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f<-function(x,a,b,L,B,G,A){

(A% (L™B)*(x7 (B-1) ) * (B+(G*x) ) *

exp ((Gxx) - ((L*x) "B) *exp (G*x) ) *
(1-exp((-(L*x)"B) *exp(G*x)) )~ (a*xA-1)*
(1-((1-exp ((-(L*x) "B) *exp(G*x))) ~(A)))~
(b-1))/(beta(a,b))

}

curve(f(x,8,1,1.5,1,.5,1) ,x1im=c(0,3),
xlab="value of x",ylab="density function"
,lwd=2,col="cyan")
curve(f(x,8,.5,1.5,1,.5,1) ,add=TRUE,
x1lim=c(0,3), 1ty=2,lwd=2,col="Blue")
curve(f(x,1.5,1,1.5,1,.5,1),add=TRUE,
x1lim=c(0,3), 1lty=4,lwd=2,col="red")
curve(f(x,1.5,.5,1.5,1,.5,1),add=TRUE,
x1im=c(0,10),1ty=3,1wd=2,col="black")
legend(2.3,1.37,c("a=8,b=1","a=8,b=.5",
"a=1.5,b=1","a=1.5,b=.5"),1ty=c(1,2,4,3),
text.font=.5,1wd=2,cex=.7,

col=c("cyan","Blue","red","black"))
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A

Fbar<-function(x,a,b,L,B,G,A){
(pbeta(1-(1-exp((-(L*x) "B)*exp(G*x))) A,
b,a))/(pbeta(l,b,a))?
f<-function(x,a,b,L,B,G,A){

(A% (L™B)*(x7 (B-1) ) * (B+(G*x) ) *

exp ((Gxx) - ((L*x) "B) *exp (G*x) ) *

(1-exp ((-(L*x) "B) *exp (G*x) ) )~ (a*xA-1) *
(1-((1-exp ((-(L*x) "B) *exp (G*x)) )~ (A))) ~(b-1))/
(beta(a,b))

}

h<-function(x,a,b,L,B,G,A){

f(x,a,b,L,B,G,A) /Fbar(x,a,b,L,B,G,A)}
curve(h(x,.5,.5,.25,.6,.001,12),

x1im=c(0,100) ,add=TRUE,xlab="value of t",
ylab="failure rate h(t)",lty=4,lwd=2,col="red")
curve (h(x,.5,.5,.01,.5,.001,.5) ,x1im=c(0,100),
add=TRUE, ,1ty=1,1wd=2,col="green")

curve (h(x,.5,.5,.01,5,.001,.5),x1im=c(0,100),
add=TRUE, ,1ty=2,1lwd=2,col="blue")

curve (h(x,.5,.5,.01,5,.001,.1) ,x1im=c(0,200),
add=TRUE, ,1ty=3,1wd=2,col="black")

legend (45, .038,c("alpha=12,beta=.6,

lambda=.25 unimodal","alpha=.5,beta=.5,
lambda=.01 monotonic dec","alpha=.5,
beta=5,lambda=.01 monotonic inc",
"alpha=.1,beta=5,lambda=.01 bathtub"),
lty=c(4,1,2,3),text.font=.5,1wd=2,cex=.6,

col=c("red","green","blue","black"))
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n<-1000

x<-c(Q)

for(i in 1:n){
a<-1.5

b<-.5

L<-1

B<-1
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G<-.5

A<-1

V<-function(a,b){

rbeta(l,a,b)}

V<-V(a,b)

E<-function(x){

(1-exp ((-(L*x) "B) *exp (Gxx))) “A-V

}

x[i]<-uniroot (E,c(0,100)) $root

X

}

plot(ecdf (x) ,x1im=c(0,4),col="red",1lwd=3)
curve ((pbeta((1-exp((-(L*x) "B)*exp(Gxx)))~
A,a,b))/(pbeta(l,a,b)),x1lim=c(0,4)
,ylim=c(0,1) ,add=TRUE, 1ty=1,1wd=2)
legend(c(2.7,4),c(.8,.95),

c("empirical cdf","exact pdf"),
col=c("red","black")
,1ty=c(3,1),1wd=c(2,3) ,cex=.7)
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set.seed(1)

n<-1000

x<-cQ)

for(i in 1:n){

a<-1.5

b<-.5

L<-1.5

B<-1.5

G<-.5

A<-1

V<-function(a,b){
rbeta(l,a,b)}

V<-V(a,b)

