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Simulation is a subset of Model

A simulation is the process of using a model to study the behavior
and performance of an actual or theoretical system. ... While
a model aims to be true to the system it represents,
a simulation can use a model to explore states that would not be
possible in the original system.

In a simulation, one or more variable of the mathematical model is
changed and resulted changes in other variables are observed.
Simulation sometimes considers with Vvisualization of a

mathematical model
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< Real system )—) Make a model 4)'( Model systemD

Perform Perform Construct
| experiments simulations approximate
theories

Experimental Simulation Theoretical
results results predictions

\ v

Compare Compare
and improve and improve
model theory 6
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~ Mathematical Modeling

= As we have seen, mathematics can be used to solve real-world
|' problems.
= Regardless of the field from which the real-world problem is drawn,

the problem is analyzed by using a process called mathematical
modeling.
Real-world problem  formulate Mathematical
his process are: model
Test Solve
Solution of real- Solution of
world problem Interpret mathematical model

7
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Verification: Are we building the system right? Verification  _swew < >
Validation: Are we building the right system? [

T — Validation o lac! »

VERIFICATION

Calibration :yguw! s >

Prototyping

/

Customer

Testing
Acceptance Tast

Unit Tast

Static
Analysis

Regression Tast

Svstem Tast

Integration Tast Usability Test

Avtomatad Test

Beta Tast
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Are you building it right?

Ensure that the software system meets
all the functionality.

Verification takes place first and includes
the checking for documentation, code
etc.

Done by developers.

Have static activities as it includes the
reviews, walkthroughs, and inspections
to verify that software is correct or not.

It is an objective process and no
subjective decision should be needed to
verify the Software.

(Blasl (gol52r (0 5o

Wil SO (6 ) Jowo (w jlis! g (w Cxo

Are you building the right thing?

Ensure that functionalities meet the
intended behavior.

Validation occurs after verification and
mainly involves the checking of the

overall product.

Done by Testers.

Have dynamic activities as it includes
executing the software against the
requirements.

It is a subjective process and involves
subjective decisions on how well the
Software works.

SHlegi) y0 (o008 b gy (o



\Rewe_w

SUBSYSTEM/ \1

COMPONENT
SPECIFICATION.L___

AN Review

PROGRAM
SPECIFICATION
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REQUIREMENTS| _ _ _ _ __ _ VALIDATION & TRACEABILITY ACCEPTANCE
SPECIFIGATION . e s mEmmsmmmm-- e TEST
\Rewew 72?29“&&%
VERIFICATION &
SYSTEM | @ o ooe TRACEABILITY _ .. .. INTEGRATION
SPECIFICATION S e

Review
VERIFICATION &

SUBSYSTEM/
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VERIFICATION & /
TRACEABILITY - PROGRAM
--------------- TEST

MODULE

SPECIFICATION
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Systems . . . Commissioned
engineering Systems Engineering "V, system
management operations &
plan maintenance
Concept of System
operations ) System validation plan validation
N L4
System-level ' ‘ System
requirements System verification plan verification

Sub-system Sub-system
£y requirements verification plan Sub-system
% (High-level verification
) design) bod
2, &
0(‘} Component S
4 ; @
S, Component verification Component I~
(o) detailed procedure : 3 QO
2, : verification 23
2 design &
o &
Q. o~
% Traceability £
2
Implementation
hardware and software
(Coding and test)
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FNETF Simulation Phase2 Simulation Analytical Solution

Phase2 Simulation

Analvtical Solution

6m

"

R=1m, Ul

=2m, UL=35m

R

=45 m

=3m, UL=

R

R=dm, UL=50m

R=5m UL=55m
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Region 1 Region 3

Good data, little
understanding

Good data, good
understanding

Many engineering
branches

Region 2

Data

Modeling as input to
“total team”

Statistics useful E

Understanding 4
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ROCK MASS BEHAVIOR
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STABLE BLOCK FALL(S) CAVE-IN BUCKLING RUPTURING
: : .I | i r: I_," fll ,'I _, JI .'I .-'I ; .._I ,| : J_. ,'I I,- rr'; r: ] W
JJ A [ .'.I |'-' I|' o I I i I_I A f.' ;_ I { r.' A I.'
r|' rIJ g r-' ._|' iy ."l ;I 'J ;I I_-'I r: ! r.l I .:I ; 0oL .lJI .rr_ ( f
rrrr i i I, oy | I i /
] i { I ! I } e ok
I_:' I' o 1f Lo 7] [ ) :I r ol X
hi 1 o A7 AN o n
| -'I I," 5 ! RS I/ 'r[- -'I [ Y &7 N
|I. -"I I | f: "I r i _." i Iy g r’ / 0o I .r ," / J" |
! gL | IJ' iy r'l i r.. | I r.l I A%
r" J o J i ! I J I'I T /) )
Elastic response of the rocks Falling or sliding of blocks

around the opening

and wedoes

Localized brittle failure of
intact rock and unravelling
along discontinuities

Loosening of rock fragments

along foliation or layering

Localized brittle failure of
intact rock and movement
of blocks

ROCK BURST

SLABBING
cracking ?:f?
Er_

failura zons

Brittle failure adjacent fo
excavation boundary

Britile failure around the
gxcavation

PLASTIC
BEHAVIOUR

o

Imitial squeezing or swelling
of rocks.

SQUEEZING or

SWELLING GROUND

T

] _J'I / .I-' T I
Iy I ' _I'I TRE '8
N, r b i j

4T i7"

g B Nyl

Squeezing rocks and swelling
rocks rocks. Elastic/plastic
continuum

SWELLING CLAY

Swelling of clay seams in
blocky rocks
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rock engineering
characterization

IN BLOCKY GROUND
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empirical
and
classification

numerical
analyses
and other
calculations

geology
and ground

rock engineering

characterization and design

observational
methods




S0 g ) g S wiigo 39 21 sb

@‘#Méuwg)gu)‘f| >

~ 3 i" -3 g 9 = Gainb (5w RS PL=D)
& . 5 : a =
L D = RMi Q RMR
\ \ Y \ \ Y-y Y Y Sl
é \ Y Y Y Y- Y-y | g Y- Sob badw
23; Y Y Y v Y Y Y-y Y Sl ol 4
Y Y ¥ \7 2 2 ¥ ¥ Oley o)
Y Y Y Y Y 3 i ¥ 03 gubd ,>
A \f Y A\l \f \ A\l v ¥ (o5 0) (S High adwsy
-
E’ Y Y Y Y Yoy Y Y ¥ (SLSL) (Swigd aiwgs
'i) Y Y- Y Y Y Y F-v f RSB
' v v v v vy v Fov ¥ Sy
Y Y Y Y v-) Y v ¥ S ot
Y Y ¥ f Y ¥ ¥ ¥ s ST
) Y Y Y v Y Y Y f bl
). 28 g n o
Al A\l ¥ f F-v A A 1 e &b
g Y \ g ¥ ¥ ¥ ¥ < e

