �¤ À� µÆû "üÜî ö�Âî'

�¤ ö� ý��ó�� ý�ä�Þ¹õ ø �µêÂð ÂÑ÷ ¤¢ �¤ P ôø¢�b �¤¢ ü÷�Â½�-×� ÍÜµ¿õ ý��ÜÞ� À�� .´¨�

.Àª�� P ü÷�Â½� ¤�ÀÖõ ß�õ��i ,ci = P i(0) À��î Âê i � 1 Âû ý�Â� .Ý�û¢üõ Çþ�Þ÷ J(P ) ��

¥� ´¨� �¤�±ä P ü÷�Â½� ¤�Àõ �¤�¬ ßþ� ¤¢ .Ý�õ�÷üõ ü÷�Â½�-Å� ¤�Àõ �¤ PCO = fcig1i=1 ¤�Àõ

üÚþ�ÆÞû Âû ý�Â� �î ü�¤�¬¤¢ ,¢�ªüõ ùÀ÷��¡ üµÈð¥�� ÂÔ¬ ü÷�Â½� ý�ÎÖ÷ .CO = PCO [ f0g

.Àª�� �µª�¢ ¢��ø W ¤¢ i � 1 ,ci ü÷�Â½� ¤�ÀÖõ ×þ ÂÔ¬ ¥� W

ü÷�Â½� ¤�Àõ �î ´êÂð Ý�û��¡ ÂÑ÷ ¤¢ �¤ üõø¢�b �¤¢ ü÷�Â½�-×� ý�ûý��ÜÞ�À�� ÍÖê Å� ßþ� ¥�

) "Â��ü�' ø "�£��' �ø��µõ ý�û¤�Àõ P �î ¢Âî Ý�û��¡ Âê ß��»Þû .Àª�� "üµÈð¥��' �ú÷�

À�µÆû "âê�¢' P �ø��µõ ý�û¤�Àõ ô�Þ� ø ¤ ßþ� ¥� .Àª�� �µª�À÷ (À��î �ã��Âõ (5-2-1 ÓþÂã�

ß þ� .¢� � Àû��¡ K(P ) Ûõ� î ý� � ó�� ý�ä�Þ¹õ � � Â ��Â � ø À � ±Þû J(P ) ý�� ó�� ý�ä�Þ¹õ ø

.À�µÆû ¤�ÂìÂ� Ã�÷ ü÷�Â½�-×� (8-5-1 ÓþÂã� ) ôø¢�b �¤¢-�±ª ý�û´ª�Ú÷ ý�Â� �û´þ¢øÀ½õ

¤�Î� U ø À�µÆû é¤�õøÃþ� üþ�û×Æþ¢ �� �î À�µÆû ÍÜµ¿õ ý�½Ô¬ ¥� üþ�û��õ�¢ V;U À��î Âê

F : U 7�! V ü÷�Â½�-×� ôø¢ �b �¤¢-�±ª ´ª�Ú÷ ø (U � V ü�ãþ) ´¨� V ¤¢ ñ�ÞÈõ ù¢ÂÈê

ý¢Àä �î ü�¤�¬ ¤¢ ,´¨�Â þÁ �ñ�õÂ ÷ ¤� �×þ F ´ª�Ú÷ �î Ý� � îüõ ý¤ø�¢� þ .À þÂ �Ú � ÂÑ ÷¤¢ �¤

ø U 0 � U �î À�ª�� ¢���õ ö��� ü÷�Â½� ý�ÎÖ÷ ¥� U 0 ¥�� üÚþ�ÆÞû ×þ ø n0 > 1 À�÷�õ ¼�½¬

�ø¥ .Àª�� À�±Þû ý��ó�� ý�ä�Þ¹õ �� ôø¢�b �¤¢-�±ª ´ª�Ú÷ ×þ F1 = F n0 : U 0 7�! V 0 � V

.¢�ªüõ ùÀ�õ�÷ F ¥� ý¥�¨ñ�õÂ÷-n0 ×þ (U 0; V 0)

ü÷�Â½�-×� ôø¢�b �¤¢-�±ª ´ª�Ú÷ ×þ ¢�ªüõ ùÀû�Èõ (15-7-1) ÓþÂã � ¥� �î ¤�Î÷�Þû

ö¢��ÂþÁ�ñ�õÂ÷ ¤��k .Àª��ÂþÁ�ñ�õÂ÷ ¤��k ,k � 1 Âû ý�Â� �î ü�¤�¬ ¤¢ ,´¨� ÂþÁ�ñ�õÂ÷ ¤�� ´þ�ú���
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¥� � ´��� ý�ÎÖ÷ Û±ì ý�ûÛÊê ö�»Þû Ã�÷ ÛÊê ßþ� ¤¢ .´¨� ùÀõ� (14-7-1) ÓþÂã� ¤¢ Ã�÷

ôø¢�b�¤¢ ¥� P ö�� .¢�ªüÞ÷ Ýµ¡ ö� �� üµ��� ��Â� º�û �î ´¨� üµ��� ý�ÎÖ÷ ö�Þû P ý��ÜÞ�À��

ö��) ´¨� � ¥� �Ã¹õ �î ¢¤�¢ ¢��ø Ý�û¢üõ Çþ�Þ÷ � �� �¤ ö� �î ýÂÚþ¢ ´��� ý�ÎÖ÷ �Áó ´¨�

�� � ø � ´��� ¯�Ö÷ �� .´¨� P ¥� ´��� ��Â� ×þ ô�µ¿õ ý�ÎÖ÷ ø (¢¤�À÷ Â��ü� �ø��µõ ¯�Ö÷ P

,K(P ) = J(P ) ¥� � éÁ� �� ö�� .À�þ�ðüõ Ã�÷ "ü÷Àª �À�' ø "ü÷ÀÈ÷ �À�' ´��� ¯�Ö÷ °��Â�

ý�ä�Þ¹õ ,K(P ) ¥� � éÁ� � � üóø Àª Àû��¡ À� ±ÞûÂ �è K(P ) n f�g ùÀ ÷� õüì� � ý�ä�Þ¹õ

Àª�� F ¥� ý¥�¨ñ�õÂ÷n0 ×þ F1 = F n0 : U 0 7�! V 0 Âð� ¤�Î��Þû .´¨� À�±Þû ¥��û K(P ) n f�g

ÂÑ ÷¤¢ F1 ¥� üµ �� � �ÎÖ ÷ �¤ �F1 ,¢¤�¢ K(F1) Ûõ�î ý� � ó�� �ä�Þ¹õ ¤¢ âê�¢ ´�� � �ÎÖ ÷ ø¢ �î

øÂ�� .ÝþÂ�ðüõ ÂÑ÷¤¢ ÂÚþ¢ ´��� �ÎÖ÷ �¤ �F1 ø Àª�� À�±Þû�÷ K(F1) n f�F1g ý�ä�Þ¹õ �î ÝþÂ�ðüõ

ÂÑ÷¤¢ ôø¢ ��¤¢-�±ª ý�û´ª�Ú÷ ý¥�¨ñ�õÂ÷ �þÂÑ÷¤¢ �¤ �ûý¥�¨ñ�õÂ÷ ¥� ü�ø�Ôµõ ý�û�÷�ð ]6[

� ÷� ð-� �¤ (U 0; V 0) ý¥�¨ñ� õÂ ÷-n0 .1 � i < n0 ,K(i) = F i(K(F1)) À� � î Âê .Ý þÂ � ðüõ

; K(i) \K(j) = f�g Ý�ª� � � µª�¢ ,0 � i; j < n0 ø i 6= j �î (i; j) �ø¥ ×þ ý�Â � Â ð� ,Ý � þ� ð

K(i) \K(j) = f�g Ý�ª�� �µª�¢ ,0 � i; j < n0 ø i 6= j �î (i; j) �ø¥ ×þ ý�Â� Âð� Ý�þ�ð �÷�ð-�

Ý � ª� � � µ ª�¢ ,0 � i; j < n0 ø i 6= j � î (i; j) �ø¥ Â û ý�Â � � Ø � �¤� ¬¤¢ Ý � þ� ð � ÷� ð�Ã ¹ õ ø

� þ � ÷� ð-� �î �¤ (U 0; V 0) ý¥�¨ñ� õÂ ÷-n0 Âû (12-7-1) ÓþÂã � À � ÷� Þû .K(i) \K(j) = �

ý� û´ª� Ú ÷ � � (3-5) Ç¿ � ¤¢ .Ý � þ� ð F ¥� ù¢� ¨ ý¥� ¨ñ� õÂ ÷-n0 ×þ ,À ª� � � ÷� ð-�Ã ¹ õ

�ó�±÷¢ ×þ üã�±Ï ¤�Î� ,À�µÆûÂþÁ�ñ�õÂ÷ ¤�� ´þ�ú÷ü� �î F : U 7�! V ü÷�Â½� ×� ôø¢ ��¤¢-�±ª

ø Ý��îüõ Í±�Âõm1 < m2 < � � � �î fFi = Fmi : Ui 7�! Vig1i=1 ù¢�¨ ý�ûý¥�¨ñ�õÂ÷ ¥� üû��µõ�÷

�¤ fFi = Fmi : Ui 7�! Vig1i=1 �ó�±÷¢ .ÝþÂ�ðüõ ÂÑ÷¤¢ F �� Í±�Âõ �¤ �ó�±÷¢ ßþ� ù¤��Þû ö� ¥� Å�

.Àª�� ö� �� ÂÒ��µõ ý��ó�� ý�û�ä�Þ¹õ ¥� üû��µõ�÷ ý�ó�±÷¢ fJ(Fi)g1i=1 À��î Âê ø �µêÂð ÂÑ÷¤¢

ü�ãþ .´¨� ÛÖµÆõ (Ui; Vi) ý¥�¨ñ�õÂ÷-mi ��¿µ÷� ¥� J(Fi) �î Ý��îüõ ´��� (2-5) Ç¿� ¤¢

.J(G) = J(Fi) ´ª�¢ Ý�û��¡ ù�Ú÷� ,Àª�� F ¥� ý¥�¨ñ�õÂ÷-mi ×þ Ã�÷ G = Fmi : U 0 7�! V 0 Âð�
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P ôø¢ ��¤¢ ü÷�Â½�-×� ý��ÜÞ� À�� .Ý��îüõ ù¢�Ôµ¨� Jmi
¢�Þ÷ ¥� J(Fi) ¢�Þ÷ ý�¹� ßþ�Â����

¥� Àã � é�Âð�¤� � � �) .V = P (U) À�û¢ ¤�Â ì ø U = fzjG(z) � 1g À� � î Âê ø � µ êÂð ÂÑ ÷¤¢ �¤

��¤¢-�±ª ´ª�Ú÷ ×þ P : U 7�! V = P (U) �¤�¬ ßþ�¤¢ (À�þ�Þ÷ �ã��Âõ (15-5-1) ��Ìì

.´¨� ö�ÆØþ P ý��ÜÞ�À�� ý��ó�� �ä�Þ¹õ �� Çþ��ó�� �ä�Þ¹õ �î ´¨� ü÷�Â½�-×� ôø¢

P : U 7�! V ôø¢ ��¤¢-�±ª ´ª�Ú÷ Âð� ´¨�ÂþÁ�ñ�õÂ÷ ¤�� ´þ�ú÷ü� P ý��ÜÞ�À�� Ý�þ�ð ö��î�

�ó�±÷¢Âþ¥ ×þ Âð� ,´¨� "üÜî ö�Âî' ý�¤�¢ P : U 7�! V ´ª�Ú÷ Ý�þ�ð .Àª��ÂþÁ�ñ�õÂ÷ ¤�� ´þ�ú÷ü�

ö��� � > 0´��� ¢Àä ×þ ø fFis = Fmis : Uis 7�! Visg1s=1 ýù¢�¨ ý�ûý¥�¨ñ�õÂ÷ ¥� üû��µõ�÷

