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Annihilator conditions on polynomials over mod-
ules

Ebrahim Hashemi

Abstract. Let R be a ring with unity and M be a right R-module. The system
M z] forms a left near R[z]-module under addition and substitution operations.
In this paper we extend the study of annihilator conditions on nearring of
polynomials to left near R[z]-module M [z], when M is a reduced Baer module.
Also, we give a characterization of reduced modules. As a corollary we obtain
some results of Birkenmeier and Huang [3].
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1. Introduction

Throughout this paper all rings are associative with unity and all nearrings are left
nearrings. We use R and N to denote a ring and a nearring respectively. Recall
from [7] that a ring R is Baer if R has a unity and the right annihilator of every
nonempty subset of R is generated, as a right ideal, by an idempotent. Kaplansky
[7] shows that the definition of a Baer ring is left-right symmetric. The class of Baer
rings includes all right (left) Noetherian right (left) PP rings (hence all hereditary
Noetherian rings), all right (left) perfect right (left) nonsingular right (left) CS
rings, and all von Neuman regular rings whose lattice of principal right (left) ideals
is complete (hence all von Neumann regular right (left) self-injective rings). The
study of Baer rings has its roots in functional analysis ([2] and [7]). For example,
every von Neumann algebra (e.g., the algebra of all bounded linear operators on
a Hilbert space) is a Baer ring. In 1974, Armendariz obtained the following result
([1], Theorem B): Let R be a reduced ring. Then R[z] is a Baer ring if and only
if R is a Baer ring. Recall a ring or a nearring is said to be reduced if it has
no nonzero nilpotent elements. A generalization of Armendariz’s result for several
types of polynomial extensions over Baer rings, are obtained by various authors.

Definition 1.1. Let N be a left nearring with identity. A left near N-module is an
abelian group (M, +) together with a mapping N x M — M called (left) scaler
multiplication (the image of (r,m) € N x M will be denoted by rm), such that for
all r,s € N and m,n € M, it satisfies the following axioms:

This research is supported by the Shahrood University of Technology at Iran.
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1. r(m+n) =rm-+rn;
2. (rs)m =r(sm);
3. Im =m.

Similarly we can define right near N-module. Clearly, if M is a left module
over a ring R, then M is left near R-module. Also, if N is an abelian left nearring,
then N is a left near N-module. Recall that for a (not necessarily abelian) additive
group (G,+), M(G) ={f : G — G} and My(G) ={f : G — G|0f = 0} are left
nearring under addition and function composition (domain elements are written on
the left side of the function).

Let M be a right R-module and M [z] be the abelian group of polynomials over
M. Tt is well-known that R[z] is an abelian nearring under addition and substitution.
Unless specifically indicated otherwise, R[x] denotes the left nearring of polynomials
(R[z], 4+, 0) with coefficients from R and
Ro[z] = {f € R[z]|f has zero constant term} is the O-symmetric left nearring of
polynomials with coefficients in R. Let (z)m = mqg +mix + - - -+ myx® € M[z] and
(@)f =ao+ a1z + -+ apx™ € Rlz]. Define (z)f o (x)m :=mo+mi((z)f)+-- +
my((z)f)*. Clearly M([z] is a left near R[z]-module.

Birkenmeier and Huang in [3], defined the Baer-type annihilator conditions in
the class of nearrings as follows (for a nonempty S C N, let rx(S) = {a € N|Sa =
0} and Iy (S) ={a € N|aS =0}):

1. N € B,y if ry(S) = eN for some idempotent e € N for every ¢ # S C N;
2. N € B if ry(S) = ry(e) for some idempotent e € N for every ¢ # S C N;
3. N € By if £n(S) = Ne for some idempotent e € N for every ¢ # S C N;
4. N € By if £n5(S) = €n(e) for some idempotent e € N for every ¢ # S C N.