S bladol solgar (o5 50

S 535 BB 5l iF (amd 1Y clawgio 1Y ol 1) (bl 4 bgs o jliiekiisgs) o 00 Sl gy yyd




Silog § g S gwitigo 33 (150

@‘#Mél@ gﬁg)gu)‘}-j‘ >

C Objective J

B
Method A Method B Method C Method D
Llze of : EBasic numerical Eﬂem:.jeﬂ
it Analytical numerical
pre-existing methods, FEM, Level 1
methods, methods,
standard BEM, DEM, . :
stress-hased i fully-coupled 1:1 mapping
methods hybrid
: models
Site
Irvest- j}l | | | |
igation
; LT Integrated
Precedent type Rock mass expert - sﬁems
analyses and classification, systems, & - };Daches Level 2 )
madifications RMR, Q, GSI other systems A ) Not 1:1 mapping
internet-based
approaches
&

242

Dlesign based on forward analysis

s

Design based on back analysis

it

o bletol oola>

B al

Canstruction
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FEM, FDM, BEM,EXFEM,
DEM, PBM,DDA,
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Deterministic

Probabilistic

Gray Number
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Porous edia

Equivalent Porous Media Infinite Fractures

N O / ,

Continuum | 4/ < I~ Discontinuum ~
e g AR RS : ol .- %\'S(‘
Methods | | %W __= Methods I~

N "
Multi-continua / NG \ Channel Network

Individual Fracture

Stochastic Continuum Discrete Fracture Network
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{ ROCK MATERIAL )

minerals
texture
composition

>> ROCK TYPE (name)

condition ‘<

ANISOTROPY (schistosity, bedding)
WEATHERING / ALTERATION

STRIKE&DIP of foliation or bedding

{ DISCONTINUITIES

| small - medium | _
-waviness
-smoothness
no flllin JOINTS -length/size
J breaks / fractures -joint wall condition
-spacing(s)
-orientation
| medium - large | A r—
-aperture
thin fillin SINGULARITIES filling thickness
g : A
shears / seams -filling material
-alteration of wall
-orientation
[ 1
| large - very large | T -
! -filling material
very thick FAULT ZONES (crushed is a type of filling)
filling weak layers / -zones -alteration
-structure
-orientation

&

X

—— ROCKMASS )

SO s g

9 5o sl g, gg5 il >

( DETAILED JOINTING —

ROCK CHARACTERISTICS
ROCK PROPERTIES
JOINT CHARACTERISTICS
DEGREE OF JOINTING
JOINTING PATTERN
ORIENTATION

(Example: jointing with a shear)

WEAKNESS ZONE )
%& SIZE OF ZONE
TYPE
/c (composition
f)‘\% <] structure
.&{;&zf FILLING
XS MATERIAL
f,’?& %< ORIENTATION

(Example: zone of crushed material and shears)

S blgbuol (oolg (odi yo

11
Sy 30 (o008 b g9y (o




| sl

Figure 240; Diacontine by patterns and applicabiliny of analysis e
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ROCK MASS CONDITION

(a) Continuum

i |l | Gt [l T T — T

[ T T
(]
I N

o = ) o o = o A QN R IR

(c) Discontinuum

(b) Discontinuum-continuum
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TYPE OF STRUCTURES
aeintela, > Fracture and Flow Paths Characterization -r------------ I
I
LI | TR N §
i ' -
I I Discontinuous Numerical e
| Dyke : Modeling racture
| |
| |
| Fold |
| Geological Engi i Continuum Numerical
| eological Engineering inuu umeri "
I : oY Empirical Models Modeling Bedding
: Fault |
e e — _l N
= X Homogeneity .
Karst Analytical Solutions Porosity
I
13
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SCALE OF STUDY
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XS .
-'A? il o = Intact rock
i
A
SO @ s
/ ‘ = )T L B
Underground [ 2= 5 - c
\ wnnel b d One discontinuity set AN
% aNaNassaye) ARTRIR
. NaNatagapatatiay. £
-§, 7 SR AN
oz LN ARt otar s Cr e tatasay -.}.:\“\“'\*
"/4'04 S A
AL ] R o oy A
e e SENAtataNE AN Nty Ny
R ety
/ / / R RSty
Many discontinuities
[ [12 -
Heavily joined rock mass
A R ( n F 14
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SCALE OF STUDY

< Decreasing the reliability of predictive models and increasing the complexity of physical processes <

Mega Scale Macro Scale Micro Scale

Geological Structure Scale Meso Scale

>Higher—order governing equation for describing physical processes and more dominant boundary effects>

15
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SCALE AND IMPORTANCY OF STUDY

Very Far Field

Far Field

Near Field

Very Near Field

> Higher-order governing equation or more representative hydrogeological characterization of media >

Method of Analysis:

Continuum Analysis with
Equivalent Porous media

Stochastic Continuum Flow
Analysis

Discrete Fracture Flow
(Discontinuum Models)

Experimental or High-order
Numerical Models

Some Applications:

Effect of tunneling on
regional groundwater

Uncertainty of groundwater
head and flow around tunnel

Hydromechanical interactions
induced by tunneling

Precise fluid flow and
contaminant transport
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SCALE DEPENDENCY OF BEHAVIOR

Contihuum Domain
I

A

Heterogeneous
Medium

v

R

i

Homogeneous

Range of Medium

REV

>

Medium Property
!
I

I Macroscopic

. . I —>>
Microscopic | Heterogeneity

|
>
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% WAIEERAE, Extensive Extensive well-
) modelling constrained modelling
A Simple potential (Levels | and I1) (Levels I, Il and 111)
e, S SRS Increased Higher understainding
7 AR e S understanding of of simple to
2 simple to moderately complex
s Low model moderately failure mechanisms
5 Uncertainty comﬁlex. failure
e mechanisms
8 1 3 5
=
c
= Limited data Complex Complex potential
2 collection and geology/failure failure mechanisms in
g understanding of mechanisms large slopes. Risk of
failure mechanism Increased data slope failure justifies
—no boreholes, including mapping, high data collection,
surface mapping some boreholes, slope displacement
only geophysical monitoring and lab
surveys testing
T
)
il 2 4 6
HIGH > LOW
Reduction in Parameter Uncertainty
(@)
Prefeasibility or
early stage
of analysis
A
)
=T
2z E : : 7 Cone of uncertainty
=Y I 5
& o 1 ==
S A
= I 100 Sl
e | S
© 5 FTRRI |
o ISR
z 8 10 L
© o
3 E I 0 [-.2
3 7 Iy R
ol I Cloud of uncertainty
] |
2
o
=]
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4

Stage/Number of Simulations or Time
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VARIATION OF PARAMETERS AND CHARECTERISTICS

a) UNIFORM, HOMOGENEQUS

f(K)

(b} UNIFORM, HETEROGENEOUS

f(K)

Sbledol olgz (odi po K

¢} NONUNIFORM, HOMOGENEQUS

t(K)

(d} NONUNIFORM, HE TEROGENEOCUS

f{K)

20
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Problem solving and modeling procedure
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Simple problems involving homogeneous stress states have been considered
so far, wherein the stress is the same throughout the component under study.
Here the question of varying stress and strain fields in materials is considered.
In order to solve such problems, a differential formulation is required.