�ã��Âõ (2-3-5) ÓþÂã� ��) mod(Vis n Uis) > � Ý�ª�� �µª�¢ s � 1 Âû ý�Â� �î À�ª�� ¢���õ

üû��µõ�÷ ý�ó�±÷¢ Âþ¥ ×þ �î ü�¤�¬ ¤¢ ´¨� "ý��¡�ª Â�è' F ´ª�Ú÷ Ý�þ�ð ß��»Þû ,(À��î

´��� ¢Àä ø Jmil
¥� Wl ý�ûüÚþ�ÆÞû ,J(F ) ý��ó�� ý�ä�Þ¹õ ¥� fJmil

g1l=1 ý�ûý¥�¨ñ�õÂ÷ ¥�

¤�Àõ ¥� Wl n Jmil
ë�Ï ø mod(Wl n Jmil

) > � Ý�ª�� �µª�¢ l Âû ý�Â� �î À�ª�� ¢���õ ö��� � > 0

�Â÷� ÛÊê ßþ� ¤¢ �î ý���Ìì ñ�� (À���±� �¤ ((3-3-5) ÓþÂã�) .Àª�� �Ã¹õ fF n(0)g1n=0 ü÷�Â½�

:Ý��îüõ ö��� Âþ¥ �¤�¬ �� �¤ Ý��îüõ ´���

��Ìì 1-1-5

Â�è' ,ÂþÁ�ñ�õÂ÷ ¤� � ´þ�ú÷ü� �î ü÷�Â½�-×� ôø¢ ��¤¢ ý��ÜÞ�À�� ×þ ý�� ó�� ý�ä�Þ¹õ

.´¨� À�±Þû �fã®�õ ,´¨� "üÜî ö�Âî' ý�¤�¢ ø "ý��¡�ª

�� ôø¢ ��¤¢-�±ª ´ª�Ú÷ Âû ,¢�ªüõ �¹�µ÷ (5-7-1) ý¥�¨´¡���Øþ ��Ìì ¥� �î ¤�Î÷�Þû

.´¨� ( (4-7-1) ÓþÂã�) ÀþÂ±�û ñ¢�ãõ ôø¢�b �¤¢ ý��ÜÞ�À�� ×þ �� À�±Þû ý��ó�� �ä�Þ¹õ

.¢�ªüõ �µêÂð ¤�Ø� Ã�÷ ôø¢�b�¤¢-�±ª ´ª�Ú÷ ý�Â� (1-1-5) �b �Ìì ßþ�Â����
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¥�î�þ ý�ûñøÀ� ¤�µ¡�¨ 2-5

.Àª üêÂãõ (1-5) Ç¿� ¤¢ �î ¤¢ �î Àª� � ý�� ÜÞ�À�� ö�Þû P : z 7�! z2 + c À� � î Âê

.Àª�� S10 Û�Æ÷�µ �Ýû ü�½�õ �� ¢øÀ½õ Û�Æ÷�µ �Ýû ý����÷ U = U10 �î À��î Âê ß��»Þû

ý�ä�Þ¹õ ö�Þû Çþ��ó�� ý�ä�Þ¹õ �î �¤ F = P : U 7�! P (U) = V ôø¢�b�¤¢ �±ª ´ª�Ú÷ ñ��

.ÀþÂ�Ú� ÂÑ÷¤¢ �¤ ,´¨� J(P ) ý��ó��

ý�ÎÖ÷ Ý�û¢üõ ö�È÷ � �� �¤ ö� �î �ú÷� ¥� üØþ ø À�µÆû âê�¢ ø¢ Âû �î ¢¤�¢ ´��� ý�ÎÖ÷ ø¢ F

Ýµ¡ � �� �î ´¨� ¢���õ ü�¤�¡ ý�û ��Â� ¥� ¤ø¢ ×þ ü�ãþ .´¨� �ø��µõ ü�¤�¡ ��Â� ×þ ô�µ¿õ

¢�Àã� �� �0
0
Í¨�� �¤ U0

0
= U .Àª�� � �� ô�µ¿õ ü�¤�¡ ý�û��Â� á�Þµ�� �0

0
À��î Âê .¢�ªüõ

´��� ý�ÎÖ÷ �� ô�µ¿õ �ø��µõ ü�¤�¡ ��Â� �ø��� ýù¤ø¢ �� ´¨� Â��Â� ¢�Àã� ßþ�) ��õ�¢ üû��µõ

Âê n > 0 Âû ý�Â � .Àª� � �û��õ�¢ ßþ� ý�û¤� µÆ� ýù¢�� ÷�¡ �0 À��î Âê .Ý� ÷¥üõ ©Â� (�

.À÷¥üõ ©Â� ��õ�¢ üû��µõ ¢�Àã� �� �¤ U0
n = F�n(U0

0
) ,�0n �¤�¬ ßþ� ¤¢ .�0n = F�n(�0

0
) À��î

ý�Â� ¥�î�þ ñøÀ� ¤¢ �¤ �0 = f�ng1n=0 ý�ó�±÷¢ .Àª�� ��õ�¢ ßþ� ý�û¤�µÆ� ýù¢��÷�¡ �n À��î Âê

,´¨� ÂÔ¬ ü÷�Â½� ý�ÎÖ÷ Ûõ�ª �î �n ¤¢ Cn ý�µØþ ý��õ�¢ .Ý�õ�÷üõ J(F ) ý��ó�� ý�ä�Þ¹õ

×þ ,Cn �� ö� ÀþÀ½� Ã¹� �û��õ�¢ ô�Þ� �� P ÀþÀ½� .¢�ªüõ ùÀ�õ�÷ �n ¤¢ ü÷�Â½� ñøÀ� ý�Ø� ×þ

�n�1 ¤¢ ��õ�¢ ×þ ýø¤ Â� �þ�ø¢ ý��¡�ª üÈª�� ´ª�Ú÷ ×þ P jCn ø ;´¨� ÅþÀÞû ÝÆ�ê¤�õøÃþ�

�¤ ¢�ªüõ �¹�µ÷ (1-1-2) �b �Ìì ¥� �fÞ�ÖµÆõ �î ý��¹�µ÷ Âþ¥ ¤¢ .J1 =
T1
n=0Cn À��î Âê .´¨�

.Ý��îüõ ö���

��Ìì 1-2-5

Âð� ´¨� ÂþÁ�ñ�õÂ÷ P �¤�¬ ßþ� ¤¢ .Àª�� üµÈð¥�� ü÷�Â½� ¤�Àõ ý�¤�¢ P (z) = z2 + c À��î Âê

Àª�� �µª�¢ �ÎÖ÷ ×þ ¥� Ç�� J1 Âð� �ú��ø

¢�Þ ÷ � � �î C ¤¢ X üÚþ�ÆÞû-� .Àª� � ÍÜµ¿õ ý�½Ô¬ ¥� ý��ä�Þ¹õÂ þ¥ X À��î Âê
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:Ý��îüõ ÓþÂã� Âþ¥ �¤�Ê� �¤ ¢�ªüõ ù¢�¢ Çþ�Þ÷ N(X; �)

N(X; �) = fx 2 C jd(x;X) < �g (1-5)

� î À ÷¢� �� õ n1 � 0;m1 > 1 ¼ �½¬ ¢�À ä� �¤�¬ ß þ� ¤¢ À ª� � Â þÁ �ñ� õÂ ÷ P À � � î Â ê

Cm1+n1 � N(J1;1) ø ´¨� ôø¢�b�¤¢ ý��¡�ª üÈª�� ´ª�Ú÷ ×þ F1 = Fm1 : Cm1+n1 7�! Cn1

ø Cm1+n1 � U1 � U �î U1; V1 ý�û��õ�¢ ßþ� Â� ùø�ä .(À��î �ã��Âõ ]8, 11, 14[ â��Âõ ��)

ôø¢�b �¤¢-�±ª ´ª�Ú÷ ×þ F1 = Fm1 : U1 7�! V1 ´ª�Ú÷ �î À÷¢���õ ö��� Cn1 � V1 � V

�� �� .´¨� F : U 7�! V ¥� ù¢�¨ ý¥�¨ñ�õÂ÷ ×þ F1 ø J(F1) = J1 Ýþ¤�¢ �¤�¬ ßþ� ¤¢ .´¨�

×þ (F = P : U 7�! P (U) = V ôø¢�b�¤¢-�±ª ´ª�Ú÷) P : z 7�! z2+ c ý��ÜÞ�À�� ý�Â� ñ��

F1 = Fm1 : U1 7�! V1 ý¥�¨ñ�õÂ÷-m1 ×þ ø J1 =
T1
n=0Cn ý�ä�Þ¹õ ×þ ø ¥�î�þ ñøÀ�

´�� � ñ�� .´¨� J1 Â ��Â � ý¥�¨ñ� õÂ ÷-m1 ßþ� ý� � ó�� ý�ä�Þ¹õ �î Ý þ�ù¢¤ø� ´¨À � ý¤�Ï

.´¨� J1 ý��ó�� ý�ä�Þ¹õ ý�¤�¢ Ã�÷ F ¥� ýÂÚþ¢ ý¥�¨ñ�õÂ÷-m1 Âû �î Ý��îüõ

��Ìì 2-2-5

�¤�¬ ß þ� ¤¢ .À ª� � P ¥� ù�� ¿ ó¢ ý¥� ¨ñ� õÂ ÷-m1 ×þ G = Pm1 : U 0 7�! V 0 À � � î Â ê

´¨� J1 ù¤��Þû G Ûõ�î ý��ó�� ý�ä�Þ¹õ

Ûõ�ª �î Àª�� U 0TU1 ¥� ýÀ�±Þû ý�Ôó�b õ ö� U 00 À��î Âê .0 2 U 0TU1 Ý�÷�¢üõ .��±��

ý�ä�Þ¹õ �î ´¨� P ¥� ý¥�¨ñ�õÂ÷ ×þ (2-5) ´ª�Ú÷ �¤�¬ ßþ� ¤¢ .´¨� ÂÔ¬ ü÷�Â½� ý�ÎÖ÷

.´¨� À�±Þû ,J(H) ö� ý��ó��

H = Pm1 : U 00 7�! V 00 � V 0 \ V1 (2-5)

¥� ù��¿ ó¢ ý��ÎÖ ÷ z 2 J(H) À � � î Âê .´¨� ö�ÆØ þ H;G;F1 ý�û¤�ÂØ � ýù¢�� ÷�¡ ��®� �

ñ�õÂ÷ z ¥� üÚþ�ÆÞû º�û ¤¢ H ý�û¤�ÂØ� ýù¢��÷�¡ �¤�¬ ßþ� ¤¢ .Àª�� J(H) ý��ó�� ý�ä�Þ¹õ
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ßþ�Â �� � � .´Æ� ÷ ñ�õÂ ÷ z ¥� üÚþ�ÆÞû º�û ¤¢ Ã � ÷ G;F1 ý�û¤�ÂØ � ýù¢�� ÷�¡ ßþ�Â �� � � .´Æ� ÷

Âû �î �¹÷� ¥� .À�ª�� G;F1 ´��� ¯�Ö÷ �G; �G; �F1 ; �F1 À��î Âê .Ýþ¤�¢ �¤ z 2 J(G) \ J(F1)

´��� ¯�Ö÷ �H ; �H Âð� �Áó ,À÷¤�¢ ö�Èþ�û��õ�¢ ¤¢ ´��� ý�ÎÖ÷ ø¢ �fÖ�ì¢ H;G;F1 ý�û´ª�Ú÷ ¥� ×þ

U 00 � U 0 \ U1 ý�Î��¤ �� ���� �� ù�Ú÷� ,À�ª�� U 00 ¤¢ H (H ¥� ü÷ÀÈ÷�À� ø ü÷Àª�À� °��Â� ��)

´ª�¢ Ý�û��¡ �¤ (4-5) ý�Î��¤ z 2 J(G) \ J(F1) ý�Î��¤ ¥� ø ,(3-5) ý�Î��¤

f�G; �G; �F1 ; �F1g � f�H ; �Hg (3-5)

f�G; �G; �F1 ; �F1g � J(H) (4-5)