If N is a ring with unity then N € B, U B2 U By U Bys is equivalent to N
being a Baer ring. When S is a singleton, the Rickart-type annihilator conditions
on nearrings are also defined similarly except replacing B by R. Courville in [6] has
defined a Baer nearring N to be a 0-symmetric nearring with unity such that N €
Br1 N Byp. In ([2], p. 28), the Ro condition is considered for rings with involution.
In [3, 4, 5] Birkenmeier and Huang, studied Baer-type annihilator conditions in the
class of nearrings. In particular they studied Baer-type annihilator conditions on
the nearring of polynomials R[x] (with the operations of addition and substitution)
and formal power series. They obtained the following results: Let R be a reduced
ring. (1) If R is Baer, then Ro[z] (resp. Ro[[z]]) satisfies all the Baer-type annihilator
conditions. (2) If Ry[z] (resp. Ro[[z]]) satisfies any one of the Baer-type annihilator
conditions, then R is Baer.

Recall from [11], that a module M is called reduced if for any m € M and
any a € R, ma = 0 implies mR N Ma = 0. Also, a module is called Baer, if the
annihilator of any non-empty subset of M is generated by an idempotent. Lee and
Zhou [11], used these modules to obtain a result on certain annihilator conditions
of the polynomial extension and the power series extension of a module.

Let N be a nearring and M be a left near N-module. We say (for a nonempty
S CM):

1. M € By if £5(S) = Ne for some idempotent e € N;
2. M € By if {n(S) = £n(e) for some idempotent e € N.

Clearly, if M is a left R-module, then M € By; if and only if M is a Baer
module.
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In this paper we extend the study of various annihilator conditions on the
nearring of polynomials to the near module of polynomials in which addition and
substitutions are used as operations. A result of Birkenmeier and Huang on the
nearring of polynomials is extended to Baer conditions in a near module of poly-
nomials. Also, it is shown that a right R-module M is reduced if and only if M|x]
is reduced as a left near Ry[z]-module if and only if My[x] is reduced as a left near
Ry[z]-module.

2. Near module of polynomials over reduced modules

Lemma 2.1. ([11], Lemma 1.2) Let M be a right R-module. Then the following are
equivalent:

1. Mg is reduced;

2. For anym € M and a € R,
(a) ma? =0 implies ma = 0;
(b) ma = 0 implies mRa = 0.

Example 2.2. ([11], Example 1.8) The following are examples of reduced modules:

1. R is a reduced ring if and only if Rr is a reduced module.

2. Every submodule of a reduced module is reduced. In particular, if I is a right
ideal of a reduced Ting R, then Ig is a reduced module.

3. Let p be a prime number and n > 1. Then p" ' Zyn is a reduced module over
an .

4. Every direct product of reduced R-modules is a reduced R-module.

5. If My is a reduced Ri-module for each t € T, then II;M; is a reduced 11, R;-
module.

6. A module M over Z is reduced if and only if, for any m € M, either m is
torsion-free or the order of m is square-free. In particular, for n > 1, Z, is a
reduced module over Z if and only if n is square-free.

Proposition 2.3. Let R be a ring and M be a right R-module. Then the following
are equivalent:

1. Mg is reduced;

2. Mx] is reduced as a left near Ry[x]-module;

3. My[x] is reduced as a left near Ro[x]-module.

Proof. (1) — (2) Let (z)m = mo+myz+---+mpa® € M[z] and (2)f = a1x+-- -+
anz" € Ry[r] such that (x)fo(x)m = 0. Then myaX = 0, and mya,, = 0, by Lemma
2.1. By multiplying (z)f o (x)m on the right by a,, and using Lemma 2.1, we have
moan+mi (@) fan+- - +mi_1((x) f)*ta, = 0. Then mg_1af = 0 and my_1a, =
0. By continuing this process, we have mga,, = mia, = --- = mga, = 0. Then by
using Lemma 2.1, (z)fo (z)m = mo +my(a1z+ -+ ap_12" ) + -+ my(a1z +
-+ +4a,_12""1)* = 0. Hence by using induction on deg((x)f), we have m;a; = 0 for
all i, j. Now let (z)m’ = mg+---+m.z" € M[z] and (x)g = byz+- - -+bsx® € Ro[z]
such that (z)f o (z)m = (2)g o (z)m. Then

mo +mi (@) f) + -+ m (@) )" = mo +ma((2)g) +--- +mi((x)g)*.  (2.1)

