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  27/3/1403ترم معادلات هماهنگ   پايانپاسخنامه امتحان 
 دانشگاه صنعتي شاهرود –دانشكده علوم رياضي 

 

 – 1جواب سوال 

𝒓𝟐 + 𝟔𝒓 + 𝟗 = 𝟎 → (𝒓 + 𝟑)𝟐 = 𝟎 → 𝒓𝟏 =  𝒓𝟐 = −𝟑 

𝒚𝒉 = 𝒄𝟏𝒆−𝟑𝒙 + 𝒄𝟐𝒙𝒆−𝟑𝒙   ,     {
𝒚𝟏 = 𝒆−𝟑𝒙

𝒚𝟐 = 𝒙𝒆−𝟑𝒙  

 𝒘(𝒚𝟏, 𝒚𝟐) = |
𝒆−𝟑𝒙 𝒙𝒆−𝟑𝒙

−𝟑𝒆−𝟑𝒙 (𝟏 − 𝟑𝒙)𝒆−𝟑𝒙| = 𝒆−𝟔𝒙 

𝒗𝟏 = ∫
−𝒚𝟐𝑹(𝒙)

𝒘(𝒚𝟏, 𝒚𝟐)
𝒅𝒙 = ∫

−𝒙𝒆−𝟑𝒙 ×
𝒆−𝟑𝒙

𝒙𝟑

𝒆−𝟔𝒙
𝒅𝒙 = ∫ −

𝟏

𝒙𝟐
𝒅𝒙 =

𝟏

𝒙
 

𝒗𝟐 = ∫
𝒚𝟏𝑹(𝒙)

𝒘(𝒚𝟏, 𝒚𝟐)
𝒅𝒙 = ∫

𝒆−𝟑𝒙 ×
𝒆−𝟑𝒙

𝒙𝟑

𝒆−𝟔𝒙
𝒅𝒙 = ∫

𝟏

𝒙𝟑
𝒅𝒙 =

−𝟏

𝟐𝒙𝟐
 

𝒚𝒑 = 𝒚𝟏𝒗𝟏 + 𝒚𝟐𝒗𝟐 =
𝒆−𝟑𝒙

𝒙
−

𝒆−𝟑𝒙

𝟐𝒙
=

𝒆−𝟑𝒙

𝟐𝒙
,         𝒚𝒈 = 𝒚𝒉 + 𝒚𝒑 = (𝒄𝟏 + 𝒄𝟐𝒙 +

𝟏

𝟐𝒙
) 𝒆−𝟑𝒙  

 
------------------------------------------------------------------------------------------------------------ 

 – 2جواب سوال 

𝒙𝟐𝒚′′ + 𝟔𝒙𝒚′ + 𝟔𝒚 = 𝟐 𝐥𝐧(𝒙),     𝒙 = 𝒆𝒕       ,  , 

 

[𝑫′(𝑫′ − 𝟏) + 𝟔𝑫′ + 𝟔]𝒚 = 𝟐𝒕,         (𝑫′𝟐
+ 𝟓𝑫′ + 𝟔)𝒚 = 𝟐𝒕 

𝒓𝟐 + 𝟓𝒓 + 𝟔 = 𝟎,          (𝒓 + 𝟐)(𝒓 + 𝟑) = 𝟎 ,       𝒓𝟏 = −𝟐 , 𝒓𝟐 = −𝟑 

𝒚𝒉 = 𝒄𝟏𝒆−𝟐𝒕 + 𝒄𝟐𝒆−𝟑𝒕 = 𝒄𝟏𝒙−𝟐 + 𝒄𝟐𝒙−𝟑 

𝒚𝒑 =
𝟏

𝑫′𝟐
+ 𝟓𝑫′ + 𝟔

(𝟐𝒕) → 𝒚𝒑 =
𝟏

(𝑫′ + 𝟐)(𝑫′ + 𝟑)
(𝟐𝒕) 

𝒚𝒑 = (
𝟏

𝑫′ + 𝟐
−

𝟏

𝑫′ + 𝟑
) (𝟐𝒕) = [

𝟏

𝟐 (𝟏 +
𝑫′

𝟐
)