To reach this goal, a number of differential equations will be derived, relating
the stresses and body forces (equations of motion), the strains and
displacements (strain-displacement relations) and the strains with each other
(compatibility relations). These equations are derived from physical principles
and so apply to any type of material, although the latter two are derived
under the assumption of small strain.
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The following equation is an example of a PDE:
a(t,x,y) U, + b(t,x,y)U, +c(t,x,y)U,, =f(t,x,y) (1.1)

where,

e t, X,y are the independent variables (often time and space)
e a, b, cand fare known functions of the independent variables,
e U is the dependent variable and is an unknown function of the independent variables.

ou ou o*U
e partial derivatives are denoted by subscripts: U =——,U =——, =
ot [9).9 oy
The order of a PDE is the order of its highest derivative. A PDE is linear if U and all its partial derivatives
occur to the first power only and there are no products involving more than one of these terms. (1.1) is

second order and linear. The dimension of a PDE is the number of independent spatial variables it

etc.

contains. (1.1) is 2D if x and y are spatial variables.
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econd order linear PDEs can be formally classified into 3 generic types: elliptic, parabolic and hyperbolic.
The simplest examples are:

a) Elliptic: e.g. U,, + U, =f(x,y).

This is Poisson’s equation or Laplace’s equation (when f(x,y) =0) which may be used to model the steady
state temperature distribution in a plate or incompressible potential flow. Notice there is no time derivative.

b) Parabolic: e.g. U, =kU _ .

This is the 1D diffusion equation and can be used to model the time-dependent temperature distribution
along a heated 1D bar.

c) Hyperbolic: e.g. U, =c’U_, .

This is the wave equation and may be used to model a vibrating guitar string or 1D supersonic flow.

d) U, =-cU

x *

This first order PDE is called the advection equation. Solutions of d) also satisfy c).
e) U +cU, =kU_.

This is the advection-diffusion equation and may be used to model transport of a pollutant in a river. The co-
efficients k, ¢ in the above PDEs quantify material properties that relate to the problem being solved e.g. k
could be the coefficient of thermal conductivity in the case of a heated bar, or 1D diffusion coefficient in the
case of pollutant transport; ¢ is a wave speed, usually, in fluid flow, the speed of sound.
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Solving a PDE means finding the unknown function U. An analytical (i.e. exact) solution
of a PDE is a function that satisfies the PDE and also satisfies any boundary and/or
initial conditions given with the PDE (more about these later). Most PDEs of interest do
not have analytical solutions so a numerical procedure must be used to find an
approximate solution. The approximation is made at discrete values of the

independent variables and the approximation scheme is implemented via a computer
program.
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Balance of forces and moments acting on any component was enforced in order to ensure
that the component was in equilibrium. Here, allowance is made for stresses which vary
continuously throughout a material, and force equilibrium of any portion of material is

enforced.
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L du—2 ¢, [e = Z—’;] — 0, [o=Ee] =2 F, [F=0A] =2 D, [F=KD] =2 du,

[du=D2-D1]
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balance of forces and moments acting on any component was enforced in order to ensure
that the component was in equilibrium. Here, allowance is made for stresses which vary

continuously throughout a material, and force equilibrium of any portion of material is
enforced.

One-Dimensional Equation

/N
......... é’a O-(x_|_ Ax)
— A -
o (x)
x LY Jx+Ax
™~ Ax 7~

The net surface force acting 1s o(x + Ax)4 —o(x)A
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One-Dimensional Equation CJS).’ Y o leo >

The net surface force acting is o(x + Ax)4 —o(x)A. If the element is small, then the

body force and velocity can be assumed to vary linearly over the element and the average
will act at the centre of the element. Then the body force acting on the element is AbAx

and the inertial force is p4Axa . Applying Newton’s second law leads to

o(x+ Ax)A - o(x)A+ bAxA = paAxA b

......... > o'(_x + Ax)
i d o(x+ Ax)—o(x) Rl oo | —

b x+Ax

so that, by the definition of the derivative, in the limit as Ax — 0,

4%

—+b = pa| 1-d Equation of Motion

which is the one-dimensional equation of motion. Note that this equation was derived
on the basis of a physical law and must therefore be satisfied for all materials, whatever

they be composed of.

The derivative do/dx is the stress gradient — physically, it is a measure of how rapidly

the stresses are changing.
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Two-Dimensional Equation o.‘.;S).’ Y o leo >

Consider now a two dimensional infinitesimal element of width and height Ax and Ay
and unit depth (into the page). Looking at the normal stress components acting in

the x-direction:

o, (x,y+Ay) o, . (x+Ax,y+Ay)
- /\ >
-— _—
— —-
—L .

varying stresses acting on a differential element

: oo oo
aaxx (- > 0.+ Ax xx+Ay—xx
o._+A 7 ey
XX y i [ ﬁx ay
— —
1
PR _"‘,’
l‘ 7
'
\ !
O — B
e > Ax 00,
O‘xx O-xx + ax

3 . . - . 10
kel Lolys o LEREATLY Varying stresses acting on a differential element, | . . .
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Two-Dimensional Equation C.;SP Y o leo >

oo oo
sRa I Ax = + Ay

ox oy

Li
—
i
[
———
L
i
ﬁ
I
\ /
ﬁ-

0o,

- o, +Ax
’ ox
linearly varying stresses acting on a differential element

The effect (resultant force) of this linear variation of stress on the plane can be replicated

by a constant stress acting over the whole plane, the size of which is the average stress.
For the left and right sides, one has, respectively:

Sl olg> e
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4 Two-Dimensional Equation C.;SP Y o leo >
: oo oo
' - xx Zxx
o-xx + Ay_xx I"' v" O-xx + A.x 6x + Ay ay
\“‘_ T
“4— _u’
1 I'
1 i
— —_—
g = a(J'xx
o, ™ O+ Ax -

linearly varying stresses acting on a differential element

The effect (resultant force) of this linear variation of stress on the plane can be replicated
by a constant stress acting over the whole plane, the size of which is the average stress.