E<-function(x){

(1-exp ((-(L*x) "B) *exp (G*x))) ~A-V
+

x[i]<-uniroot (E,c(0,100))$root
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X
}

f<-function(x,a,b,L,B,G,A){

(A% (L™B)*(x7 (B-1) ) * (B+(G*x) ) *

exp ((Gxx) - ((L*x) "B) *exp (G*x) ) *
(1-exp ((- (L*x) "B) *exp(G*x)) )~
(axA-1)*(1-((1-exp ((-(L*x)"B)
*exp (Gx)))~(A)))~(b-1))/
(beta(a,b))

}
hist(x,freq=FALSE,ylab="Density",
breaks=20) #break=8
curve(f(x,1.5,.5,1.5,1.5,.5,1),
col="red",add=TRUE, lwd=2)
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n<-50
m<-10000
x<-c(Q)
M<-1list()

for(i in 1:m){

a<-8

b<-.5

L<-1

B<-.5
G<-1.5
A<-.5
grr<-function(theta){
a<-thetal[1]
b<-thetal[2]
L<-theta[3]
B<-theta[4]
G<-thetal[5]
A<-thetal[6]
n<-nrow(X)

c(-n*digamma (a)+n*digamma (a+b)+



A4

Ax*(apply (log(1-exp ((-(L*X) "B) *exp(G*X))),2,sum)),
-n*digamma (b) +n*digamma (a+b)+
apply(log(1-(1-exp ((-(L*X) "B) *exp(G*X)))~A),2,sum),
((n*B) /L) -B* (L~ (B-1) ) *apply ((X"B) * (exp (G*X) ) ,2, sum)
+(axA-1)*Bx (L~ (B-1))

*apply ((X"B) * (exp (G*X) ) * (exp ( (- (L*X) "B) *exp (G*X) ) )
/ (1-exp ((- (L*X) "B) *exp(G*X))) ,2,sum) -

(b-1) *AxB* (L~ (B-1) ) *apply ((X"B) * (exp (G*X) ) *

(exp ((—(L*X) "B) *exp(G*X)))

* ((1-exp ((-(L*X) "B) *exp (GxX))) ~(A-1))

/ (1-(1-exp ((-(L*X) "B) *exp (G*X))) ~(A)),2,sum),
n*log(L)+apply (log(X),2,sum)+

apply (1/ (B+G*X) ,2,sum) - (L"B) *apply ((X"B) *1og (L*X)
*exp (G*X) ,2,sum) +(axA-1)*

(L"B) *apply (exp ( (- (L*X) "B) *

exp (G*X) ) *(X"B)

*Log (L*X) *exp (G*X) /

(1-exp ((-(L*X) "B) *exp(G*X))),2,sum) -

(b-1) *A* (L"B) *apply (((1-exp ( (- (L*X) "B) *exp (GxX)) )~ (A-1))
*xexp ( (- (L*X) "B) *exp (G*X) ) *exp (G*X) * (X"B) *Log (L*X)

/ (1-(1-exp ((-(L*X) "B) *exp (G*X))) ~(A)),2,sum),

apply (X/ (B+G*X) ,2,sum)+apply (X, 2, sum) -

(L"B) *apply ((X~ (B+1) ) *exp(G*X) ,2,sum)
+(a*A-1)*(L"B) *apply (exp ((- (L*X) "B) *exp (G*X) ) *

exp (GxX) * (X~ (B+1))

/ (1-exp ((- (L*X) "B) *exp (G*X))) ,2,sum) - (b-1) *A* (L"B)
*apply (((1-exp ((-(L*X) "B) *exp(G*X))) " (A-1))

*xexp ( (- (L*X) "B) *exp (G*X) ) xexp (G*X) * (X~ (B+1))

/ (1-(1-exp ((- (L*X) "B) *exp (G*xX))) ~(A)),2,sum),
(n/A)+axapply (log(1-exp ((~(L*X) "B) *exp (G*X)) ) ,2,sum) -
(b-1) *apply (((1-exp ((-(L*X) "B) *exp (G*X))) ~A) *
log(1-exp((-(L*X)B)*exp(G*X)))

/ (1-(1-exp ((-(L*X) "B) *exp(G*X))) ~(A)),2,sum))

}

BGW.lik<-function(theta){

a<-thetal1]

b<-thetal[2]

L<-thetal[3]

B<-theta[4]
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G<-thetal[5]

A<-thetal[6]

n<-nrow(X)
logl<-n*log(A)+n*B*log(L)+(B-1)*apply(log(X),2,sum)+
apply (log (B+G*X) ,2,sum) -n*
log(beta(a,b))+Gxapply(X,2,sum)-