By multiplying Eq.(2.1) on the right by a,, and using Lemma 2.1, we have m;an =0
for i =0,---,r. Now, multiplying Eq.(2.1) on the right by a,—_; and using Lemma
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2.1, we have m;an_l =0 for i =0,---,r. Continuing this process yields m;aj =0
for all 4, j. Thus (z)f o (z)m’ = 0.

(2) — (3) It is clear.

(3) = (1) Let a € R and m € M such that ma = 0. Hence axz o mx = 0. Let
be Rand m’ € M such that m'a = mb. Hence ax om’z = bz o ma. Since Mylz] is
reduced as a left near Rg[x]-module, we have ax o m'xz =m'axz = 0. Thus m'a = 0.
Now suppose that ma? = 0. Then az o (ax o mx) = ma?x = 0. Hence ax o mx = 0,

since My[z] is reduced as a left near Rg[z]-module. Thus ma = 0. Therefore M is
a reduced R-module. O

By using Proposition 2.3, one can construct examples of reduced near modules.

Proposition 2.4. Let Mg be a reduced module and S be a non-empty subset of My[z].

1. Let LRy (S) = Rlz] o (z)E for an idempotent (x)E = eg + e1z + - - + epa™ €
Rlz]. Then e = ey and (g[;)(S) = R[z] o ey

2. Let R be a commutative ring and Lppy)(S) = Lry((2)E) for an idempotent

(2)E =eg+e1x+- - +epx" € Rlz]. Then €5 = e1 and Lg(;)(S) = lgpy)(e1).

Proof. (1) Let myz +---+mga* € S. Then mje; =0fori=1,--- ,k,j=1,--- ,n,

by the same proof as in Proposition 2.3. Thus e;x € £g[;(S) fori = 1,--- ,n. Hence
e =exo(eg+erxr+---+e,x™) =e+erex+ - +epelx™ fori=1,2,--- n.
Then eg = 0, €? = e; and e; = eje; for i = 2,--- ,n. Thus (2)E = (z)E o e;x, and

R[z] o (x)E C R[x] o eyw. Clearly R[z] o e;x C R[x] o (x)E. Therefore £gp,(S) =
Rlz] o eyx.

(2) By Proposition 2.3, if (v)f = ap + a1z +- -+ +a,z" € Lg,)(S) and (z)m
miz+- - -+meat € S, then mia; =0foralll <i <t 1<j<n.Since (z)Eo(x)E
(z)E, hence et = 0, if n > 2. Thus for each (z)m = miz + -+ + muat €
mient™ = 0 and so m;e, = 0, since Mg is reduced. Hence e,r € LRiz)(S)
(o) ((x)E). Thus e zo(z)E = 0 and that 0 = ey = eje, = ezel = -+ = en_1€) .
Since (z)E o (z)F = (2)E and eg = 0, we have

e1x 4 eax® + -+ epx™ = e1((2)E) + -+ + en((x)E)™. (2.2)

W

)

=l

Let m be a coefficient of an element of S. Multiplying Eq.(2.2) on the left by m,
yields me,_1 =0, if n — 1 > 2, since me,, = 0 and Mpg is reduced. Thus e,_1x €
lR(2)(S) = LRy ((z)E). Hence e, 120 (x)E = 0 and eje, 1 = 0. Continuing this
process yields ejes = ejeg = -+ = ere, = 0. Since (z)E = (z)E o (z)E and
eres = ejez3 = --- = ere, = 0, by comparing the coefficients of z2, we have
e = egeq. Hence es = 0, since e% = e; and R is commutative. By comparing
coefficients of 2® in (z)E = (z)E o (x)E, we have e3 = eze; = 0. Continuing this
process yields, e, = €,_1 = --- = e = 0. Therefore £g[;](S) = Lg[y)(e12). O

Proposition 2.5. Let M be a reduced R-module and R be a commutative ring. If
Mz] € By, then M € B,s.