For the left and right sides, one has, respectively:

1 ,,6’0- oo, 1 ﬁé'xx
b Ap2ox

tif @il 2" Oy

oo

XX

y) +— B O +Ax
ox

12
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oo
(05— e et axxx

Carrying out the same procedure for the shear stresses contributing to a force in
the x-direction leads to the stresses

oo,
o, + Ay

X

o, (x,y) +—| Ay — o+ XAy

13
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Take ax and bx to be the average acceleration and body force, and p to be the
average density. Newton’s law then yields

oo,

-0 Ay+ (O'H +Ax

oo
- JAy—O'xyAx+[O'xy + Ay xy]Ax+bexAy = pa AxAy
x

oy
dividing through by AxAy and taking the limit, gives
oo oo

xx + Xy +b il
Ox oy -

A similar analysis for force components in the y-direction yields another equation
and one then has the two-dimensional equations of motion:

oo
ag”‘ i tb =,
x
¢ 2-D Equations of Motion
oo, Jo,
> + +b, = pa,
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Similarly, one can consider a three-dimensional element, and one finds that

a O-xx a O-x}’ a O-xz
+ + +b. = pa,
Ox oy 0z

oo oo oo

yx_l_ yy+ yz
ox oy oz

aO-zx ao-@’ aO-zz
+ + +b, = pa,
0x oy 0z

+b, = pa,| 3-D Equations of Motion

These three equations express force-balance in, respectively, the x, y, z directions

15
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Ji Three-Dimensional Equation C&SP Y oleo >

Similarly, one can consider a three-dimensional element, and one finds that

a O-xx a O-x}’ a O-xz
+ + +b 4 pa,
ox oy oz

—+——+——+b, = paf 3-DEquations of Motion

ac)-zx aO'zy aO-z.z
+ + +b, =|pa,
Ox oy 0z

If the acceleration become ZERO 1.e ax=0

4

static equilibrium
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Differential equations of static equilibrium S Ll Joles >

Problems in solid mechanics frequently involve description of the stress distribution in a
body in static equilibrium under the combined action of surface and body forces.
Determination of the stress distribution must take account of the requirement that the
stress field maintains static equilibrium throughout the body. This condition requires
satisfaction of the equations of static equilibrium for all differential elements of the body.

Seslawl Joley Ll ayo Y oleso X
s Gleg s o Sl Jobs cdl jo b jo 25 20598

) sleg s
I ] oL o Sl Jolss (1,3 a3

L du—2 ¢, [e = Z—";] — 0, [o=Ee] =2 F, [F=0A] =2 D, [F=KD] =2 du, J
[du=D2-D1]
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Differential equations of static equilibrium S Ll Joles >

a small element of a body, in which operate body force components with magnitudes X, Y,
Z per unit volume, directed in the positive x, y, z co-ordinate directions. The stress
distribution in the body is described in terms of a set of stress gradients, defined by
doxx/0x, doxy/0dy, etc. Considering the condition for force equilibrium of the element in

the x direction yields the equation:

-dz-dxdy+ X dxdydz =0

Sy 30 (o008 b g9y (o
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a(ry:
R
Tyr ay 1

|
|
L rd [
£
]
|

. . S Ll Joles >
Crxy \\\- i ____:f+a_;?dy - - - X - LN Ll -
; N 0T BT .,.=. Differential equations of static equilibrium
z T ]
] fx \\\\ ao-xx ao-xy ao-zx
\"’ dy 5 -dx-dydz+a—-dy-dxdz+ P +dzdxdy+ Xdxdydz =0
X y Z

Applying the same static equilibrium requirement to the y and z directions, and
eliminating the term dx dy dz, yields the differential equations of equilibrium:

00y, 00, 00,
AN €

X=0
0x y 0z Y
00y, . 00y, b 00y, LY =0
dx dy 0z
00, 00y, i 00, Lo

dx dy 0z

These expressions indicate that the variations of stress components in a body under load

are not mutually independent. They are always involved, in one form or another, in
determining the state of stress in a body.

19
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Differential equations for Strain-Displacement Relations (2l (s )5 >

Normal Strain

Consider a line element of length Ax emanating from position (x, y) and lying in
the x -direction, denoted by AB. After deformation the line element occupies
A’B’ , having undergone a translation, extension and rotation.

YA u (x+Ax,y)
u, (X, y)
—
A B
X x+Ax

deformation of a line element

The particle that was originally at x has undergone a displacement ux (x, y) and
the other end of the line element has undergone a displacement ux(x+A x, y).
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Differential equations for Strain-Displacement Relations (2l (s )5 >

Normal Strain

y A ux(x+Ax,y) I i ArB* — AB k ux(x+ Ax,y)—ux(X,y)
o) o SE ST e Ax
nEml. " 8ux
A B In the limit Ax >0 onehas €& =
a | 8l Ox

1 1 /
X x+ Ax

This partial derivative is a displacement gradient, a measure of how rapid the
displacement changes through the material, and is the strain at (x, y) . Physically,

it represents the (approximate) unit change in length of a line element, as
indicated in below Figure

<>
A B Ax 7
e 74 Ax
Ax ox 21
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Differential equations for Strain-Displacement Relations (2 ele (g )5 »

Normal Strain

YA u (x+Ax,y) > I A'B* — AR s ux(x+ Ax,y)—ux(x,y)
ux(xay) B’ gxx 2 AB " Ax
" y I ou
4| B In the limit Ax - 0 onehas €&, =
i i > X ox
X X+ Ax

Similarly, by considering a line element initially lying in the y direction, the strain
in the y-direction can be expressed as:

ou
gxx y

Ox

Guy
8)’)’ T ay
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Differential equations for Strain-Displacement Relations (2l (s )5 >

Shear Strain

The particles A and B also undergo displacements in the y direction.
In this case, one has:

o A similar relation can be derived by
considering a line element initially
lying in the y-direction:

ou /ox ou
0 ~tan@ = X | A
l+0u /ox  ox

X X+ Ax
provided that (1) € is small and (i1) the displacement gradient ou_/0Ox is small. A similar
expression for the angle A can be derived, and hence the shear strain can be written in

terms,of displacement gradients. ERR IO
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Differential equations for Strain-Displacement Relations (2l (s )5 >

Shear Strain

The particles A and B also undergo displacements in the y direction.
In this case, one has:

T A similar relation can be derived by
considering a line element initially
lying in the y-direction:

ou /ox ou
0 ~tan@ = t | 4
l+0u /ox  ox

X X+ Ax
provided that (1) € 1s small and (i1) the displacement gradient ou_/0Ox is small. A similar

expression for the angle A4 can be derived, and hence the shear strain can be written in
termg of displacement gradients. N

Sy 30 (o008 b g9y (o



@ Partial Differential Equations Jowi! 4290 O Olao

Differential equations for Strain-Displacement Relations (2l (s )5 >

Shear Strain

X X+ Ax

V

provided that (1) € is small and (11) the displacement gradient ou_/0x is small. A similar

expression for the angle 4 can be derived, and hence the shear strain can be written in
terms of displacement gradients.