Ýþ¤�¢ (1-1-5) �b �Ìì ¥� �Áó ,�F1 2 JF1 ö�� �f ø�

J(F1) =
1\
n=0

F�n
1

(�F1): (5-5)

Ýþ¤�¢ (4-5) ý�Î��¤ ¥� üêÂÏ ¥�

J(H) =
1\
n=0

H�n(�F1): (6-5)

Ýþ¤�¢ (6-5) ø (5-5) Í��ø ¤ ¥� ßþ�Â����

J(H) = J(F1): (7-5)

Ýþ¤�¢ (7-5) ø z 2 J(G) \ J(F1) ý�Î��¤ ¥� ñ��

J(H) = J(F1) = J(F1) \ J(G): (8-5)

¢�ªüõ �¹�µ÷ (8-5) ý�Î��¤ ¥�

J(F1) � J(G): (9-5)

.¢�ªüõ �¹�µ÷ (9-5) ¥� �Áó �F1 2 J(F1) ö�� üêÂÏ ¥�

J(G) =
1\
n=0

G�1f�F1g: (10-5)
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Àû¢üõ �¹�µ÷ �¤ Âþ¥ ý�Î��¤ ¢�¡ ý���÷ �� Ã�÷ (10-5) ý�Î��¤ ø

J(G) = J(F1): (11-5)

Ûõ� î �¤ ö�ûÂ � ß þ� ø ,J(G) = J(H) = J(F1) = J1 Ý þ¤�¢ (11-5) ø (7-5) Í��ø ¤ ¥� ö� � î�

2 .À�îüõ

ÂîÁ� 3-2-5

¢¤�¢ ¢��ø Cm1+n � U 0 À�÷�õ ü÷�Â½� ý��Ø� ,F : U 7�! V ¥� (U 0; V 0) ý¥�¨ñ�õÂ÷-m1 Âû ý�Â�

.´¨� �þ�ø¢ ý��¡�ª üÈª�� ´ª�Ú÷ ×þ F1 = Fm1 : Cm1+n 7�! Cn � V 0 �î üÞÆì ��

ýÀã�e �¨ ¥�î�þ ý�ûñøÀ� ¤�µ¡�¨ 3-5

.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ P ÂþÁ�ñ�õÂ÷ ¤�� ´þ�ú��� ý�û ý��ÜÞ�À��

À � � î Â ê ß � � » Þ û .�0n = �n; �1 = �; �1 = �; k1 = m1; C
0
n = Cn À � � î Â ê

F1 ´��� ¯�Ö÷ �2; �2 À��î Âê ñ�� .À�ª�� Û±ì Ç¿� À�÷�Þû n1; J1;�0n; U0
n ; �

0; F : U 7�! V

¯�Ö÷ �2; �2 ¯�Ö÷ ��®�� .´¨� À�±Þû�÷ J1 n f�2g üóø ´¨� À�±Þû ¥��û J1 n f�2g �î À�ª��

Âê .À÷�ªüõ Ýµ¡ �2 �� �î ¢¤�¢ ¢��ø ü�¤�¡ ý�û��Â� ¥� ¤ø¢ ×þ �Áó .À�µÆû F = P ¥� ü�ø��µõ

©Â� ��õ�¢ üû��µõ ¢�Àã� �� �¤ U1

0
= C0

k1+n1
,�1
0
�¤�¬ ßþ� ¤¢ ,Àª�� �û��Â� ßþ� á�Þµ�� �1

0
À��î

U1
n = F�n

1
(U1

0
) ,�1n = F�n

1
(�1

0
) ñ�� .Àª�� ü���÷ ßþ� ý�û¤�µÆ� ýù¢��÷�¡ �1

0
À��î Âê.À÷¥üõ

À÷¥üõ ©Â� ��õ�¢ üû��µõ ¢�Àã� �� n � 1 Âû ý�Â� �¤

ýÀã�ø¢ ñøÀ� ×þ �1 = f�1ng1n=0 ý�ó�±÷¢ .Àª�� ü���÷ ßþ� ý�û¤�µÆ� ý�þ�¢Âð �1n À��î Âê

.Ý�õ�÷üõ ñøÀ� ß�õ�-ÂÔ¬ �¤ �0 ß��»Þû .Ý�õ�÷üõ ñøÀ� ß�óø� �¤ ö� �î ,´¨� J1 ý�Â�

F1 ÀþÀ½� �î ´¨� ¼®�ø .Ý�õ�÷üõ �1n ¤¢ ü÷�Â½� ý�Ø� ,´¨� ÂÔ¬ Ûõ�ª �î �¤ �1n ¤¢ C1
n ý��õ�¢



97 � � �ÂþÁ�ñ�õÂ÷ ¤��´þ�ú��� ý�ûý��ÜÞ�À��

×þ P jC1
n
ø ´¨� �1n�1 ¤¢ ý�û��õ�¢ ýø¤ �� üþ�¨ ø¢ ×þ ,C1

n ý��·µ¨� �� �1n ¤¢ �û��õ�¢ ô�Þ� ��

(C1 = F (0) Ûõ�ª �î ý���õ�¢ �fÊ¿Èõ) �1n�1 ¤¢ ��õ�¢ ×þ ýø¤ �� �þ�ø¢ ý��¡�ª üÈª�� ´ª�Ú÷

.´¨�

¢� �ø k2 > 1; n2 � 0 ¼ �½¬ ¢�À ä� ´¨� Â þÁ �ñ� õÂ ÷ F1 ö�� .J2 =
T1
n=0C

1
n À � � î Â ê

� Ø þ¤� Î � ´ ¨� � þ�ø¢ ü È ª� � ´ ª� Ú ÷ × þ F2 = F
k2
1

: C1
n2+k2

7�! C1
n2

� Ø þ¤� Î � À ÷¤�¢

ÝþÂ�ðüõ ÂÑ÷¤¢ ý¤�Ï �¤ C1
n2
� V2 � V1 ø C1

n2+k2
� U2 � U1 ý�û��õ�¢ .C1

n2+k2
� N(J2;

1

2
)

J2 Â��Â � Çþ�� ó�� �¤�¬ ßþ� ¤¢ .Àª�� ôø¢�b �¤¢-�±ª ´ª�Ú÷ ×þ F2 = F
k2
1

: U2 7�! V2 �î

.´¨�

;Ý�ª�� �µ¡�¨ �¤ ´¨� Ji Çþ��ó�� �î Âþ¥ ´ª�Ú÷ �õ À��î Âê i � 2 Âû ý�Â�

Fi = F ki
i�1

: Ui 7�! Vi ; Fi = F ki
i�1

: Ci�1
ni+ki

7�! Ci�1
ni

¯�Ö÷ �i+1; �i+1 ¯�Ö÷ .À�ª� � Fi ¥� ü÷ÀÈ÷�À� ø ü÷Àª�À� ´�� � ¯�Ö÷ �i+1; �i+1 À��î Âê

ý�ÎÖ÷ ¤¢ �î¢¤�¢ ¢��ø ü�¤�¡ ��Â� üû��µõ ¢�Àã� üóø ,�� ø¢ Ûì�À� .À�ª��üõ Ã�÷ P âê�¢ �ø��µõ

,�i
0
�¤�¬ ßþ� ¤¢ .Àª� � ü�¤�¡ ý�û� �Â � ßþ� ¤cø¢ á�Þµ�� �i0 À��î Âê .À÷�ªüõ Ýµ¡ �i+1

ßþ� ý�û¤�µÆ� ýù¢��÷�¡ �i
0
À��î Âê .À÷¥üõ ©Â� ����÷ üû��µõ ¢�Àã� �� �¤ U i

0
= Ci�1

ni+ki
U i
0

U i
n = F�ni (U i

0
) ,�in �¤�¬ ßþ� ¤¢ .Àª�� �in = F�ni (�i

0
) À��î Âê n > 0 Âû ý�Â� .Àª�� ü���÷

ý��õ�¢ .Àª�� ü���÷ ßþ� ý�û¤�µÆ� ýù¢��÷�¡ �in À��î Âê .À÷¥üõ ©Â� ��õ�¢ üû��µõ ý¢�Àã� �� �¤

�� Fi ÀþÀ½� �î ´¨� ¼®�ø Â� .¢�ªüõ ùÀ�õ�÷ �in ¤¢ ü÷�Â½� ý�Ø� ,´¨� ÂÔ¬ Ûõ�ª �î �in ¤¢ Ci
n

P jCin ø ´¨� �in�1 ¤¢ ý�û��õ�¢ ýø¤ �� üþ�¨ ø¢ ´ª�Ú÷ ×þ Ci
n ý��·µ¨� �� �in ¤¢ ý�û��õ�¢ ô�Þ�

.Ji+1 =
T1
n=0C

i
n À��î Âê .´¨� �in�1 ¤¢ ��õ�¢ ×þ ýø¤ Â� �þ�ø¢ ý��¡�ª üÈª�� ´ª�Ú÷ ×þ

×þ Fi+1 = F
ki+1
i : Ci

ni+1+ki+1
7�! Ci

ni+1
�Øþ¤�Î� À÷¢���õ ki+1 > 1; ni+1�0 ¼�½¬ ¢�Àä�

.Ci
ni+1+ki+1

� N(Ji+1;
1

i+1
) ø ´¨� �þ�ø¢ ý��¡�ª üÈª�� ´ª�Ú÷

� î Ý þÂ � ðü õ Â Ñ ÷¤¢ ý¤� Ï �¤ Ci
ni+1

� Vi+1 � Vi ø Ci
ni+1+ki+1

� Ui+1 � Ui ý� û� � õ�¢ � õ
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ý��ó�� ý�ä�Þ¹õ �¤�¬ ßþ� ¤¢ .Àª�� ôø¢�b�¤¢ �±ª ´ª�Ú÷ ×þ Fi+1 = F
ki+1
i : Ui+1 7�! Vi+1

ö��õ .´¨� Ji ý�Â� ýÀã� ø¢ ñøÀ� ×þ ßþ� .�i = f�ing1n=0 À��î Âê .¢�� Àû��¡ Ji+1 Â��Â� ö�

.Ý�õ�÷üõ ¥�Âê� ß�õ��i �¤

ÂîÁ� 1-3-5

�Øþ¤�Î� Ýþ¤�¢ n > 0 ¼�½¬ ¢Àä ×þ �õ ,Fi : Ui 7�! Vi ¥� (U 0; V 0) ý¥�¨ñ�õÂ÷-ki+1 Âû ý�Â�

× þ Fi+1 = F
ki+1
i : Ci

n+ki+1
7�! Ci

n � Ø þ¤� Ï ø Ci
n � V 0 ø Ci

n+ki+1
� U 0 \ N(Ji+1;

1

i+1
)

ßþ�Â���� .ÝþÂ�üõ ¤�î �� �i \ Ci
n+ki+1

ü�ãõ �� �¤ �i Ýû ¥��û .Àª�� �þ�ø¢ ý��¡�ª üÈª�� ´ª�Ú÷

.Àª�� Fi : Ui 7�! Vi ¥� ù��¿ó¢ ý¥�¨ñ�õÂ÷-ki+1 ×þ À÷���üõ (Ui+1; Vi+1)

�f õ�î üû��µõ�÷ ý�ó�±÷¢ ×þ �õ �¤�¬ ßþ� ¤¢ .1 � i < 1 ý�Â� mi =
Qi
i=1 ki À��î Âê

ø ;Ýþ��µ¡�¨ �¤ fFi = Fmi : Ui 7�! Vig1i=1 ü�ãþ ,F : U 7�! V ýù¢�¨ ý�ûý¥�¨ñ�õÂ÷ ¥� üã�±Ï

ßþ� �õ �î ,Ýþ��µ¡�¨ (J0 = J �î) fJig1i=0 ý�Â� �¤ �û¥�Âê� ¥� f�ig1i=0 ��¤¢�� ý�ó�±÷¢ ×þ ß��»Þû