−
𝟏

𝟑 (𝟏 +
𝑫′

𝟑
)

] (𝟐𝒕) 

𝒚𝒑 = [
𝟏

𝟐
(𝟏 −

𝑫′

𝟐
) −

𝟏

𝟑
(𝟏 −

𝑫′

𝟑
)] (𝟐𝒕) ,        𝒚𝒑 =

𝟐

𝟑
𝒕 −

𝟓

𝟏𝟖
=

𝟐

𝟑
𝐋𝐧 𝒙 −

𝟓

𝟏𝟖
 

  

𝒚𝒈 = 𝒚𝒉 + 𝒚𝒑 =
𝒄𝟏

𝒙𝟐
+

𝒄𝟐

𝒙𝟑
+

𝟐

𝟑
𝐋𝐧 𝒙 −

𝟓

𝟏𝟖
 

 



}                                       -3جواب سوال 
(𝑫𝟐 − 𝟏)𝒙 + (𝑫 − 𝟏)𝒚 = 𝒆𝟐𝒕

(𝑫 + 𝟏)𝒙 − 𝒚 = 𝟐𝒆𝟐𝒕 

𝑫)از ضرب معادله دوم در     −  و جمع دو معادله بدست مي آوريم: (𝟏

     

𝟐(𝑫𝟐 − 𝟏)𝒙 = 𝟑𝒆𝟐𝒕    →    𝒙𝒉 = 𝒄𝟏𝒆−𝒕 + 𝒄𝟐𝒆𝒕  و      𝒙𝒑 =
𝟏

𝟐(𝑫𝟐−𝟏)
(𝟑𝒆𝟐𝒕) =

𝒆𝟐𝒕

𝟐
      

𝒙 = 𝒙𝒉 + 𝒙𝒑 = 𝒄𝟏𝒆−𝒕 + 𝒄𝟐𝒆𝒕 +
𝒆𝟐𝒕

𝟐
 

 با جايگذاري در معادله دوم داريم :  

(𝑫 + 𝟏)𝒙 − 𝒚 = 𝟐𝒆𝟐𝒕 → 𝒚 = (𝑫 + 𝟏) (𝒄𝟏𝒆−𝒕 + 𝒄𝟐𝒆𝒕 +
𝒆𝟐𝒕

𝟐
) − 𝟐𝒆𝟐𝒕 → 

𝒚 = −𝒄𝟏𝒆−𝒕 + 𝒄𝟐𝒆𝒕 + 𝒆𝟐𝒕 + 𝒄𝟏𝒆−𝒕 + 𝒄𝟐𝒆𝒕 +
𝒆𝟐𝒕

𝟐
− 𝟐𝒆𝟐𝒕 =   𝟐𝒄𝟐𝒆𝒕 −

𝒆𝟐𝒕

𝟐
 

............................................................................................................................................................................................................... 

 

′′𝒚                                         – 4جواب سوال  + 𝟐𝒙𝒚′ + 𝟐𝒚 = 𝟎   

  𝒚(𝒙) = ∑ 𝒂𝒏𝒙𝒏+∞
𝒏=𝟎 𝒚′(𝒙)      و  = ∑ 𝒏𝒂𝒏𝒙𝒏−𝟏+∞

𝒏=𝟏 𝒚′′(𝒙)      و  = ∑ 𝒏(𝒏 − 𝟏)𝒂𝒏𝒙𝒏−𝟐+∞
𝒏=𝟐 

∑ 𝒏(𝒏 − 𝟏)

∞

𝒏=𝟐

𝒂𝒏𝒙𝒏−𝟐 + 𝟐𝒙 ∑ 𝒏𝒂𝒏𝒙𝒏−𝟏

∞

𝒏=𝟏

+ 𝟐 ∑ 𝒂𝒏𝒙𝒏

∞

𝒏=𝟎

= 𝟎 → 

∑ 𝒏(𝒏 − 𝟏)