25
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The Small-Strain Stress-Strain Relations

ou .
L
ox
Guy
£, = 5 2-D Strain-Displacement relations
1(0u, Ou,
£, =— +
T ENANGy  Ox
ou. ou, ou,
& A 5 gyy T > 822, 7
Ox 8y oz

1(ou, Ou, 1(0u, ou, 1({0u, ou,
g, ==| ==+—2| e, =—| Z+—=| &,=-|=2+
AN 5 2 ord (2 W o7 b

3-D Stress-Strain relatio%s
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o,

The Rotation

Consider an arbitrary deformation (omitting normal strains for ease of description), as
shown in Fig. 1.2.6. As usual, the angles & and A are small, equal to their tangents, and
@=0ou,/ox, A=0u,/0oy.

Figure 1.2.6: arbitrary deformation (shear and rotation)

27
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The Rotation

Now this arbitrary deformation can be decomposed into a pure shear and a rigid rotation

as depicted in Fig. 1.2.7. In the pure shear, =1 =¢,_ =4(6+1). In the rotation, the
angle of rotation is then £(6+1).

y
A= 2 0= % L p

» ) ox arbitrary shear strain
! 4 .
x l’, ||I

i " rotation
" pure i (no strain)
/" shear |
i v
»

0 ou
g'=l(2+9)=l ou, My ] (9_1):1 o, _Ouy
718 A 2 2\ ox oy
il U Figure 1.2.7: decomposition of a strain into a pure shear and a

smfation
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The Rotation

S(A+ 0)_— = _y L_L
ay ax Ox ay
ThlS leads one to define the rotatlon of a material particle, @, , the “z” signifying the axis
about which the element is rotating:
ou
PR, o, (1.2.10)
BN ex. Oy

The rotation will in general vary throughout a material. When the rotation is everywhere
zero, the material is said to be irrotational.

For a pure rotation, note that

=0, = (1.2.11)
29
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N
5 e

The three-dimensional stress-strain relations analogous to Eqns. 1.2.5 are

1(ou, Ou, | [aux Ou 1(0u, ou,
e, e + N = — + Al P +
¥ 2l oy ox Az Ox T 2\Ve B0y

3-D Stress-Strain relations

30
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the incremental displacements may be expressed by

or

or

Sl olg> e

di,

du,

du,

du,
du,
du,

~ du, OJu, Ou,
ox ay 0z
duy, du, Ju,
ox ay 0z
Ju, Ju, Ju,
Mo dy 0z

[dd] = [D][dr]

0
£2,
- (S

g QZ
0
$2,

—Q,
0

[d8] = [£2][dr]

Jd! 590 O¥olro
ntial equations for Strain-Displacement Relations s l> i ,S >

dy
dz
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gl b 1 Rrlaant
A x Exx 7 Yxy 3 Yax ax
‘ iy 1 1 ;
RS ey €y 3Vyz | | Y
¢ 1 1 .
Az ' 5Yzx 5Vyz €z | LYZ |

[d6”] = [e][dr]

2
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1 e

[ Ju, Ouy Ou, =
ax ay 0z
du, du, Ju, !
= | 3Vxy
0x ay 0z
ou, Ju, Ju,
RS L i kel _%sz
)L dut S duy L ou,
G, 090009090202 EE
du, 1
iz =
du, 1
o WY T

(B! 53l (o o

1
E'ny
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%'sz— RO Y=, Q2
e %vyz + 9/ 0 —Q
2 Yyz €2z | _—Qy €2, 0 4
du, Ju, 1 /ou ou,
by | ’ Q w3 E o
s dy 3 0x T2 ( dx dy )
ou ou 1 /0u au
M — L=, Q== £
0z dy 2 \ dy 0z
du,  Ju, 1 /0u, Ou,
ol 3 Q - | 2 .
e o 2(8z 8x)
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1 e

o,

Strain compatibility equations

As seen in the previous section, the displacements can be determined from the strains
through integration, to within a rigid body motion. In the two-dimensional case, there are
three strain-displacement relations but only two displacement components. This implies
that the strains are not independent but are related in some way. The relations between
the strains are called compatibility conditions.

BTG & 0°u, 0O’c, 1 &’u, ©Ou,
2 ’ = ’ Y > o
oy*  oxoy’ ox* ox‘oy oxoy 2| oxoyt  oxoy

It follows that

% + W =2 oxdy 2-D Compatibility Equation
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Strain compatibility equations

Physical Meaning of the Compatibility Condition

When all material particles in a component deform, translate and rotate, they need to meet

up again very much like the pieces of a jigsaw puzzle must fit together. Fig. 1.3.1
illustrates possible deformations and rigid body motions for three line elements in a
material. Compatibility ensures that they stay together after the deformation.

deformed
Q A - compatibility ensured

’ g deformed
undeforme ,A < - compatibility not satisfied

Figure 1.3.1: Deformation and Compatibility
55
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Strain compatibility equations

There are six compatibility relations to be satisfied in the three

dimensional case:

o’¢, +azgzz _2528yz e | O
oz> oy’ ooz =~ Oyoz oOx
0 sontOtE. s, 0
O oz” gz0x  Ozox Oy
0’ N +828yy :2828]@; oo Sl
oy° | JE oxdy =~ Oxfy oz

Sl olg> e

agyz il a‘c"zx 4 68xy )
Ox oy oz
O¢,, 1 Oc_, L OE,, A
Ox oy oz
Os, A os, O¢, \
Ox oy oz )
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The following equation is an example of a PDE:
a(t,x,y) U, +b(t,x,y)U, +c(t,x,y)U,, =f(t,x,y) (1.1)

where,

e t, X,y are the independent variables (often time and space)
e a, b, cand fare known functions of the independent variables,
e U is the dependent variable and is an unknown function of the independent variables.

ou ou o*U
e partial derivatives are denoted by subscripts: U =——,U =——, L AT
ot oX oy
The order of a PDE is the order of its highest derivative. A PDE is linear if U and all its partial derivatives
occut to the first power only and there are no products involving more than one of these terms. (1.1) is

second order and linear. The dimension of a PDE is the number of independent spatial variables it

etc.

contains. (1.1) is 2D if x and vy are spatial variables.