�¤ Ç¿� ßþ� ý�û¢�Þ÷ ô�Þ� �õ Å� ßþ� ¥� .Ý�õ�÷üõ ýÀã�e �¨ ñøÀ� ×þ �¤ �û¥�Âê� ¥� f�ig1i=0 ý�ó�±÷¢

.Ý��îüõ ÅØ�ê

ÓþÂã� 2-3-5

´��� ×þ Âð� ¢¤�¢ 1üÜî ö�Âî P (z) = z2 + c ÂþÁ�ñ�õÂ÷ ¤�� ´þ�ú��� ôø¢�b�¤¢ ý��ÜÞ�À��×þ Ý�þ�ð

¢��ø fFis = Fmis : Uis 7�! Visg1s=1 À�÷�õ ù¢�¨ ý�ûý¥�¨ñ�õÂ÷ ¥� üû��µõ�÷ ý�ó�±÷¢ ×þ ø � > 0

.mod(Vis n U is) > � Ý�ª�� �µª�¢ s � 1 Âû ý�Â� �Øþ¤�Î� Àª�� �µª�¢

Complex bounds 1
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ÓþÂã� 3-3-5

×þ Âð� ´¨� 2ý��¡�ªÂ�è P (z) = z2 + c ÂþÁ�ñ�õÂ÷ ¤�� ´þ�ú��� ôø¢�b �¤¢ ý��ÜÞ�À�� ×þ Ý�þ�ð

,l Âû ý�Â� ,Jil ¥� Wl ý�ûüÚþ�ÆÞû ø J(P ) = J ¥� fJilg1l=1 ý�ûý¥�¨ñ�õÂ÷ ¥� üû��µõ�÷ ý�ó�±÷¢Âþ¥

¥� ý��ÎÖ÷ º�û Ûõ�ª Wl n Jil ø Àª�� mod(Wl n Jil) > � �Øþ¤�Ï À�ª�� �µª�¢ ¢��ø � > 0´��� ø

.Àª�±÷ ,CO = fCig1i=0 ,P ü÷�Â½� ¤�Àõ

üã®�õ ýÀ�±Þû ø ýÀã�e �¨ ý�ûñøÀ� 4-5

�î Ý��îüõ ��±�� �ûý¥�¨ñ�õÂ÷ ¤¢ ÕÜÎõ¤Àì ýÂ��Â��÷ ×þ (1-1-5) �b �Ìì ��±�� �� ßµ¡�¢Â� ¥� Û±ì

��Ìì ��±�� �� Å³¨ .Àþ�üõ ¤�Ø� ��ó�� �ä�Þ¹õ ¯�Ö÷ ý�Â� üã®�õ ý�þ�� ×þ ö¢¤ø� ´¨À� ¤¢

.Ýþ¥�¢Â�üõ üÜ¬�

�� F : U 7�! V ôø¢ ��¤¢-�±ª ´ª�Ú÷ ×þ ¥� (U 0; V 0) ý¥�¨ñ�õÂ÷-n0 ×þ �î Ý��îüõ ý¤ø�¢�þ

´ª�Ú÷ ×þ F1 = F n0 : U 0 7�! V 0 �Ø÷��� ,´¨� V 0 � V ø U 0 � U ý�û��õ�¢ ¥� �ø¥ ×þ ü�ãõ

.Àª�� À�±Þû Ûõ�î ý��ó�� �ä�Þ¹õ �� ôø¢ ��¤¢-�±ª

��Ìì 1-4-5

(U 0; V 0) ý¥�¨ñ�õÂ÷-n0 ø Àª�� ÂþÁ� ñ�õÂ÷ ôø¢ ��¤¢-�±ª ´ª�Ú÷ ×þ F : U 7�! V À��î Âê

mod(U n U 0) � 1

2
mod (V n U) Ýþ¤�¢ �¤�¬ ßþ� ¤¢ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ n0 > 1 �î

(10-7-1) ÂîÁ � ¥� .Ý þÂ � ðüõ ÂÑ÷¤¢ �¤ F1 = F n0 jU 0 : U 0 7�! V 0 ý¥�¨ñ�õÂ ÷-n0 .�� ± ��

ý�ä�Þ¹õ Âþ¥ ×þ V 0 ö�� .¢¤�À÷ ÕÜã� V 0 �� C1 = F (0) ü÷�Â½� ¤�ÀÖõ ß�óø� �î ¢�ªüõ �¹�µ÷

ø (6-4-1) ÓþÂã� ¥� �Áó ,´¨� �þ� ø¢ ý��¡�ª üÈª�� ´ª�Ú÷ ×þ F ø ù¢�� V ¥� ù¢�¨ À�±Þû

Unbranche 2
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´¨� Âþ¥ �¤�¬ �� üÜ�Ü½� öø¤�ø ý�¡�ª ø¢ ý�¤�¢ F �î ¢�ªüõ �¹�µ÷ (8-4-1)

g0 : V 0 7�! g0(V
0) ; g1 : V 0 7�! g1(V

0) � U: (12-5)

.((10-7-1) ÂîÁ� ¤¢ ùÀª Âî£ Â�¹÷¥ �� ������) ´¨� F n0�1(U 0) �ú÷� ¥� üØþ

ÂÑ ÷¤¢ �¤ U n U 0 ø V n F (U 0) ý�ûë�Ï .´¨� c1 Ûõ�ª ø U Û¡�¢ ¤¢ ý�� � õ�¢ F (U 0) ßþ�Â �� � �

�þ�ø¢ üÈª�� ´ª�Ú÷ ×þ F jUnU 0 : U n U 0 7�! V n F (U 0) ´ª�Ú÷ ö�� �¤�¬ ßþ� ¤¢ .ÀþÂ�Ú�

Ýþ¤�¢ ´¨� (ôø¢�b�¤¢)

mod (U n U 0) =
1

2
mod (V n F (U 0)): (13-5)

Ýþ¤�¢ �Áó ´¨� V n F (U 0) ¥� üì�ÏÂþ¥ V n U ë�Ï �Áó ´¨� U ¥� ý��ä�Þ¹õÂþ¥ F (U 0) ö��

mod (V n U) � mod(V n F (U 0)): (14-5)

2 .mod(U n U 0) � 1

2
mod (V n U) ¢�ªüõ �¹�µ÷ (14-5)ø (13-5) Í��ø ¤ ¥� ñ��

ø À ª� � Â þÁ �ñ� õÂ ÷ ¤� � ´ þ� ú � � � P ü ÷�Â ½ �-× � ôø¢�b �¤¢ ý�� Ü Þ �À � � À � � î Â ê ñ� �

ý�û¤�ÂØ� ´½� xøcÂÈ�� ¤�Àõ ,x 2 J(P ) Âû ý�Â� .Àª�� ö� ýÀã� �¨ ñøÀ� f�i = f�ing1n=0g1i=0

�¤ Âþ¥ ÓþÂã� �¤�¬ ßþ� ¤¢ .Àª�� xøcÂÈ�� ¤�Àõ ¤�µÆ� o(x) Ý��î Âê .Ý�û¢üõ Çþ�Þ÷ o(x) �� �¤P

.Ýþ¤�¢

ÓþÂã� 2-4-5

Ý�ª�� �µª�¢ i � 1×þ ý�Â� Âð� ,´¨� "ÂÔ¬ �� üµÈð¥�� Â�è' x 2 J(P ) ý�ÎÖ÷ Ý�þ�ð

o(x) \ Ji = �: (15-5)

.´¨� "ÂÔ¬ �� üµÈð¥��' ýÀã� �¨ ñøÀ� ¤¢ x ý�ÎÖ÷ Ý�þ�ð �¤�¬ ßþ� Â�è ¤¢
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ø Fj ¥� �j+1; �j+1 ü÷ÀÈ÷�À� ø ü÷Àª�À� ´��� ¯�Ö÷ ô�Þ� 1 � j <1 Âû ý�Â� ñ�·õ ö���ä ��

´½� Ç÷ø¤�ø Âþø�Ê� ø ü÷�Â½� ¤�Àõ ø À�µÆû üµÈð¥�� Â�è P ý�û¤�ÂØ� ´½� ö�È÷ø ¤�ø Âþø�Ê� ô�Þ�

ô�¹÷� Âþ¥ ý�ûÝó üÏ �¤ ¤�î ßþ� .Ýþ¥�¢Â�üõ üÜ¬��b �Ìì ��±�� �� ñ�� .À�µÆû üµÈð¥�� P ý�û¤�ÂØ�

ýÀ�±Þû �fã®�õ (4-4-5) Ýó ¢�ªüõ ��±�� (1-2-3) Ýó ���Èõ �fÖ�ì¢ (3-4-5) Ýó .Ý�û¢üõ

ýù¤�Ãð ø (5-4-5) Ýó �õ�¢� ¤¢ .Àû¢üõ ´¨À� üµÈð¥�� Â�è ¯�Ö÷ ô�Þ� ¤¢ �¤ ��ó�� ý�ä�Þ¹õ

¤¢ ��ó�� ý�ä�Þ¹õ ýÀ�±Þû �fã®�õ �î (7-4-5) Ýó ��±�� ý�Â� �¤ ô¥� ¤�Ã�� ø Íþ�Âª (6-4-5)

.Ýþ¥�¢Â�üõ ÂÑ÷ ¢¤�õ ý�ûÝó ��±�� �� ö��î� .À��îüõ Ýû�Âê ,À�îüõ ��±�� �¤ üµÈð¥�� ¯�Ö÷ ô�Þ�

Ýó 3-4-5

.´¨� À�±Þû D \ J(P ) ,0 � i; n �î �in ¤¢ D ý��õ�¢ Âû ý�Â�

2 .¢�ªüõ ´��� (1-2-3) Ýó ���Èõ �f õ�î .��±��

Ýó 4-4-5

.´¨� À�±Þû �fã®�õ üµÈð¥�� Â�è ý�ÎÖ÷ Âû ¤¢ J(P ) ý��ó�� ý�ä�Þ¹õ

k0 = 1; n0 = 0; U = À�û¢ ¤�Â ì .´¨� üµÈð¥� � Â �è x 2 J(P ) ý�ÎÖ ÷ À� � î Âê .�� ± ��

�¤ i � 0 �Áó ´¨� üµÈð¥�� Â�è x ö�� .Ýþ¤�¢ �¤ Cj�1
kj+nj

ý�û�Ø� Ã�÷ �ûj � 1 ô�Þ� ý�Â� .C�1
n0+k0

�Øþ¤�Î� Ý��îüõ ��¿µ÷� ü½�½¬ ¢Àä ßþÂµØ��î

o(x) \ ci�1ni+ki
6= � ; o(x) \ Ji+1 = �: (16-5)

ý� ó� ± ÷¢ ø Ji+1 =
T1
n=0C

i
n ö�� .À þÂ � Ú � Â Î ÷ ¤¢ �¤ ci�1ni+ki

¤¢ �i = f�ing1n=0 ñøÀ� ß � õ�-i

Ý þ¤�¢ N � 0 À � ÷� õ ü ½ � ½¬ ¢À ä ý�Â � � î ¢� ªü õ � ¹ � µ ÷ ´ ¨� � �¤¢� � T1n=0(o(x) \ cin)
:ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ Âþ¥ ´ó�� ø¢ �Áó o(x) \ Ci�1

ni+ni 6= � ö�� .o(x) \ Ci
N = �

x =2 Ci�1
ni+ki

; x 2 Ci�1
ni+ki

(17-5)
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ÀþÂ�Ú� ÂÑ÷¤¢ Âþ¥ �¤�Ê� �¤ N ÕÞä ¤¢ ý�û�Ø� �i ñøÀ� ß�õ�-i ¤¢ ø x 2 Ci�1
ni+ki

À��î Âê �Àµ��

�iN = fCi
N ; BN;1; � � � ; BN;qg: (18-5)