∞

𝒏=𝟐

𝒂𝒏𝒙𝒏−𝟐 + 𝟐 ∑ 𝒏𝒂𝒏𝒙𝒏

∞

𝒏=𝟏

+ 𝟐 ∑ 𝒂𝒏𝒙𝒏

∞

𝒏=𝟎

= 𝟎 → 

∑(𝒏 + 𝟐)(𝒏 + 𝟏)

∞

𝒏=𝟎

𝒂𝒏+𝟐𝒙𝒏 + 𝟐 ∑ 𝒏𝒂𝒏𝒙𝒏

∞

𝒏=𝟎

+ 𝟐 ∑ 𝒂𝒏𝒙𝒏

∞

𝒏=𝟎

= 𝟎 → 

∑[(𝒏 + 𝟐)(𝒏 + 𝟏)𝒂𝒏+𝟐 + 𝟐(𝒏 + 𝟏)𝒂𝒏]

∞

𝒏=𝟎

𝒙𝒏 = 𝟎 → 

(𝒏 + 𝟐)(𝒏 + 𝟏)𝒂𝒏+𝟐 + 𝟐(𝒏 + 𝟏)𝒂𝒏 = 𝟎         , 𝒏 ≥ 𝟎 →    𝒂𝒏+𝟐 =
−𝟐

𝒏 + 𝟐
𝒂𝒏   , 𝒏 ≥ 𝟎 → 

    

𝒂𝟐 = −𝒂𝟎 , 𝒂𝟑 =
−𝟐

𝟑
𝒂𝟏 , 𝒂𝟒 = −

𝟏

𝟐
𝒂𝟐 =

𝟏

𝟐
𝒂𝟎 , 𝒂𝟓 =

−𝟐

𝟓
𝒂𝟑 =

𝟒

𝟏𝟓
𝒂𝟏 

𝒚(𝒙) = ∑ 𝒂𝒏𝒙𝒏

∞

𝒏=𝟎

= 𝒂𝟎 + 𝒂𝟏𝒙 + 𝒂𝟐𝒙𝟐 + 𝒂𝟑𝒙𝟑 + 𝒂𝟒𝒙𝟒 + 𝒂𝟓𝒙𝟓 + ⋯ 

= 𝒂𝟎 + 𝒂𝟏𝒙 − 𝒂𝟎𝒙𝟐 −
𝟐

𝟑
𝒂𝟏𝒙𝟑 +

𝟏

𝟐
𝒂𝟎𝒙𝟒 +

𝟒

𝟏𝟓
𝒂𝟏𝒙𝟓 + ⋯ 

= 𝒂𝟎 (𝟏 − 𝒙𝟐 +
𝟏

𝟐
𝒙𝟒 + ⋯ ) + 𝒂𝟏 (𝒙 −

𝟐

𝟑
𝒙𝟑 +

𝟒

𝟏𝟓
𝒙𝟓 + ⋯ ) 

.................................................................................................................................................................................. 

 



 

 

  – 5جواب سوال 

𝑳                          الف ( {∫ (𝒆𝟐𝒙 − 𝐜𝐨𝐬 𝟑𝒙 + 𝒙)
𝒕

𝟎
𝒅𝒙} =

𝟏

𝒔
(

𝟏

𝒔−𝟐
−

𝒔

𝒔𝟐+𝟗
+

𝟏

𝒔𝟐)  

 

𝑭(𝒔)                       ب ( =  𝐋𝐧 (
𝒔+𝟐

𝒔−𝟑
) = 𝐋𝐧(𝒔 + 𝟐) − 𝐋𝐧(𝒔 − 𝟑) ,     𝒇(𝒙) = 𝑳−𝟏{𝑭(𝒔)} 

𝑭′(𝒔) =
𝟏

𝒔+𝟐
−

𝟏

𝒔−𝟑
  →  𝑳−𝟏{𝑭′(𝒔)} = 𝒆−𝟐𝒙 − 𝒆𝟑𝒙  →   𝒇(𝒙) =

−𝟏

𝒙
(𝒆−𝟐𝒙 − 𝒆𝟑𝒙) =

𝟏

𝒙
(𝒆𝟑𝒙 − 𝒆−𝟐𝒙)               