Slladol Lolg i po Silogij 30 (008 b (B9 o



Partial Differential Equations Jwi! y298 ¥ oleo

econd order linear PDEs can be formally classified into 3 generic types: elliptic, parabolic and hyperbolic.
The simplest examples are:

a) Elliptic: e.g. U,, + U, =f(x,y).

This is Poisson’s equation or Laplace’s equation (when f(x,y) =0) which may be used to model the steady
state temperature distribution in a plate or incompressible potential flow. Notice there is no time derivative.

b) Parabolic: e.g. U, =kU _ .

This is the 1D diffusion equation and can be used to model the time-dependent temperature distribution
along a heated 1D bar.

c) Hyperbolic: e.g. U, =c’U_, .

This is the wave equation and may be used to model a vibrating guitar string or 1D supersonic flow.

d) U, =-cU

x *

This first order PDE is called the advection equation. Solutions of d) also satisfy c).
e) U +cU, =kU_.

This is the advection-diffusion equation and may be used to model transport of a pollutant in a river. The co-
efficients k, ¢ in the above PDEs quantify material properties that relate to the problem being solved e.g. k
could be the coefficient of thermal conductivity in the case of a heated bar, or 1D diffusion coefficient in the
case of pollutant transport; ¢ is a wave speed, usually, in fluid flow, the speed of sound.
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Solving a PDE means finding the unknown function U. An analytical (i.e. exact) solution
of a PDE is a function that satisfies the PDE and also satisfies any boundary and/or
initial conditions given with the PDE (more about these later). Most PDEs of interest do
not have analytical solutions so a numerical procedure must be used to find an
approximate solution. The approximation is made at discrete values of the

independent variables and the approximation scheme is implemented via a computer
program.

| 230 alolae Olgx X

Aol atils Jlggan S Glitin doleo L aul Olg> -

bl s b bl glp) abl ey 650 b adgl bl 51 Gy (6l j0 b Olg -V
(Wil 585 b dolee clisin oo g jlade v 5550 b g 4yl

le‘)mo aJoles u‘9.> X
= > -
(SR J.?- -y
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FDM S g0 JaaLO.t 039) >
variables and the approximation scheme is implemented via a computer program. The
FDM replaces all partial derivatives and other terms in the PDE by approximations.

After some manipulation, a finite difference scheme (FDS) is created from which the

approximate solution is obtained. The FDM depends fundamentally on Taylor’s
beautiful theorem
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Let U(x) have n continuous derivatives over the interval (a, b). Then for a <x,, X,+h <b,

U(x,+h)=U(x,)+hU (x, )+h2U""( )+ A+h™! “‘"’(X")JrO(h“), 2.1)
g ! D

o.uw‘é 9 )g.L»J ‘5)9.0 )‘ oo law! L’ u‘g& P ‘) (X0+h) )é eb t& SN )‘A.O.o
olod (XO+h) alads jo 2l gous Hludo g Cawl gm0 by b adgl Hlado 4yl (XO)

O 3 9 Sl Jggxo
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Taylor’s Theorem soke 5,90

Let U(x) have n continuous derivatives over the interval (a, b). Then for a <x,, X,+h <b,

U(x,+h)=U(x )+hU (x )+h’ Ua X, )+ S ‘“"’(X°)+0(h“), (2.1)
g (a—1)! )
where,
2 n-l1
¢ JulSSpaei 9 U
dx dx dx"™

e U, (x,) is the derivative of U with respect to X evaluated at x = X,.

e O(h") 1s an unknown error term defined in Appendix A.

The usual interpretation of Taylor’s theorem says that if we know the value of U and the values of its
derivatives at point X, then we can write down the equation (2.1) for its value at the (nearby) point x,+h.
This expression contains an unknown quantity which is written in as O(h") and pronounced ‘order h to the
n’. If we discard the term O(h") in (2.1) (i.e. truncate the right hand side of (2.1)) we get an approximation

to U(X,+h). The error in this approximation is O(h"). 3
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FDM by Taylor’s Theorem ¢k (55955 b dg9ume oyledl o ,i5 »

U(n—l) (Xo )

o +O(h"), @1

U_(x L
U(x0+h):U(xo)+hUx(x0)+h2%°)+...+h“ !
Truncating (2.1) after the first derivative term gives,

U(x, H)=U(x, U, (x,)+0(h")  22) O(h2) & yauas drs 49 pgus dho

Rearranging (2.2) gives,

U, ()= e =U,), O0)

:U(Xc’*h;_u(m +O(h)  (byA3.3)

Neglecting the O(h) term gives,

&L Hlade 3l b g X0) akaii ;o &b Godeo Hlodo

2 U(X0+hlz—U(Xo) 2.3) (X0+h) 9 (XO) bl ) ‘5L~0‘

U, (x,)

(2.3) is called a first order FD approximation to U, (x ) since the approximation error = O(h) which

depends on the first power of h. This approximation is called a forward FD approximation since we start
Skl cabx, angd step forwards to the point x,+h. h 1s called the step size (h > 0). Silogiy 5o 008 b by, o
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first order FD Wi ) ~ U(x,+h)-U(x,) forward FD
approximation Wk h approximation

(XO+h) 5 (X0) bl y5 Lol asli oo 51 b olgins (XO) abails ;5 &b sciino lokio

10
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partial derivative finite difference approximation type order
a_U — U 1 a
ox  F U=+l -Ui forward first in x
AX
a_U — U n n
& F & backward first in x
Ax
a—U =U n n
&t Ui Ui central second in X
2Ax
&*uU
ax* = w symmetric second in x
Ax
cu
—— n+l1 n
ot U Ur-u forward firstin t
At
cl)
_— U n_ n—t 1
at : Uisl backward firstin t
At
cu
— = I n+l_yn-l
at i L= central second in t
2At
azU L8 U n+l n a-1
a2 " . _2U21 s symmetric second in t
55 o At SHilagd) »
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Finite difference method

Principle: derivatives in the partial differential equation are approximated

by linear combinations of function values at the grid points

1D: Q= (0, X), u; ~= u(x;), i = (Y

. . . - X
grid points x; = iAzx mesh size Az = %
0e e L e e e O M
o I Ti-1  Li  Tip1 IN-1 TN

First-order derivatives

BRI = u(®) . u(r) —ul(r — Ax)
L e
(e Ax) — u(z — Ax) %
= Al;}: m AL (by definition)
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Approximation of first-order derivatives

Geometric interpretation

” @a‘rd backward
aCKwar du ~ Uil — U4 .
centrallw_‘_:__ 0, \N‘@/ ( 5 x)e e forward difference
‘ 5 1 (a—“) e backward difference
4 i exact dx /i Az

Aa: Aa: !