À÷���üÞ÷) ´¨� üµÈð¥�� ü÷�Â½� ý�ÎÖ÷ �Ø�þ� �� ���� �� �¤�¬ ßþ� ¤¢ P (0) 2 BN;1 À��î Âê

ø o(x) \Ci
N = � ö�� .P (0) 2 int BN;1 Ý�ª�� �µª�¢ Àþ�� (Àª�� �´��� ý�ÎÖ÷ öø¤�ø Âþ�Ê� ×þ

�Ø�þ� �� ���� �� ø P (o(x)) \ P (Ci
N+1) = � ø¤ ßþ� ¥� .o(x) \ Ci

N+1 = � Ýþ¤�¢ �Áó Ci
N+1 � Ci

N

�î Àª�� �iN+1 ¤¢ ý���õ�¢ D À��î Âê .P (o(x)) \BN;1 = � ´ª�¢ Ý�û��¡ P (Ci
N+1) = BN;1

´ª�¢ Ý�û��¡ 2 � i; j � q �î (i; j) �ø¥ ×þ ý�Â� �¤�¬ ßþ� ¤¢ ´¨� x Ûõ�ª

P (D) = BN;i ; D � BN;i : (19-5)

ÝÆ�ê¤�õøÃþ� ×þ P jD : D 7�! P (D) = BN;i ´ª�Ú÷ �î ¢�ªüõ �¹�µ÷ o(x) \ Ci
N+1 = � ¥� �f ø�

Àª�� Âþ¥ �¤�Ê� ö� öø¤�ø À��î Âê .´¨� ÅþÀÞû

gij : BN;i 7�! D � BN;j ; 2 � i; j � q : (20-5)

ý�û�Ø� ý�Â� �î Ý��î Ý�¿® ý¤�Ï �¤ BN;i; BN;j ý�û�Ø� Ý�÷���üõ .gij(BN;i) � BN;j ��®��

ø BN;i � eBN;i;ij Ý�ª� � � µª�¢ ,Ý �û¢üõ Çþ�Þ ÷ eBN;i;ij; eBN;j;ij � � °� �Â � � � �¤ � ú ÷� � î Û¬��

´ª�Ú÷ ßþ� .À��þ â�¨�� eBN;j;ij ý�� �� eBN;i;ij ¥� "Schlicht' ´ª�Ú÷ ×þ �� gij ø BN;j � eBN;j;ij

ý�Ü¬�ê �� �¤ ö�Þþ¤ ýùÂî ¤¢ eBN;i;ij; eBN;j;ij ý�û��õ�¢ ñ�� .Ý�û¢üõ Çþ�Þ÷ gij � � Ã� ÷ �¤ ÀþÀ�

×þ ü�ãþ .´¨� ßî Ýî ñ�Ï gij ´ª�Ú÷ �¤�¬ ßþ� ¤¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ dH;i;ij; dH;j;ij ×�ó��Â³�û

Ý�ª�� �µª�¢ eBN;i;ij ¤¢ âì�ø x; y Âû ý�Â� �î üÞÆì �� ¢¤�¢ ¢��ø 0 < �ij < 1´���

dH;j;ij (gij(x); gij(y)) < �ijdH;i;ij(x; y): (21-5)

¢�Àã� �¹�µ÷ ¤¢ ø (BN;i; BN;j) ý�û�ø¥ ¥� üû��µõ ¢�Àã� ÍÖê �Áó ,´¨� üû��µõ �iN ý�ä�Þ¹õ ö��

À�÷�õ üµ�� � ¢Àä �Áó .Ýþ¤�¢ ö�Þþ¤ ýùÂî ¤¢ �û��õ�¢ ß�� gij ßî Ýî ñ�Ï ý�û´ª�Ú÷ ¥� üû��µõ
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¤�ÂìÂþ Âþ¥ ýø�Æõ�÷ 2 � i; j � q ,gij ßî Ýî ñ�Ï ´ª�Ú÷ Âû ý�Â� �Øþ¤�Î� ¢¤�¢ ¢��ø 0 < � < 1

´¨�

dH;j;ij (gij(x); gij(y)) < �dH;i;ij(x; y): (22-5)

ÂÑ ÷¤¢ �¤ ô�-i ñøÀ� ¤¢ x 2 � � � � Di
n(x) � Di

n�1(x) � � � � � Di
1
(x) � Di

0
(x) Â �¹ ÷¥ ñ� �

.ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ Di
n(x); n > N ù��¿ó¢ ý��õ�¢ .Di

n(x) 2 �in Ýþ¤�¢ n � 0 Âû ý�Â� �î ÝþÂ�ðüõ

üã�±Ï ¢Àä Âû ý�Â� �Áó .Pmi(n�N) = F n�N
i (Di

n(x)) 2 �iN (ô�-i ¤�µ¡�¨ �� ���� ��) Ý�÷�¢üõ

�¤ m ¼�½¬ ¢Àä .ý¤� Ú ÷ü õ �iN ¤¢ ý�� � õ�¢ ý� � � � �¤ Di
n(x) ý� � õ�¢ ,P k ,k � mi(n � N)

ø¤ ßþ� ¥� ø m � n� N ´ª�¢ Ý�û��¡ �¤�¬ ßþ� ¤¢ .n �m � N �î ÝþÂ�ðüõ ÂÑ÷ ¤¢ ý¤�Ï

âÎì �¤ x ¤�À õ �î ´¨� �iN ¤¢ ý�� � õ�¢ ý�ä�Þ¹õÂ þ¥ Pm(Di
n(x)) ßþ�Â �� � � .m � mi(n � N)

´��� ×þ �î Ý��î üõ �ä¢� .Pm(Di
n(x)) � BN;j ´ª�¢ Ý�û��¡ 2 � j � q ×þ ý�Â� �Áó .À�îüõ

�Øþ¤�Î� ¢¤�¢ ¢��ø C ´±·õ

d(Di
n(x)) = max jy � zj � C�n�N z; y 2 Di

n(x): (23-5)

ý�Â� .´¨� ÅþÀÞû ÝÆ�ê¤�õøÃþ� ×þ P n�N : Di
n(x) 7�! P n�N (Di

n(x)) ´ª�Ú÷ :�ä¢� ��±��

ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ Âþ¥ Â�¹÷¥ ø m = n�N Ý�û¢üõ ¤�Âì üµ��¤

Di
n(x)

P7�! P (Di
n(x))

P7�! � � � P7�! Pm�1(Di
n(x))

P7�! Pm(Di
n(x)): (24-5)

Âû � î Ý þÂ � ðüõ �¹ � µ ÷ �Á ó n � r � n �m = n � (n � N) = N Ý þ¤�¢ 1 � r � m Â û ý�Â �

Âþ¥ Â�¹÷¥ ö��î� .´¨� Ci
N ø BN;1 ¥� Â�è ,�iN ¤¢ ý���õ�¢ ý�ä�Þ¹õÂþ¥ 0 � r � m ,P r(Di

n(x))

ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ öø¤�ø ý�û´ª�Ú÷ ¥�

Pm(Di
n(x)) 7�! Pm�1(Di

n(x)) 7�! � � � 7�! P (Di
n(x)) 7�! Di

n(x): (25-5)

ß�� ßî Ýî ñ�Ï üþ�û´ª�Ú÷ � � 25-5 Â�¹÷¥ ý�û´ª�Ú÷ ¥� ×þ Âû ÝþÀþ¢ �f ± ì �î ¤�Î÷�Þû

¤¢ âì�ø üû��¿ó¢ ¯�Ö÷ x; yÀ��î Âê ñ�� .À���þüõ â�¨�� 2 � i; j � q , eBN;i;ij ; eBN;j;ij ý�û��õ�¢
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ý�Â�) :Ýþ¤�¢ ø À�µÆû Pm(Di
n(x)) ¤¢ üû��¿ó¢ ¯�Ö÷ Pm(y) ø Pm(x) �¤�¬ ßþ� ¤¢ ,À�ª�� Di

n(x)

(Ý�û¢üõ Çþ�Þ÷ dH �� �¤ ×�ó��Â³�û ý�û�Ü¬�ê ô�Þ� ø ÝþÂ�ðüõ gij �¤ öø¤�ø ý�û´ª�Ú÷ ô�Þ� üµ��¤

dH(gij(P
m(x)); gij(P

m(y))) � � dH(P
m(x); Pm(y)) =)

=) dH(P
m�1(x); Pm�1(y)) � � dH(P

m(x); Pm(y))

(26-5)

:Ýþ¤�¢ �¤�¬ ßþ� ¤¢ ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ Pm�1(Di
n(x)) ¤¢ Pm�1(y) ø Pm�1(x) ù��¿ó¢ ¯�Ö÷ ñ��

dH(gij(P
m�1(x)); gij(P

m�1(y))) � � dH(P
m�1(x); Pm�1(y)) =)

=) dH(P
m�1(x); Pm�1(y)) � �2 dH(P

m(x); Pm(y)):

(27-5)

dH(P
m�r(x); Pm�r(y)) � �r dH(P

m(x); Pm(y)) Ýþ¤�¢ 1 � r � m Âû ý�Â� °��Â � ß�Þû ��

.Ýþ¤ø�üõ ´¨À� r = m ý�Â� ùÄþ��

dH(x; y) � �m dH(P
m(x); Pm(y)): (28-5)

ø m = n�N �Ø�þ� �� ���� �� ßþ�Â���� .2 � i; j � q ,C = maxdiam( eBN;i;ij) Ý�û¢üõ ¤�Âì ñ��

Ýþ¤�¢ (28-5)

d(Di
n(x)) � C �n�N : (29-5)

ßþ�Â��� � .´¨� ¤�ÂìÂ� �ûDi
n(x) ô�Þ� ý�Â� (30-5) ý�Î��¤ �Áó ,¢�� ù��¿ó¢ Di

n(x) ý��õ�¢ ö��

ý�ÎÖ÷ x ,n � 0 Âû ý�Â� Âð� .À�îüõ Û�õ ÂÔ¬ �� ,À�î Û�õ ´þ�ú��� �� n �î üõ�Ú�û d(Di
n(x))

�î ´¨� x ý�ûüÚþ�ÆÞû ¥� üã®�õ ý�þ�� ×þ fDi
n(x)g1n=0 ýù¢��÷�¡ ù�Ú÷� Àª�� Di

n(x) Âû ü÷ø¤¢

´ó�� ßþ� ¤¢ ø .À�îüõ âÎì À�±Þû ý�ä�Þ¹õ×þ ¤¢ �¤ J(P ) ý��ó�� ý�ä�Þ¹õ ö� �Ìä Âû

.¢�ªüõ �¹�µ÷ x 2 J(P ) ¤¢ ýÀ�±Þû �fã®�õ

ÂÑ÷¤¢ �¤ Â þ¥ Â�¹÷¥ ù�Ú÷� ,Àª�� âì�ø Ci�1
ni+ki

öø¤¢ ¤¢ üóø Àª�� Di
n(x) ý¥Âõ ý�ÎÖ÷ ×þ x Âð�

;ÝþÂ�ðüõ

x 2 � � � � Di
s;n(x) � Di

s;n�1(x) � � � � � Di
s;1(x) � Di

s;0(x): (30-5)
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.¢�ªüõ Ýµ¡�´��� ý�ÎÖ÷ �� �î x ý�ÎÖ÷ Ûõ�ª ý�û�Ø� ¥� üÈþ�Þ÷ :1-5 ÛØª

ø ´¨� Di
n(x) ý¥Âõ ý�ÎÖ÷ ×þ x 2 J(P ) ö�� �î Àþ�üõ ´¨À� °��Â� ßþ� �� 30-5 Â�¹÷¥

ü�½�õ ×þ ø � ´��� ý�ÎÖ÷ ¥� ü÷ø ¤�ø Âþø�Ê� �� ô�µ¿õ ü�¤�¡ ý�û��Â� Í¨�� Di
n(x) ý��õ�¢

�î ¢¤�¢ �¤ J(P ) ¥� �ÎÖ÷ üû��µõ ¢�Àã� Â·î�À� Di
n(x) ��õ�¢ ¥Âõ �Áó ,´¨� ùÀª ¢øÀ½õ Û�Æ÷�µ�Ýû