Proof. Let S be a non-empty subset of M and S, = {mz|m € S} C M|x]. Then
lR(2](Sz) = {Rgp(ex), for an idempotent e € R, by Proposition 2.4. We claim
rr(S) =rr(e). Let a € rg(e). Then ea = 0 and axoex = 0. Hence ax € Lgj,)(ex) =
{R[21(Sz), and so ax omx = max = 0 for each m € S. Thus a € rr(S). Now, let b €
rr(S). Then bx o ma = mbx = 0 for each m € S. Hence bx € lp,)(S:) = Lrps(ex),
and bx o ex = ebx = 0. Thus b € rg(e). Therefore rg(S) = rgr(e). O
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The converse of Proposition 2.5, is not true in general. The following example
shows that there exists a finite module M over a commutative ring R such that
M € B,1 UB,.3 but M[x] ¢ Bya.

Example 2.6. Let R = M = Zg and S = {222 + 4x}. By Proposition 2.4, the
possible idempotents (x)E € Zg[x] such that Lz, (S) = lz2)((x)E) are either x
or 4x or 3x. Note that 3x € lz,,1(S), but 3z ¢ lz,(2)(3x). Also 1 € lz,[,1(S), but
L ¢ lz421(42) and 1 ¢ Ly, (x). Therefore, there is no idempotent (xv)E € Zg[x]
such that lz,[,)(S) = lz4(2)((x)E). Consequently, Zg[x] ¢ Bea.

If (x)m =1 ymz’ € Mz], let S;, = {mq,--- ,m,}.
We now turn to the problem of extending Baer-type annihilator conditions
from M to My[z].

Proposition 2.7. Let M be a reduced module over a ring R. Then
1. M € B,y if and only if My[x] € Bp as a left near Rolx]-module.
2. if M € Bya, then Mylx] € Bea as a left near Ro[x]-module. The converse is
true, if R is commutative.

Proof. (1) Assume M € B,y and S is a non-empty subset of My[x]. Then T =
UfesS} is a non-empty subset of M. Hence rg(T) = eR for some idempotent
e € R. We show that (g, (,)(S) = Rolx] o ex. Let (x)m = >, m;z’ € S. Then ex o
(x)m =3, mijex’ = 0. Thus Ro[z]oex C lpy,1(S). Now let (z)f = 22:1 ajzl €
CRo[2)(S). Then a; € rr(T) for all 1 < j < ¢, as in the proof of Proposition 2.3.
Therefore a; = ea; for all 1 < j < t. Hence (z)f = Z;Zl ajzl = Z;Zl eajzl =
23:1 ajzioex € Ry[z]oex. Consequently, My[x] € By as a left near Ry[z]-module.

Now assume My[z] € By as a left near Rg[xz]-module. Let S be a non-empty
subset of M and define S, = {mx|m € S}. Then (g [;)(S:) = Rolx] o ex for some
idempotent e € R, by Proposition 2.4. For each mz € S, 0 = exomz = mex. Then
e € rg(S). Now assume a € rg(S). Then azx o mxz = max = 0 for each mz € S,.
Thus ax € lgy[;](Sz) = Ro[r] o ex and ax = ax o ex. Hence a = ea € eR. Thus
rr(S) =eR and so M € B,.

(2) Assume M € Bys. Let S be a non-empty subset of My[z]. By a similar
construction used in the proof of (1), we have rg(T") = rr(e) for some idempotent
e € R. We show (g [4)(S) = {gy[s)(ex). Let (x)f = 2221 a;x? € Lp,(ex). Then
(z)f oex =e.(x)f = 0. Hence ea; = 0 for each 4. Therefore {p,[,1(ex) C LR 4] (S).
Now, let (z)g = 377, bjzl € lpy1)(S). Then b; € rr(T) = rr(e) for each 1 <
j < n, as in the proof of Proposition 2.3. Thus (x)g o ex = e.(x)g = 0. Therefore
LRy ) (S) = LRy[2)(ex) and so Mo[x] € Bea.