(g—;)z i u—"% central difference
* ) 3 . ®

Taylor series expansion i) = (“"_ﬂﬁ’:)n (&%), , u € C>°([0, X])
n=0
ou aae ¥ 5%y (Az)3 [ 8%y
17 i = U; A T 00 c
1 Ujp] = Ui+ $(8x>ﬁ+ 5 (3392 i+ 6 523 ?:+
_ .. (Az)? [ O%u (Az)? [ 3u
Iz il S (3£L‘)i+ 2 el 6 Ox3 z.+'”

1
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Analysis of truncation errors

Accuracy of finite difference approximations

o\ w1 —u; Az (9w (Az)? [ Ou
o e (3_3:)7;_ s 2 (8332)1_ 6 O 1:+”

forward difference truncation error O(Az)

T Iig Ou\  ui—ui—1 1 Az [ 0%y 1 (Az)? [Ou I
i B Az P\ O1° ) . 6 o L
backward difference truncation error O(Axz)

BN,y (Ax)? [ OPu
L1y g (83:)%-_ PRGN T 6 dz3 i+

central difference truncation error O(Ax)?

Leading truncation error

B R (A)™ T 4~ o (Ar)™

Sl olg> e
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Example: 1D Poisson equation

Boundary value problem

2
—%ng inQ=(0,1), w0)=u(l)=0
One-dimensional mesh 0 1
, 1 ]
U RGN — f(x;) = A\ A:B:N, 3 = W TN oL B
Central difference approximation O(Ax)?
[_ui_1?§1:-)2—w-*-1 — fi, a=1y... N -1 P SEE NEXT PAGE
o=ty = 0 Dirichlet boundary conditions

Result: the original PDE is replaced by a linear system for nodal values
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FDM by Taylor’s Theorem

Finite Difference Method

o bletol ools>

dguano Jolis

partial derivative finite difference approximation type order
a_U = U n A
ox  F U=+l -U forward first in x
AX
a_U — U n n
ax F & backward first in x
AX
a—U =U n n
oaxF ViU central second in X
2Ax
o*U
ox? =k w symmetric second in x
Ax
ou
— n+1 n
ot U U -u forward firstin t
At
au
_— U n_ n—t )
at : Ui-Ui— backward firstin t
At
ou
—= U n+l_yyn-l
ot i CH 0 central second in t
2At
azU L U n+l n -1
o2 ¢ U; _2U21 l symmetric second in t
i ya At SilSog5 5

b fooe sl gy o

&

ov9)
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Example: 1D Poisson equation
Linear system for the central difference scheme
4
i=1 4—2—““12‘;1)4'“2 = fi
3, —Quy 44 A
L= BT =2
¢ i=3 - = f3
- —o—2un—_1+uxn
i= N —1 UN—2 (Aurl_\)’2 1+ uN 2, fN—l
Matrix form Ay = F BRSNSl o F e RNV-L
[z 1 1 B Ll WY
1 -1 2 -1 Uo fo
A= -1 2 -1 , U= Us , i == 3
B2 N | i
| — Ll | Un-—1 L=
The matrix A is tridiagonal and symmetric positive definite = invertible. .
& blaluol (olgar (i o S yo (s00e s gy 0




@ Finite Difference Method dguno Joldi gy

Sguxo Juolii o S JLo »

Example: 1D Poisson equation

Linear system for the central difference scheme

i=1 ) —(2’1;;1)4-142 o fl
5 () _% =3
{ i=3 e = f3
= st g
Matrix form Au=F B Sl oy P c RN pekzo addgo (N-1)|U 510,

Jgtmo addgo (N-1) L ylo 5

e -1 1 U1 e
1 -1 2 -1 \ U2 fo
AL ar | B 1 : s | F=1 3
(N-1)$(N-1) s 5bo s gl 2 | UN-1 | fN—1

The matrix A is tridiagonal and symmetric positive definite = invertible. .

Slladiol Lolg> o po Silegi) 30 (5008 b gy o




@ Finite Difference Method dguno Joldi gy

Sguxo Juolii o S JLo »

Example: 1D Poisson equation
Linear system for the central difference scheme
(
i=1 ——rf"jﬁl)ﬂz =f
i=9 _mz_ﬁ#:’. =
< i=3 —%ﬂ = f3
i=N-—1 “N-z—(i“mf\)f;ﬁ“ |
Matrix form Au=F PIRSNELEE S o B e RV
5 — Uy N1
1 -1 2 -1 U2 fa
Als e—e— —1 2 —1 . U= u s 5=
a7’ i %
— 112 UN -1 fn-1
The matrix A is tridiagonal and symmetric positive definite = invertible.

390i Jo AUSF s yilo Jo b1, U aoli Jogmo yladio olei oo «(W 0,5) bl jo f b jladie oyl b
aS Jo> 1+ B Y 5IN calieo polio gl o f=Sin(mx) &b sl 1) YU Jlo 10y g
20
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Other types of boundary conditions

Dirichlet-Neumann BC [u(O) 1) =0 ]

UN+1 — UN-1
2Azx

’UZ[):O, [

SR UN+1 = uN_l] {central difference ]

Extra equation for the last node

Sl 3lg> e

_UN-1 —2uN T UN41 f " —uN-—1+UN _ lf
(Az)? g (Az)? % N
Extended linear system Au=F I AeRNXN 4 FeRYN
! ' ] AL
SR |1 U2 f2
1 N 1 us iz
A — — F —
(Az)? 7 i ’ :
— il T . UN_1 fy-1
| _]. ]._ L uN ] L §fN i

The matrix A remains tridiagonal and symmetric positive definite.