ßþ� ¥� .´¨� � ¥� ü÷ø ¤�ø Âþ�Ê� ×þ x 2 @(Di
n(x)) �Áó .À�µÆû ü�¤�¡ ý�û��Â� ô�µ¿õ ¯�Ö÷ �÷�Þû

´��� ý�ÎÖ÷ �� �î ü�¤�¡ ý�û��Â� ¢�Àã� ��) üû��µõ ý¢�Àã� ø ´Æ�÷ �µØþ x Ûõ�ª Di
n(x) ý�Ø� ø¤

¢�Àã� ×þ �Áó .¢¤�¢ ¢��ø �in ¤¢ Ý�û¢üõ Çþ�Þ÷ Di
n;s(x) �� �¤ �ú÷� �î x Ûõ�ª �Ø� (À÷�ªüõ Ýµ¡ �

�¤ (1-5) ÛØª .À�µÆû x Ûõ�ª �î ¢¤�¢ ¢��ø ñøÀ� ß�õ�-i ¤¢ 30-5 Â�¹÷¥ ���Èõ Â�¹÷¥ üû��µõ

.À���±�

ý��õ�¢ ¤�ú� �in ¤¢ ù�Ú÷� ¢�ª Ýµ¡ � ´��� ý�ÎÖ÷ �� ü�¤�¡ ��Â� ¤�ú� ¢�Àã� Âð� (1-5) ÛØª ¤¢

.´¨� S4r=1Di
n;r(x) ü÷ø¤¢ ý�ÎÖ÷ ×þ x ��®�� .Ýþ¤�¢ �¤ Di

n;1(x) � � � ;Di
n;4(x)

Û�õ ´þ�ú��� �� n �î üµìø SsD
i
n;s(x) ÂÎì ��®�� ø ´¨� SsD

i
n;s(x) Âû ü÷ø¤¢ ý�ÎÖ÷ x ñ��

Û�Æ÷�µ�Ýû ý�ûü�½�õ ø ü�¤�¡ ý�û��Â� Í¨�� SsD
i
n;s(x) ö�� üêÂÏ¥� .À�îüõ Û�õ ÂÔ¬ �� ,À�î

n � 0 Âû ý�Â� J(P ) \SsD
i
n;s(x) âÎÖõ �î ¢�ªüõ �¹�µ÷ (3-4-5) Ýó ¥� �Áó ,´¨� ùÀª ¢øÀ½õ

Û�ØÈ� x ý�Â� üã®�õ ý�þ�� ×þ
nS

sD
i
n;s(x)

o1
n=0

ýù¢��÷�¡ ø¤ ßþ� ¥� .´¨� À�±Þû ý��ä�Þ¹õ

.´¨� À�±Þû �fã®�õ x ¤¢ J(P ) Ýû ´ó�� ßþ� ¤¢ �î ¢�ªüõ �¹�µ÷(5-6-1) �b �Ìì ¥� �Áó .Àû¢üõ
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U = C�1
n0+k0

ü÷ø¤¢ ý�ÎÖ÷ ×þ x ö�� .Àª�� Ci�1
ni+ki

ý¥Âõ ý�ÎÖ÷ ×þ x �î À��î Âê ö��î�

ñøÀ� ¤¢ ý�� � õ�¢ Ci�1
ni+ki

ø x 2 J(P ) \ @Ci�1
ni+ki

ö�� ü êÂ Ï ¥� .i � 1 Ý � ª� � � µ ª�¢ À þ� � �Á ó

´¨� Fi�1 : Ui�1 7�! Vi�1 ´ª�Ú÷ ¥� ý¤�ÂØ� ´½� �i ¥� ü÷ø ¤�ø Â þ�Ê� x �Á ó ´¨� ô�-i � 1

¥� ø ù¢�� x 6= 0 �Áó o(x) \ Ci
N = � ö�� ,P q(x) = �i À��î Âê .(F0 = F;U0 = U; V0 = V )

¥� üþ�ûÂ�¹÷¥ ßþ�Â��� � .´¨� ÝÆ�ê¤�õ�Þû ×þ x ¥� ×��î üÚþ�ÆÞû ×þ �� P q ÀþÀ½� ø¤ ßþ�

.´¨� üð¤Ã� ¼�½¬ ¢Àä N0 > 0 ö� ¤¢ �î Ýþ¤�¢ Âþ¥ �¤�¬ �� ��¤¢�� ý�û��õ�¢

�i 2 � � � � P q
�
Di
s;n(x)

�
� P q

�
Di
s;n�1(x)

�
� � � � � P q

�
Di
s;N0

(x)
�
: (31-5)

P Û�Æ÷�µ�Ýû ý�ûü�½�õ ø ü�¤�¡ ý�û��Â� ý�Ü�¨�� En =
S
s P

q
�
Di
s;n(x)

�
ý�û��õ�¢ ß��»Þû

ö��) À�îüõ Û�õ ÂÔ¬ �� À�îüõ Û�õ ´þ�ú��� ´Þ¨ �� n üµìø diam (En) ÂÎì ø À÷�ùÀª ¢øÀ½õ

En ÂÎì Û±ì ´ó�� Õ±Ï �Áó ,¢¤�¢ ¤�Âì Ci�1
ni+ki

öø¤¢ ¤¢ üóø ´¨� P q
�
Di
s;n(x)

�
ý¥Âõ ý�ÎÖ÷ �i

¥� P âê�¢ �ø��µõ ý�ÎÖ÷ �i ö�� .(À�îüõ Û�õ ÂÔ¬ �� À�îüõ Û�õ ´þ�ú��� ´Þ¨ �� n üµìø

ñ�� ¤ø¢ ×þ ¤¢ �î ¢¤�¢ ¢��ø En;i = P imi(En) ý��õ�¢ üû��µõ ¢�Àã� �Áó ´¨� mi �ø��� ý ù¤ø¢

ý�ûü�½�õ ø ü�¤�¡ ý�û��Â� Í¨�� ø ¢¤�¢ ¢�¡ öø¤¢ ¤¢ �¤ x ý�ÎÖ÷ SiEn;i ý��õ�¢ ø À÷¤�¢ ¤�Âì �

.À�îüõ Û�õ ÂÔ¬ �� ,À�î Û�õ ´þ�ú��� �� n üµìø diam (
S
iEn;i) ÂÎì .´¨�ùÀª ¢øÀ½õ Û�Æ÷�µ�Ýû

�¤ J(F ) ö� �Ìä Âû �î Àû¢üõ Û�ØÈ� x ý�ÎÖ÷ ¤¢ üã®�õ ý�þ�� ×þ fSiEn;ign ýù¢��÷�¡ �Áó

.´¨� À�±Þû �fã®�õ x ¤¢ J(F ) �Áó .À�îüõ âÎì À�±Þû ý�ä�Þ¹õ ×þ ¤¢

¢Àä ßþÂµØ��î �¤ r � 1 ¢Àä ,o(x) \ Ci�1
ni+ki

6= � ö�� ù�Ú÷� ,Àª�� �µª�À÷ ÕÜã� Ci�1
ni+ki

�� x Âð�

y ¤¢ J(P ) ý�ä�Þ¹õ �¤�¬ ßþ� ¤¢ .¢¤�¢ ÕÜã� Ci�1
ni+ki

�� y = P r(x) �î ÝþÂ�ðüõ ÂÑ÷ ¤¢ ü½�½¬

,x ¥� üÚþ�ÆÞû ×þ �� P r ÀþÀ½� �Áó ´Æ�÷ P r ü÷�Â½� ý�ÎÖ÷ ×þ x ö�� .´¨� À�±Þû �fã®�õ

2 .´¨� À�±Þû �fã®�õ Ã�÷ x ¤¢ J(P ) ø¤ ßþ� ¥� .´¨� ÝÆ�ê¤�õ�Þû
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Ýó 5-4-5

.´¨� À�±Þû �fã®�õ ü÷�Â½� ý�ÎÖ÷ ¤¢ J(P ) ù�Ú÷� Àª�� üÜî ö�Âî ý�¤�¢ P ý��ÜÞ�À�� Âð�

¥� üû� � µ õ� ÷ ý� ó� ± ÷¢ (2-3-5) ÓþÂã � ¤¢ ,�û¢�Þ ÷ ¤¢ üðÀ�»� � ¥� ýÂ�ð� Ü� ´ú� .�� ± ��

Âê ß��»Þû .ÝþÂ�ðüõ ÂÑ÷ ¤¢ fFi = Fmi : Ui 7�! Vig1i=1 �¤�Ê� �¤ ù¢�¨ ý�ûý¥�¨ñ�õÂ÷

¥� ��¤¢�� ý�ó�±÷¢ ×þ fUig1i=1 �¤�¬ ßþ� ¤¢ Àª�� (2-3-5) ÓþÂã� ¤¢ ´��� ¢Àä � > 0 À��î

Ýþ¤�¢ (1-4-5) �b �Ìì ¤¢ ÕÜÎõ¤Àì ýÂ��Â��÷ ¥� .´¨� ÂÔ¬ ü÷�Â½� ý�ÎÖ÷ Ûõ�ª ý�û��õ�¢

mod (Ui n Ui+1) �
1

2
mod (Vi n Ui) > �

2
: (32-5)

S1
i=1 U1 n Ui =

S1
i=1 Ui n Ui+1 ýø�Æ� ¥� .X =

T1
i=1 Ui À�û¢ ¤�Âì ø Ai = Ui n Ui+1 À��î Âê

Ýþ¤�¢ �Áó .U1 nX =
S1
i=1Ai �î ¢�ªüõ �¹�µ÷

mod (U1 nX �
1X
i=1

mod(Ai) >
1X
i=1

�

2
=1 : (33-5)

ÂÎì �î À�îüõ ��¹þ� ¢�¡ ý���÷ �� Ã�÷ ßþ� ø À�îüõ �À�� Û�ÜÖ� ü÷�Â½� ý�ÎÖ÷ �� �ú�� X ßþ�Â����

.À�î Û�õ ÂÔ¬ �� i 7�! 1 üµìø d(Ui)

ÀþÂ�Ú� ÂÑ÷¤¢ ñøÀ� ß�õ�-i ¤¢ ü÷�Â½� ý�û��õ�¢ ¥� ¤� Âþ¥ Â�¹÷¥ ø Àª�� ù��¿ó¢ i � 0 À��î Âê

0 2� Ci
n � Ci

n�1 � � � � � Ci
1
� Ci

0
: (34-5)

ý�ó�±÷¢ ø ´¨� Fi+1 : Ui+1 7�! Vi+1 ´ª�Ú÷ ý��ó�� ý�ä�Þ¹õ �� Â��Â� Ji+1 =
T1
n=0C

i
n ö��

�î üÞÆì � � ¢¤�¢ ¢��ø n(i) � 0 À� ÷� õ ü½�½¬ ¢Àä �Á ó ´¨� � �¤¢� � ý� ó� ± ÷¢ ×þ fCi
ng1n=0

üêÂÏ ¥� .À�î Û�õ ÂÔ¬ �� À�îüõ Û�õ ´þ�ú��� ´Þ¨ �� i üµìø d(Ci
n(i)) ÂÎì Àþ�� �Áó .Ci

n(i) 2 Ui+1

üã®�õ ý�þ�� ×þ fCi
n(i)g1i=0 ýù¢��÷�¡ ßþ�Â���� ´¨� À�±Þû Ci

n(i) \ J(P ) ,(3-4-5) Ýó Õ±Ï

¥� .À�îüõ âÎì À�±Þû ý�ä�Þ¹õ×þ ¤¢ �¤ ��ó�� ý�ä�Þ¹õ ©�Ìä Âû �î Àû¢üõ Û�ØÈ� x ý�Â�

2 .´¨� À�±Þû �fã®�õ ÂÔ¬ ü÷�Â½� ý�ÎÖ÷ ¤¢ J(P ) ø¤ ßþ�
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ù¤�Ãð 6-4-5

