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Advanced Quantum Mechanics I

Some Formulas

Matrix representations
A ket is represented by a column vector (ca′):

|α⟩ = ∑
a′

ca′ |a′⟩ , ca′ = ⟨a′|α⟩

Probability for a′ = |⟨a′|α⟩|2
Completeness relation:

∑
a′
|a′⟩⟨a′| = 1

⟨α|α⟩ = ∑
a′
|⟨a′|α⟩|2

An operator is represented by a matrix:

Ak,l = ⟨ak|A|al⟩

The commutator [, ] and the anticommutator {, } are defined by:

[A, B] = AB − BA , {A, B} = AB + BA

Spin-1/2
In the basis of Sz , spin up and spin down along the z-axis, we have:

Sz =
h̄
2

(
1 0
0 −1

)
, Sx =

h̄
2

(
0 1
1 0

)
, Sy =

h̄
2

(
0 −i
i 0

)

S± = Sx ± iSy , [Si, Sj] = iϵijkh̄Sk , {Si, Sj} =
1
2

h̄2δij

Expectation values

⟨A⟩α
.
= ⟨α|A|α⟩ = ∑

a′
a′|⟨a′|α⟩|2

Heisenberg uncertainty relation (in a more general formulation):

∆α A .
= A − ⟨A⟩α , ⟨(∆α A)2⟩ = ⟨A2⟩α − ⟨A⟩2

α

⟨(∆α A)2⟩⟨(∆αB)2⟩ ≥ 1
4
|⟨[A, B]⟩2

α

Change of basis

|bl⟩ = U|al⟩ , U = ∑
k
|bk⟩⟨ak| , U†U = UU† = 1
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Representation of U in the old basis:

Ukl = ⟨ak|U|al⟩ = ⟨ak|bl⟩

⟨bk|α⟩ = ∑
l
⟨ak|U†|al⟩⟨al|α⟩

In matrix notation: (
new

)
=

(
U†

)(
old

)
The trace of an operator X is defined as the sum of diagonal elements:

tr(X) = ∑
a′
⟨a′|X|a′⟩

Diagonalization
det

(
B − λ1

)
= 0

Position Eigenkets

x|x′⟩ = x′|x′⟩ , ⟨x′′|x′⟩ = δ(x′′ − x′) , |α⟩ =
∫ ∞

−∞
dx′|x′⟩⟨x′|α⟩

Point particle in Euclidean space
The Hilbert space is defined by the set of 3 commuting position observables:

[xi, xj] = 0 , [pi, pj] = 0 , [xi, pj] = ih̄δij

From this follows:
[xi, F(p)] = ih̄

∂F
∂pi

, [pi, G(x)] = −ih̄
∂G
∂xi

The wave function is simply the position representation:

ψα(x
′) = ⟨x′|α⟩

⟨β|α⟩ =
∫

dx′⟨β|x′⟩⟨x′|α⟩ =
∫

dx′ψ∗
β(x

′)ψα(x
′)

The wave function of a momentum eigenstate in one dimension:

⟨x′|p′⟩ = 1√
2πh̄

exp
(

ip′x′

h̄

)
In 3 dimensions, this becomes:

⟨x′|p′⟩ = 1

(2πh̄)
3
2

exp
(

ip′.x′

h̄

)


