Silme 8

Equilibrium and stability of this articulated crane as a function of its position
can be determined using the methods of work and energy, which are
explained in this chapter.

Ref. Engineering mechanics, Statics, Thirteenth edition, R. C. Hibbler, 2013.
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EXAMPLE | 11.1

Determine the angle # for equilibrium of the two-member linkage

- D B p=25N
shown in Fig. 11-6a. Each member has a mass of 10 kg. . i
SOLUTION N Pl
Free-Body Diagram. The system has only one degree of freedom q(/
since the location of both links can be specified by the single coordinate, (a)
(g = ) 8. Asshown on the free-body diagram in Fig. 11-6 b, when 8 has
a positive (clockwise) virtual rotation 86, only the force F and the two
98.1-N weights do work. (The reactive forces D, and D, are fixed, and f Xp = [ F— 25N
B, does not displace along its line of action.) D, |p B %I- B
Virtual Displacements. If the origin of coordinates is established at Si:l i Hi“{ﬁ ————F1sy,
the fixed pin support D, then the position of F and W can be specified by b, | ;‘ﬁf;f ) ) B,

the position coordinates xp and y,,. In order to determine the work, note

W=081N W=08IN
that, as required, these coordinates are parallel to the lines of action of

their associated forces. Expressing these position coordinates in terms of (b)

# and taking the derivatives yields Fig. 11-6
g = Hlcos)m &xg = —2sinf 88 m (1)
Yo = flsinf)m &y, = 0.5cos #50 m (2)

It is seen by the signs of these equations, and indicated in Fig. 11-6b, that
an increase in # (i.e., 58) causes a decrease in xg and an increase in y,,.

Virtual-Work Equation. If the virtual displacements 8xz and 8y,
were both positive, then the forces W and F would do positive work
since the forces and their corresponding displacements would have the
same sense. Hence, the virtual-work equation for the displacement &6 is

U =10 Wy, + Wéy, + Foxg =10 (3)
Substituting Eqs. 1 and 2 into Eq. 3 in order to relate the virtual
displacements to the common virtual displacement 8 yields

08.1(0.5 cos 0 66) + 98.1(0.5 cos 8 86) + 25(—2sin 6 86) = 0

Notice that the “negative work™ done by F (force in the opposite sense
to displacement) has actually been accounted for in the above
equation by the “negative sign” of Eq. 1. Factoring out the common
displacement 8¢ and solving for 6, noting that 86 = 0, yields

(98.1 cos 8 — 50sin®) 66 = 0

g = wn_'% = 63.0° Ans.

NOTE: If this problem had been solved using the equations of equilibrium,
it would be necessary to dismember the links and apply three scalar
equations to ezch link. The principle of virtual work, by means of calculus,
has eliminated this task so that the answer is obtained directly.




EXAMPLE | 11.2

Determine the required force P in Fig. 11-7a needed to maintain
equilibrium of the scissors linkage when # = 60°. The spring is
unstretched when # = 30°. Neglect the mass of the links.

SOLUTION
Free-Body Diagram. Oaly F, and P do work when # undergoes a

positive virtual displacement 88, Fig. 11-7b. For the arbitrary position 8,
the spring is stretched (0.3 m) sin # — (0.3 m) sin 30°, so that
F, = ks = 5000 N/m [(0.3 m) sin # — (0.3 m) sin 30°]
= (1500 sin & — 750) N
Virtual Displacements. The position coordinates, x; and xp,
measured from the fixed point A, are used to locate F, and P. These

coordinates are parallel to the line of action of their corresponding
forces. Expressing xy and xj in terms of the angle # using trigonometry,

xg = (0.3 m) sin 6
xp = 3[(0.3 m) sin 8] = (0.9 m) sin #

Differentiating, we obtain the virtual displacements of points B and D.

dxg = 0.3 cos 8 &0 (1)
dxp = 0.9 cos B 66 (2)

Virtual-Werk Equation. Force P does positive work since it acts in
the positive sense of its virtual displacement. The spring force F, does
negative work since it acts opposite to its positive virtual displacement.
Thus, the virtual-work equation becomes

U =0; —F,8xy + Pxp =0
—[1500 sin & — 7501 (0.3 cos 6.86) + P (0.9 cos 6 66) = 0
[0.9P + 225 — 450 sin#] cos 050 = 0

Since cos # 66 # 0, then this equation requires
P =3500sin8 — 250
When 6 = 60°,

P =500sn60° — 250 = 183N Ans.




SAMPLE PROBLEM 7/2

The mass m is brought to an equilibrium position by the application of the
couple M to the end of one of the two parallel links which are hinged as shown.
The links have negligible mass, and all friction is assumed to be absent. Deter-
mine the expression for the equilibrium angle # assumed by the links with the
vertical for a given value of M. Consider the alternative of a solution by force and
moment equilibrium.

Solufion. The active-force diagram shows the weight mg acting through the
center of mass G and the couple M applied to the end of the link. There are no
other external active forces or moments which do work on the system during a
change in the angle §.

The vertical position of the center of mass (7 is designated by the distance h
below the fixed horizontal reference line and is h = b cos # + c. The work done
by mg during a movement 5k in the direction of mg is

+mg 8h = mg &b cos § + ¢)
= mgl—bsin # 88 + 0)
= —mgb sin # 50

The minus sign shows that the work is negative for a positive value of 80. The
constant ¢ drops out since its variation is zero.

With # measured positive in the clockwise sense, 56 is also positive clock-
wise. Thus, the work done by the clockwise couple M is +M 88. Substitution into
the virtual-work equation gives us

[sU = 0] M &0 + mg 8h = 0
which yields

M 50 = mgb sin 0 58

— gin-1-M_
f#=sin e Ans.
Inasmuch as sin # cannot exceed unity, we see that for equilibrium, M is limited
to values that do not exceed mgb.

The advantage of the virtual-work solution for this problem is readily seen
when we observe what would be involved with a solution by force and moment
equilibrium. For the latter approach, it would be necessary for us to draw sepa-
rate free-body diagrams of all of the three moving parts and account for all of the
internal reactions at the pin connections. To carry out these steps, it would be
necessary for us to include in the analysis the horizontal position of G with re-
spect to the attachment points of the two links, even though reference to this po-
sition would finally drop out of the equations when they were solved. We
conclude, then, that the virtual-work method in this problem deals directly with

cause and effect and avoids reference to irrelevant quantities.

-

Helpful Hint

@ Again, as in Sample Problem 7/1, we
are consistent mathematically with
our definition of work, and we see
that the algebraic sign of the result-
ing expression agrees with the phys-
ical change.
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