P Âð� �¤�¬ ßþ� ¤¢ ,Àª�� ��ó�� ý�ä�Þ¹õ ý�ûý¥�¨ñ�õÂ÷ ¥� üû��µõ�÷ ý�ó�±÷¢ fJig1i=1 À��î Âê

.T1i=0 Ji = f0g ù�Ú÷� ,Àª�� üÜî ö�Âî ý�¤�¢

ö�Þû fCi
n(i)g1i=1 ö� ¤¢ �î Ji+1 � Ci

n(i) Ýþ¤�¢ i � 1 Âû ý�Â� �Áó Ji = T1
n=0C

i
n ö�� .��±��

âÎÖõ �Áó ,T1i=1Ci
ni = f0g ö�� ñ�� .Àõ� ´¨À� (5-4-5) Ýó ��± �� ¤¢ �î ´¨� ý�ù¢�� ÷�¡

2 .À��þüõ Û�ÜÖ� ü÷�Â½� ý�ÎÖ÷ �ú�� �� T1i=1 Ji

Ýó 7-4-5

�fã®�õ "üµÆð¥��' ¯�Ö÷ ô�Þ� ¤¢ J(P ) ù�Ú÷� Àª�� ý��¡�ªÂ�è P ý��ÜÞ�À�� ø T1i=1 Ji = f0g Âð�

.´¨� À�±Þû

Â Ñ ÷¤¢ �¤ �i = f�ing1n=0 ñøÀ � ß � õ�-i .À ª� � ù�� ¿ ó¢ i � 0 À � � î Â ê .�� ± ��

´ ª� Ú ÷ .À ª� � ô�-i ñøÀ � ¤¢ ü ÷�Â ½ � Â � ¹ ÷¥ (34-5) Â � ¹ ÷¥ À � � î Â ê .À þÂ � Ú �

�� ���� �� .k(i) = ki+1 + ni+1 À�û¢ ¤�Âì ø �µêÂð ÂÑ÷¤¢ �¤ Fi+1 = F
ki+1
i : Ci

ni+1+ki+1
7�! Cni+1

.T1i=1 Ji = f0g Ýþ¤�¢ Âê Õ±Ï üêÂÏ ¥� .Ci
k(i) � N(Ji+1;

1

i+1
) Ýþ¤�¢ ýÀã� �¨ ñøÀ� ¤�µ¡�¨

ý�ä�Þ¹õ ö� ÂÊ�ä Âû �î Àû¢üõ Û�ØÈ� � ý�Â� üã®�õ ý�þ�� ×þ fCi
k(i)g1i=1 ýù¢��÷�¡ �Áó

ýù¢�� ÷�¡ ø � > 0 ´��� (3-3-5) ÓþÂã� ¥� .À�îüõ âÎì À�±Þû ý�ä�Þ¹õ ×þ ¤¢ �¤ � � ó��

Ý � � î Â ê Ý � ÷�� �ü õ ´ �a Ü î ¥� öÀ ª � µ ¨� î öøÀ � .Ý þ¤�¢ �¤ Jil ý� ûü Ú þ� Æ Þ û ¥� fWlg1l=1

¤ÀÖ ÷� �¤ k(i) Ý� ÷�� �üõ �Á ó ,Ji+1 =
T1
n=0C

i
n ø mod(Wi n Ji+1) � � ö�� .l = i; il = i + 1

�ûWi Ý�÷���üõ ß��»Þû .Àª�� ¤�ÂìÂ� i � 1 Âû ý�Â� mod(Wi n Ci
k(i)) � �

2
�î Ý��î ��¿µ÷� ï¤Ã�

¤�î ßþ� .À�î Û�õ ÂÔ¬ �� ,À�îüõ Û�õ ´þ�ú��� �� i üµìø d(Wi) ÂÎì �î ÝþÂ�Ú� ÂÑ÷¤¢ ý¤�Ï �¤

mod(Wi n Ji+1) � � ý�Î��¤ ¤¢ �î ´¨� Ji+1 ¥� üÚþ�ÆÞû ×þ Wi Âû ö�� .´¨� ÂþÁ� ö�Øõ�

´ó�� ßþ� ¤¢ ��Ìì ��±�� ý�Â� .À�îüõ �À�� Û�ÜÖ� ÂÔ¬ ý�ÎÖ÷ �ú�� �� T1i=1 Ji âÎÖõ ø À�îüõ ëÀ¬
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.Ýþ¥�¨üõ f�ig1i=0 ýÀã� �¨ ñøÀ� ¥� ,J(P ) ý��ó�� ý�ä�Þ¹õ ý�Â� �û¥�Âê� ¥� �ó�±÷¢ ×þ �Àµ��

,ñøÀ� ß � õ� Â Ô¬ ;Ý þ¥� ¨ü õ Â þ¥ �¤�Ê � �¤ Ý � û¢ü õ Çþ� Þ ÷ �1 � � �¤ ö� � î ¥�Â ê� ß � óø� �À µ ��

ô�Þ � .À þÂ �Ú � ÂÑ÷¤¢ �¤ C0

k(0) 2 �0k(0) ý��õ�¢ ñøÀ� ßþ� ¤¢ .À þÂ �Ú � ÂÑ÷ ¤¢ �¤ ,�0 = f�0ng1n=0

À��î Âê ø .À�û¢ ¤�Âì �1 ¤¢ �¤ Àµ�Æû F ´½� C0

k(0) öø¤�ø Âþø�Ê� �î �0k(0)+1 ¤¢ âì�ø ý�û��õ�¢

ÂÑ÷¤¢ �¤ �ck(0)+1 \ �0k(0)+2 .À÷¤�À÷ ÕÜã� �1 �� �î À�ª�� �0k(0)+1 ¤¢ ùÀ÷�Þ�ì�� ý�û�ä�Þ¹õ �ck(0)+1

.(À�µÆû �ck(0)+1 ¤¢ âì�ø ý�û��õ�¢ ¥� üþ�û��õ�¢Âþ¥ �î �0k(0)+2 ¤¢ üþ�û��õ�¢ ô�Þ� ü�ãþ) ÀþÂ�Ú�

¤�Âì �1 ¤¢ ,À�µÆû F2 ´½� C0

k(0) öø¤�ø Âþø�Ê� �î �¤ �0k(0)+1 \ �0k(0)+2 ¤¢ üþ�û��õ�¢ ô�Þ� ö��î�

Âê .À÷¤�À÷ ÕÜã� �1 �� �î À�ª�� �0k(0)+2 ¤¢ ü�û��õ�¢ ý�ûùÀ÷�Þ�ì�� �ck(0)+2 À��î Âê ø À�û¢

ô�Þ�¥� �î ÀþÂ�Ú� ÂÑ÷¤¢ �¤ �ck(0)+s \ �0k(0)+s+1 ø Ýþ¤�¢ �¤ �0k(0)+s ý�ä�Þ¹õ ,s � 2 ý�Â� À��î

¤¢ âì�ø ý�û��õ�¢ ô�Þ� .À�µÆû �ck(0)+s ¥� üþ�û��õ�¢Âþ¥ �î ´¨� ùÀª Û�ØÈ� �0k(0)+s+1 ¤¢ üþ�û��õ�¢

À��î Âê ø .À�û¢ ¤�Âì �1 ¤¢ �¤ À�µÆû F s+1 ´½� C0
k(0) öø¤�ø Âþø�Ê� �î �ck(0)+s \ �0k(0)+s+1

ô�Þ� Ã¹� ¥�Âê� ßþ� .¢�ªüõ �µ¡�¨ �bÂÖµ¨� �� �1 ¥�Âê� °��Â� ßþ� �� .À�ª�� �û��õ�¢ üì�� �ck(0)+s+1

Â�¤¢ �¤ J(P ) ¯�Ö÷ ��Ö� ,À��î üÞ÷ âÎì F ý�û¤�ÂØ� ô�Þ� ´½� �¤ C0

k(0) öø¤¢ �î J(P ) ¥� üÏ�Ö÷

.¢Â�ðüõ

�Ú÷ ´��� �¤ ñøÀ� ßþ� ¤¢ C1

k(1) 2 �1k(1) ý��õ�¢ �µêÂð ÂÑ÷¤¢ �¤ ,�1 = f�1ng1n=0 ,ñøÀ� ß�óø� ñ��

�� ���Èõ �f õ�î ,F1 : C0

k(0) 7�! C0

k(0)�k1
ý�û¤�ÂØ� ´½� C1

k(1) öø¤�ø Âþø�Ê� ¥� ù¢�Ôµ¨� �� .Àþ¤�¢

ý�û¤�ÂØ� ô�Þ� Í¨�� �¤ �1;1 ¥�Âê� ñ�� .Ýþ¤ø�üõ ´¨À� C0

k(0) ¤¢ �¤ �1;1 ¥�Âê� �Àµ�� ,��� ö�õ�ð¤�

ô�Þ � � î ´¨� �1 ¥� ý¥�Â ê� Â þ¥ ×þ �2 .À þ� ´¨À � �2 ¥�Â ê� � � (�1 ´½�) Ý �Èîüõ °Öä � � F

À��î üÞ÷ âÎì �¤ C1

k(1) öø¤¢ ,F ý�û¤�ÂØ� ô�Þ� ´½� �î üÏ�Ö÷ ô�Þ� Ã¹� ,J(P ) ý��ó�� ý�ä�Þ¹õ

.À÷�ª��üõ �¤

¤¢ Cj
k(j) 2 �jk(j) ý��õ�¢ ø �j = f�jng1n=0 ñøÀ� .j � 2 �î Ýþ��µ¡�¨ �¤ �j ¥�Âê� ß�õ�-j À��î Âê

�j;1 ¥�Âê� ×þ ,Fj : Cj�1
k(j�1)

7�! Cj�1
k(j�1)�kj

´ª�Ú÷ ßµêÂð ÂÑ÷¤¢ �� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ ñøÀ� ßþ�
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�� �� Ý�Èîüõ °Öä �� �¤ �j;1 ¥�Âê� Fj�1 ý�û¤�ÂØ� ô�Þ� Í¨�� ñ�� .Ýþ¤ø�üõ ´¨À� Cj�1
k(j�1)

¤¢

ù¤��ø¢ .´¨� Cj�2
k(j�2)

¤¢ ý¥�Âê� Ý�û¢üõ Çþ�Þ÷ �j;2 �� �¤ ö� �î Û¬�� ¥�Âê� ø Àµê��� �j�1 ¥�Âê�Âþ¥

�¤ Û¬�� ¥�Âê� ø Àµê�� � �j�1 ¥�Âê� Âþ¥ �� � � Ý�Èîüõ °Öä �� �¤ �j;2 ¥�Âê� Fj�2 ý�û¤�ÂØ� ô�Þ� � �

¤¢ �j;j ¥�Âê� �� Ý�û¢ �õ�¢� °��Â� ß�Þû �� Âð� .Ý�û¢üõ Çþ�Þ÷ �j;3 �� ´¨� Cj�3
k(j�3)

¤¢ ý¥�Âê� �î

U ¤¢ �j+1 ¥�Âê� �� �� Ý�Èîüõ °Öä �� �¤ �j;j ¥�Âê� ,F ý�û¤�ÂØ� ¥� ù¢�Ôµ¨� �� ñ�� .Ý�¨¤üõ C0

k(0)

ô�Þ� ´½� �î üÏ�Ö÷ Ã¹� ,�� ó�� ý�ä�Þ¹õ ¯�Ö÷ ô�Þ� ø ´¨� �j ¥� ý¥�Âê�Âþ¥ ×þ �j+1 .Ý�¨Â�

�î x 2 J(P ) ¯�Ö÷ ô�Þ � Ã¹� �j ü�ãþ .À� ÷�ª� �üõ �¤,À� �îüÞ÷ âÎì �¤ Ci
k(i) öø¤¢ F ý�û¤�ÂØ�

�¤ �û¥�Âê� ¥� f�jg1j=1 ��¤¢�� ý�ó�±÷¢ �ÂÖµ¨� �� ñ�� .À÷�ª��üõ �¤ J(P ) ��Ö� ,o(x) \ int Cj
k(j) = �

�¤ f�jg1j=1 ý�ó�±÷¢ .À÷�ª��üõ �¤ üµÆð¥��Â�è ¯�Ö÷ Ã¹� ��ó�� ý�ä�Þ¹õ ô�Þ� �î Ýþ¤ø�üõ ´¨À�

.Ý�õ�÷üõ �µê�þ Ý�Þã� ýÀã� �¨ ñøÀ� ¤¢

ü÷�Â½� ý�ÎÖ÷ �� o(x)¤�Àõ �¤�¬ ßþ� ¤¢ .Àª�� üµÈð¥�� ý�ÎÖ÷ ×þ 0 6= x 2 J(P ) À��î Âê

.À�îüõ âÎì �ãê¢ üû��µõ�÷ ¢�Àã� �� �¤ Ci
k(i) ý��õ�¢ Âû o(x) ¤�Àõ ßþ�Â���� .¢�ªüõ �µª�±÷�

ÂÑ÷¤¢ f�jg1j=1 ý�µê� þ Ý�Þã� ñøÀ� ¤¢ �¤ x 2 � � � � Dj(x) � Dj�1(x) � � � � � D1(x) Â�¹÷¥

qj(x) � 0 À�÷�õ üþ�µØþ ¼�½¬ ¢Àä ,�j+1 ¤�µ¡�¨ �� ������ .j � 1 ,Dj(x) 2 �j ö� ¤¢ �î ÀþÂ�Ú�

"Proper' ø ×�ê¤�õ�ó�û ÝÆ�ê¤�õ�ÿÔþ¢ ×þ F qj(x) : Dj+1(x) 7�! Cj
k(j) �î ´¨� ¢���õ ö���

Õ±Ï ø Wj n Cj
k(j) �Wj n Jj+1 ö�� .Àª�� ö� öø¤�ø gj;x : Cj

k(j) 7�! Dj+1(x) À��î Âê .´¨�

ü÷�Â½� Âþ¢�Öõ ¥� ×þ º�û �Áó ´¨� �Ã¹õ ü÷�Â½� ¤�Àõ ¥� Wj n Jj+1 ,P ö¢�� ý��¡�ª Â�è ÓþÂã�

´ª�Ú÷ .Ý�ûÀ� â�¨�� Wj ô�Þ� �� �¤ gj;x Ý�÷���üõ �Áó .À��îüÞ÷ âÎì �¤ Wj n Cj
k(j) ,fP r(0)g1r=1

Çþ�Þ÷ gj;x �� Ã�÷ �¤ ´¨� Wj ýø¤ "Proper' ø ×�ê¤�õ�ó�û ÝÆ�ê¤�õ�ÿÔþ¢ ´ª�Ú÷ ×þ �î �¤ Û¬��

Û�õ ÂÔ¬ �� d(Wj) ÂÎì ,j 7�! 1 �î üõ�Ú�û ö�� .Àª�� ù��¿ó¢ i � 1 À��î Âê .Ý�û¢üõ

Ý�û¢üõ ¤�Âì .Wj � Ci
K(i) �î Ý����� ý¤�Ï j = j(i) > i À�÷�õ ü½�½¬ ¢Àä Ý�÷���üõ ,À�îüõ

.xj = P qj(x)(x) = P qj(xi)(xi) 2 Ci
K(j) ø xi = P qi(x)(x) 2 Ci

K(i)
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Â�¹÷¥ ñ��

x 2 � � � � D
(xi)
l � D

(xi)
l�1

� � � � � D
(xi)
1

: (35-5)

.Dl(xi) 2 �l Ýþ¤�¢ l � 1 Âû ý�Â� ö� ¤¢ �î ÝþÂ�ðüõ ÂÑ÷¤¢ �µê�þ Ý�Þã� ñøÀ� ¤¢ �¤

´ª�Ú÷ �¤�¬ ßþ� ¤¢

P qj+1�qi(x)(xi) : Dj+1�qi(x)(xi) 7�! Cj
K(j): (36-5)

P ö� � .À ª� � ö� öø¤�ø gij À � � î Â ê .´ ¨� proper ø × � ê¤� õ� ó� û Ý Æ � ê¤� õ� ÿ Ô þ¢ × þ

Çþ�Þ ÷ gij � � Ã � ÷ �¤ ö� â �¨� � .Ý � û¢ â �¨� � Wj ô� Þ � � � �¤ gij Ý � ÷�� �üõ �Á ó ´¨� ý��¡�ªÂ � è

Ý��î Âê .Dj+1�qi(x)(xi) � gij(Wj) ø Cj
k(j) � Wj ö� ¤¢ �î gij : Wj 7�! gij(Wj) .Ý�û¢üõ

¤¢) ´¨� À�±Þû Ã�÷ Ci
k(i) üêÂÏ ¥� .´¨� À�±Þû Ã�÷ Wij �Áó ´¨� À�±Þû Wj ö�� .Wij = gij(Wj)

.xi = P qi(x)(x) 2 Ci
k(i) Ý� ÷�¢üõ Û±ì ¥� .(À� µÆû À�±Þû i; n Âû ý�Â � �in Â¬��ä ô�Þ � ´Ö�Ö�

gij ö�� .Wij \ Ci
k(i) 6= � �Á ó ,xi 2 Wij Ý þ¤�¢ Dj+1�qi(x)(xi) � gij(Wj) ý�Î��¤ ¥� üêÂÏ ¥�

ý�ûñ�Ï °��Â� �� dH;j ø dH;ij ö� ¤¢ �î) dH;ij(Wij) = dH;j(Wj) �Áó ´¨� ÅþÀÞû ÝÆ�ê¤�õøÃþ�

ý�Ü¬�ê ßµêÂð ÂÑ÷¤¢ � � �Á ó ,Wj � Ci
k(i) Ý�µª�¢ üêÂÏ ¥� .(À� µÆû Wj;Wij ýø¤ ×�ó� �Â ³ �û

�¹�µ÷ Wij \ Ci
k(i) 6= � ¥� ø ¤ ßþ� ¥� .Àª Àû��¡ ÂµÞî Ci

k(i) ÂÎì ¥� Wij ÂÎì Ci
k(i) ýø¤ ×�ó��Â³�û

;Ýþ¤�¢P ö¢�� ý��¡�ªÂ�è ÓþÂã� ¥� �Áó ,Wij � Ci
k(i) �Wi ö�� ñ�� .Wij � Ci

k(i) �î Àª Àû��¡

mod (Wi nWij) � mod(Wi n Ci
k(i)) �

�

2
: (37-5)

gi;x; gj;x Ó þÂ ã � Õ ± Ï ö� �).Xi = gi;x(Wi) ø Xj = gj;x(Wj) = gi;x(Wi;j) À � û¢ ¤�Â ì

�î ¢�ªüõ �¹�µ÷ mod(Wi n Ci
k(i)) � �

2
ý�Î��¤ ¥� À�µÆû ÅþÀÞû ý�ûÝÆ�ê¤�õøÃþ�

g�1j;x (Xj) =Wj ; g�1i;x (Xi) =Wi: (38-5)

Ýþ¤�¢ �¤ Âþ¥ ý�Î��¤ ßþ�Â���� .P qi(x)(Dj+1(x)) = Dj+1�qi(x)(xi) Ýþ¤�¢ üêÂÏ ¥�

P qj+1�qi(x) o P qi(x)(Dj+1(x)) = Cj
k(j) : (39-5)



112 � � �ÂþÁ�ñ�õÂ÷ ¤��´þ�ú��� ý�ûý��ÜÞ�À��

¢� ªü õ � ¹ � µ ÷ � �� È õ ¤� Î � .gi;x o gij(C
j
k(j)) = Dj+1(x) ¢� ªü õ � ¹ � µ ÷ ö� ¥� � î

;Ýþ¤�¢ ñ�� (.gi;x(Wij) = Xj ü�ãþ .gi;x o gij(Wj) = Xj

mod(Xi nXj) = mod(gi;x(Wi) n gi;x(Wij)) =

= mod(gi;x(Wi nWij)) = mod(Wi nWij) � �
2

(40-5)

ö�� .Ýþ¢Âî ù¢�Ôµ¨� ´¨� ÅþÀÞû ÝÆ�ê¤�õøÃþ� ×þ gi;x �Ø�þ� ¥� (40-5) ý�Î��¤ ö¢¤ø� ´¨À� ¤¢

,i � 1 ù��¿ó¢ ¼�½¬ ¢Àä ý�Â� ßþ�Â��� � À��îüõ ÐÔ� �¤ �ûë�Ï ÕÜÎõ¤Àì üþ�û´ª�Ú÷ ß���

.mod(Xi nXj) � �
2
�î Ýþ¤ø�üõ ´¨À� ý¤�Ï �¤ j > i �î Xi;Xj ý�û�ä�Þ¹õ

ý�Â� �î Ýþ¤ø�üõ ´¨À� ö��� fXitg1t=1 ��¤¢�� ý�û��õ�¢ ¥� üû��µõ�÷ ý�ó�±÷¢ ×þ �ÂÖµ¨� �� ßþ�Â����

;Àª�� ¤�ÂìÂ� Âþ¥ ý�Î��¤ t � 1 Âû

mod (Xit nXit+1) �
�

2
: (41-5)

T1
t=1Xit �î ¢�ªüõ �¹�µ÷ (5-6-1) �b �Ìì ¥� ø ´¨� üû��µõ�÷Pmod(Xit nXit+1) á�Þ¹õ �Áó

ÂÔ¬ �� ,À�îüõ Û�õ ´þ�ú��� �� t üµìø d(Xit) ÂÎì ÂÚþ¢ �¤�±ä �� .À��þüõ Û�ÜÖ� �ÎÖ÷ ×þ �� �ú��

Ýþ¤�¢ �Áó ,Dit+1 = git;x(C
it
k(it)

) ø Cit
k(it)

�Wit Ý�÷�¢üõ .À�îüõ Û�õ

Dit+1(x) = git;x
�
Cit
k(it)

�
� git;x(Wit) = Xit : (42-5)

T1
t=1Dit+1(x) âÎÖõ ü�ãþ .À�îüõ Û�õ ÂÔ¬ �� À�î Û�õ ´þ�ú��� �� t üµìø d(Dit+1(x)) ÂÎì �Áó

´¨� x ¤¢ üã®�õ ý�þ�� ×þ fDit+1(x)g1t=1 ýù¢��÷�¡ ø¤ ßþ� ¥� .À��þüõ Û�ÜÖ� �ÎÖ÷ ×þ �� �ú��

�fã®�õ x ¤¢ J(P ) �Áó .À�îüõ âÎì À�±Þû ý�ä�Þ¹õ ×þ ¤¢ �¤ ��ó�� ý�ä�Þ¹õ ©�Ìä Âû �î

2 .À�îüõ Ûõ�î �¤ ö�ûÂ� ßþ� ø ´¨� À�±Þû
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Abstract

Let Ĉ = Ĉ [ f1g and P : Ĉ 7�! Ĉ are riemann shere and polynomial of degree d � 2

respectively. The riemann shere Ĉ can be divided into two totally invariant sets with

respect to P : a stable set, on which the dynamics of P is Predictable; and an unstable

set, on which the dynamics of P is chaotic.In the language of complex analysis, the stable

set for P is the set of point z 2 Ĉ for which the family of iterates of P is normal in some

open neighborhood of z. the stable set of P is called the Fatou set . The chaotic set, or

Julia set, of P is the complement in Ĉ of the Fatou set. It has several characterizations,

including the absence of normality, as well as being the Closure of the set of repelling

periodic orbits, or the topological boundary of the unbounded Fatou component.

Keywords: Julia set; Locally connected; Yoccoz puzzle; Recurrent; Basin of attraction;

Renormalizable.
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