  – 6جواب سوال 

𝒙(𝒕) = 𝒆−𝟒𝒕 + ∫ 𝒙(𝒛) 𝐬𝐢𝐧(𝒕 − 𝒛)

𝒕

𝟎

𝒅𝒛       →        𝑳{𝒙(𝒕)}

= 𝑳 {𝒆−𝟒𝒕 + ∫ 𝒙(𝒛) 𝐬𝐢𝐧(𝒕 − 𝒛)

𝒕

𝟎

𝒅𝒛}  → 

𝑳{𝒙} = 𝑳{𝒆−𝟒𝒕} + 𝑳{𝒙}𝑳{𝐬𝐢𝐧 𝒕}        →      𝑳{𝒙} =
𝟏

𝒔 + 𝟒
+ 𝑳{𝒙} ×

𝟏

𝒔𝟐 + 𝟏
 →  

𝒔𝟐

𝒔𝟐 + 𝟏
𝑳{𝒙} =

𝟏

𝒔 + 𝟒
      →        𝑳{𝒙} =

𝒔𝟐 + 𝟏

𝒔𝟐(𝒔 + 𝟒)
     →        𝑳{𝒙} =

𝟏

𝒔 + 𝟒
+

𝟏

𝒔𝟐(𝒔 + 𝟒)
 

𝑳{𝒙} =
𝟏

𝒔 + 𝟒
+

𝟏

𝟒
(

𝟏

𝒔𝟐
) −

𝟏

𝟏𝟔
(

𝟏

𝒔
) +

𝟏

𝟏𝟔
(

𝟏

𝒔 + 𝟒
)  → 𝑳{𝒙}

=
𝟏𝟕

𝟏𝟔
(

𝟏

𝒔 + 𝟒
) +

𝟏

𝟒
(

𝟏

𝒔𝟐
) −

𝟏

𝟏𝟔
(

𝟏

𝒔
)  

𝒙(𝒕) =
𝟏𝟕

𝟏𝟔
𝒆−𝟒𝒕 +

𝟏

𝟒
𝒕 −

𝟏

𝟏𝟔
 

------------------------------------------------------------------------------------------------------------- 

   - 7جواب سوال 

𝒙′′(𝒕) + 𝟐𝒙′(𝒕) + 𝒙(𝒕) = {
𝒆−𝒕        𝟎 ≤ 𝒕 < 𝟏

𝟎              𝟏 ≤ 𝒕           
𝒙(𝟎)     و     = 𝒙′(𝟎) = 𝟎 

𝑳{𝒙′′} + 𝟐𝑳{𝒙′} + 𝑳{𝒙} = 𝑳{𝒆−𝒕 + (𝟎 − 𝒆−𝒕)𝑯(𝒕 − 𝟏)}  →  

𝒔𝟐𝑳{𝒙} − 𝒔𝒙(𝟎) − 𝒙′(𝟎) + 𝟐(𝒔𝑳{𝒙} − 𝒙(𝟎)) + 𝑳{𝒙} =
𝟏

𝒔 + 𝟏
−

𝒆−𝒔

𝒆(𝒔 + 𝟏)
 →  

(𝒔𝟐 + 𝟐𝒔 + 𝟏)𝑳{𝒙} =
𝟏

𝒔 + 𝟏
−

𝒆−𝒔

𝒆(𝒔 + 𝟏)
     →     𝑳{𝒙} =

𝟏

(𝒔 + 𝟏)𝟑
−

𝒆−𝒔

𝒆(𝒔 + 𝟏)𝟑
  



𝒙(𝒕) =
𝟏

𝟐
𝒕𝟐𝒆−𝒕 −

(𝒕−𝟏)𝟐

𝟐𝒆
𝒆−(𝒕−𝟏) 𝑯(𝒕 − 𝟏) 

= {

𝟏

𝟐
𝒕𝟐𝒆−𝒕                                      𝟎 ≤ 𝒕 < 𝟏

𝟏

𝟐
𝒕𝟐𝒆−𝒕 −

(𝒕−𝟏)𝟐

𝟐𝒆
𝒆−(𝒕−𝟏)          𝟏 ≤ 𝒕

     

 

 
 