(L™B) *apply ((X"B) *exp (G*X) ,2, sum) +

(a*xA-1)*apply (log(1-exp ((-(L*X) "B) *exp(G*X))) ,2,sum)+
(b-1)*apply(log(1-(1-exp ((-(L*X) "B) *exp(G*X)))~A),2,sum)
return(-logl)

}

for(j in 1:n){

V<-function(a,b){

rbeta(l,a,b)

}

V<-V(a,b)

E<-function(x){

(1-exp ((-(L*x) "B) *exp (G*x))) "A-V

}

x[jl<-uniroot(E,c(0,100))$root

X

}

X<-as.matrix(x)

M[[i]]l<-optim(c(8,.5,1,.5,1.5,.5),
BGW.lik,method="BFGS",control=1list (maxit=500
,parscale=c(0.001,0.001,0.001,0.001,0.001,0.001)))$par
}

#M

estim<-do.call(rbind, M)

#estim

hat<-colMeans (estim)

hat

MSE<-colMeans ((estim-matrix(c(8,.5,1,.5,1.5,.5),
nrow=m,ncol=6,byrow=TRUE)) ~2)

RMSE<-(MSE) ~(1/2)

RMSE

Y¥ Jois (e bl sbaylas uslie aculne 45 bgy 0 slauS

BGW.lik<-function(theta,X){
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a<-thetal1]

b<-theta[2]

L<-thetal[3]

B<-theta[4]

G<-thetal[5]

A<-thetal[6]

n<-nrow (X)
logl<-n*log(A)+n*Bxlog(L)+(B-1)*apply(log(X),2,sum)+apply(log(B+G*X) ,2,sum)-n*
log(beta(a,b))+Gxapply(X,2,sum) - (L"B)*apply ((X"B) *exp (G*X) ,2,sum) +
(a*A-1)*apply (log(1-exp ((- (L*X) "B) *exp (G*X))),2,sum)+

(b-1) *apply(log(1-(1-exp ((-(L*X) "B) *exp(G*X))) ~A),2,sum)

}

BGW.lik(theta,X)

k

ATIC<-(2%k)-2*BGW.lik(theta,X)

AIC

BIC<-k*log(n)-2*BGW.lik(theta,X)

BIC

AICc<-AIC+(2xk*(k+1))/(n-k-1)

AICc

Je 3l3T bzl sl &
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x<-¢(0.10,0.20,1,1,1,1,1,2,3,6,7,
11,12,18,18,18,18,18,21,32,36,40,
45,46 ,47,50,55,60,63,63,67,67,
67,67,72,75,79,82,82,83,84,
84,84,85,85,85,85,85,86,86)
X<-as.matrix(x)
theta0<-c(.097,.055,.028,4.101,0,1)
thetal<-c(.139,.153,.011,5.343,.031,.575)
BGW.1lik<-function(theta,X){
a<-thetal[1]

b<-theta[2]

L<-thetal[3]

B<-theta[4]

G<-theta[5]

A<-thetal[6]
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n<-nrow(X)
logl<-n*log(A)+n*Bxlog(L)+(B-1)
*apply(log(X),2,sum)+

apply (log (B+G*X) ,2, sum) -n*
log(beta(a,b))+Gxapply (X,2,sum)-
(L"B) *apply ((X"B) *exp (G*X) ,2,sum) +
(a*xA-1)*apply (log(1-exp ((-(L*X) "B)*
exp(G*X))),2,sum)+

(b-1)*apply (log(1-(1-exp ((-(L*X) "B)*
exp(G*X)))~A),2,sum)

}

LR<- -2%(BGW.lik(theta0,X)-BGW.lik(thetal,X))
LR
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Aabstract

In this thesis, some ramifiction of Weibull distribution such as generalized modified
Weibull distribution and beta generalized Weibull was introduced for modeling
bathtub or upside-down bathtub (unimodal) shaped failure rates and according
to these distributions, a new six parameter distribution called beta generalized
modified Weibull distribution is introduced. The importance of these distributions
lies in ability to model monotone as well as non-monotonic failure rates. These
distributions also has a number of well-known distributions as sub-models.

after introduce the beta generalized modified Weibull (BGMW) distribution,
the cumulative distribution function (cdf) and the probability density function
(pdf) have been expressed as mixture of the generalized modified Weibull cdfs
and pdfs. We derived two infinite sum representations for its moments and the
non-linear equations for maximum likelyhood estimators are presented. The dis-
tribution is found to be superior to the existing sub-models on being fitted a real
data set.

keywords: Bathtub shaped failure rate, W lambert function, Generalized mod-
ified Weibull distribution, Beta generalized Weibull, Beta generalized modified
Weibull distribution
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