Assume My[z] € Byz and R be a commutative ring. Let S be a non-empty
subset of M and define S, = {mx|m € S}. Then lg [,)(S:) = LR,[z](ex) for some
idempotent ex € Rglx], by Proposition 2.4. We show that rr(S) = rg(e). Let
a € rr(S). Then ax o mx = max = 0, for each mz € S,. Hence ax € lp,](Sz) =
LRy[z)(ex). Thus ax o ex = eax = 0 and a € rgr(e). Therefore rr(S) C rr(e). Now
let b € rr(e). Then broex = ebxr = 0, s0 bx € Lgy[z)(S,). Thus bx omz = mbx = 0,
for all m € S. Therefore b € rr(S) and so M € B,. O

Theorem 2.8. Let M be a reduced module. Then the following are equivalent:
1. Mg is a Baer right R-module;
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2-( [z], +,
3. (Mo[z], +,

Proof. (1) & (2) It follows from ([11], Theorem 2.5).
(2) < (3) It follows from Proposition 2.7. O

.) is a Baer right R[x]-module;
o) € By as a left near Ry[x]-module.

Corollary 2.9. ([3], Corollary 3.9) Let R be a reduced ring. Then the following are
equivalent:

1. R is Baer;
2. (R[z],+,.) is Baer;
3. (Ro[z],+,0) € Ba.

Proposition 2.10. Let M be a right near N-module. Let N1 be a subnearring of N
which contains all the idempotents of N. Let My be a subnear Ni-module of M.
If M € B.1(Br2) as a right near N-module, then My € B.1(B.2) as a right near
Ni-module.

Proof. Assume M € B,;. Let S be a nonempty subset of M;. There exists an
idempotent e € N such that ry(S) = eN. Note that eN; C N; and eN; C
eN = ry(S), and so eN1 C 7y, (S). On the other hand, let a € 7y, (S). Then
a € ry(S) =eN and so a = ea € eNy, and thus ry, (S) = eN;. Hence M; € B,;.
Assume M € B,o. Then rn(S) = ry(e) for some idempotent e € N. We show
that rn, (S) = rn,(e). If a € rn, (S), then a € rn(S) and so ea = 0. Therefore
a € ry,(e). On the other hand, if b € rx,(e), then b € ry(e) = rx(S). That is
mb =0 for all m € S, and so b € ry, (S). Hence rn, (S) = rn, (e) and M; € B,y as
a right near Ni-module. O

Proposition 2.11. Assume that M is a reduced R-module. Let S be the subnearring
of Ro[z] generated by {ex|e* = e € R} and T be a subnearring of Rolz]. Let X be
a subnear T-module of Ro[z] and S C T.

1. If Mylx] € Ber as a left near Ro[x]-module, then X € By as a left near
T-module.

2. If R is a commutative ring and My[x] € By as a left near Rolx]-module, then
X € Byo as a left near T-module.

Proof. Follows from Propositions 2.4 and 2.10. (]

Example 2.12. By Proposition 2.11, the following near modules satisfy By when
M is a reduced and Baer R-module. They also, satisfy Bz, when M is a reduced
R-module, R is commutative and M € B,s:

1. {ma|m € M} as a left near {ax|a € R}-module;

2. My[z] as a left near {ax|a € R}-module;

3. Molz] as a left near {(z)f = >_1 | azi—12*"~1 € Rylx]|azi—1 € R,n € N}-
module;

4. {(z)ym = Y mo;_ 1x2i_1 € Mylx]|mai—1 € M,n € N} as a left near
{(x)f =X asi—12*~ ! € Rylz] | azi—1 € R,n € N}-module;

5. {(z)m =1 moi_12® 7! € My[z] | mai—1 € M,n € N} as a left near {az|a €
R}-module;

6. Mo[z] as a left near Ep[z]-module where E is a subring containing all idem-
potents of R.
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