21
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Other types of boundary conditions

~
Non-homogeneous Dirichlet BC u(0) = go only F' changes
2u; — ug g0 .
Up =g = W = f1+ (Az)? first equation J
/Non-homogeneous Neumann BC g—;(l) — il only F' changes )

UN4+1 — UN-—1 g
— 41
20

=  un+1 = un-1+ 2Azg;

uy-1—2uny tuny1 o ) —Un—1 Uy _ 1fN o\ it

e (Ax)? (Az)2 2 Az )
mon-homogeneous Robin BC g—;‘(l) + au(l) = go Aand F change\

UN+1 —UN-1
2Azx

+ouny =¢2 = uUng1=un—_1— 2Azxauy + 2Azgy

_Un-1 2un +UuN+1 o — 7y A (1 —I—an)uN d lf I 92
(Az)? i (Az)? 2 8% Ax

\ L
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We construct a simple FDS to find an approximate solution of a simple PDE. This PDE will be studied in
more detail in Chapter 4. For now it suffices to generate a simple FDS to provide motivation for further
study. The 1D linear advection equation is,

Ut+VUx=O, (2123) :L-éb\b

where the independent variables are t (time) and x (space). x is restricted to the finite interval [p, q] which
1s called the computational domain. v is a constant and the dependent variable, U = U(t, x). In addition to
the PDE, we need initial conditions for U. Let the initial conditions be,

U, x)=f(x), p<x<q. (2.12b) iad gl ol pit

1.e. the initial value of U is given for every x value in the computational domain by a known function f(x).

A solution to (2.12a, 2.12b} 1s a function U = U(t, x) which satisfies the PDE (2.12a) at all points x in the
computational domain and all times t and the initial conditions (2.12b). U(t, x), the exact solution of

(2.12a,b), is defined at an infinite number of values of the independent variables t and x. We will create a
FDS to approximate U at a finite set of values of the independent variables. The approximate values of U

on this finite set will be denoted by u. We proceed in stages. 24
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The computational domain (Figure 2.1) contains an infinite number of x values so first we must replace
them by a finite set. This process is called spatial discretisation.

sallowo Awuld

Figure 2.1: 1D computational domain.

For simplicity the computational domain is replaced by a grid of N equally spaced grid points. Starting with
the first grid point at X = p and ending with the last grid point at x = q, the constant grid spacing, Ax, is,

_{g-p)
o)f N AX—(N oy (2.13a) (VIR dold 6)’Lw FUSWI 3

25
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The values of X in the discretised computational domain are indexed by subscripts to give,
IO ORI = L (-1) AX, ... , xx=p+ (N-1) Ax=q. (2.13b)
Since the grid spacing is constant, L 0,5 (Caxdgo) Wlaise
X+ Ax (2.13¢)

The discretised computational domain is shown in Figure 2.2:

Ax (9 gw0) (wid dwld (6 )lw S
«—>
e * 7‘5 e e L b LLL *. ........... *
p=X1 X.2 X3 XN-l XN__'q

Figure 2.2 Discretised computational domain.

26
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Fixing t at t = t, we approximate the spatial partial derivative, U_, in (2.12a) at each point (t,, X;) using

the forward difference formula from the toolkit in Table 2.1 to give,

)

Yol 65w dwn Jgl al> o Ux(tn,xi)z% 214 ) B ey il s
X

(8% Gieo) Jons! p00 dlolao
Replacing U, in (2.1a) by its approximation (2.14) gives,
U?+] _U:l i, & o &
U‘+VA—=O (2dH) ‘slaé‘ Joleo 3y S ey ‘5)‘..\5'.?
X

(2.15) is said to be in semi-discrete form since only the spatial derivative has been discretised.

Note: The grid is also called the mesh and the operation of discretising the computational domain is called
gridding or meshing.

27
Slladiol Lolg> o po Silogij 30 (008 b B9y o



Finite Difference Method dguo Jolai g
(olo) 4 dtunlg) o S JLo »

Fixing x at x = x; we approximate the temporal partial derivative, U, in (2.12a) at each point (t,, x;) using

the first order forward difference formula from the toolkit in Table 2.1 (where At is the spacing between
time levels) to give,

Um0 @19 (Gl @ien) il iy dolas

On substituting (2.16) for Uy, 2.15 becomes,

n+1 n n n - A =
Ui AtUl +VUi+$in =0 (2173¥J.c| AJolzo )O WV ey 6)‘&5[’.

which rearranges to give,

UP“:UP_V—At( 3 —U?‘) (2.17b) 00 dommmS A lro
1 1 Ax 1

i+l

28
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L sl o3 g ol alaiii ;o Ul

Ul - YA e Lign] ——
1 1 AX 1+1 1

l U; =U(t,,x;)

n w‘ ‘-g.’b )O f‘i akds )b U )|d».°.o

n w‘ p)l) ) P‘i'l']. alags ) U )‘..U.o <

(,_9-»3&) ‘5”‘3 )‘mu n+l B VAt n n
(Gouse J> AX 29
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/ARE S
U™=U: AX( ur)

1+1
05 yolio wlul p g oS JS (gl Yol jl acgosmo SO il b o (] 2
WD (o Aiigd 8 ol b jo by

Jol Gl b b g t=0 yloj j0 9 b 0,5 jo U &b Hlode cawl p3Y (Jo 5l
3 S O¥oleo goue Jo b L) wll psdo adgl b g (5500 dulpds (9o
(adgl byl b g gy dul o b g 5o

S ol b 0 (Jagmo N wYoleo i Jgl 43S
N dolzo )bM Sy g Jo alfTos ek alis

{Implicit g o b9, 9% Jo Jozmo (Jgtmo) (510 0,5 N olues

<

*
soku) ool albgs alolee N*M sluwi :pg0 a4 )¥ Jatzxo N*M slows
SYoles plod g (Adl NFM L jlo SO Oy Jlio

{Explicit ws ig,f Nigls Jo p2 b
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Elliptic PDEs form a class of PDEs that may be used to model steady state problems (i.e. the dependent
variable remains constant over time). Solutions of elliptic PDEs are over closed regions on which boundary
values are given in some way. These boundary values determine the solution of the PDE in the interior of the
region. The two most widcly used elliptic PDEs arc Laplace’s equation and Poisson’s equation.

In 2D, Laplace’s equation is:

e =0 (3.1 RV

Laplace’s equation may be used to model a wide range of phenomena including steady state groundwater
flow and temperature distribution over a region. Additionally Laplace’s equation can describe ‘potential
flow’ which can be used in a simplified description of water flow amongst other things.

2
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OO
O~ 9-00-O
o = X =6
o & X Ne

50

O——0——0—0—0 i

t N s 1 RV

AR S ; O @)
1 Ax

Figure 3.1: Computational grid showing interior grid points (black) and boundary grid points (white)
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Each partlal derivative in Equation (3.1) is replaced by a symmetric FD approximation from our tool kit
(Table 2.1) to give,

—211 +ui—l,j + ui,]+l_2u iy, i,j-1 0 (3.3a) 6)wa
sz Ay2

Lettin (3.3a) can be rewritten to give,

B yladl Slay! s

1+1]

o N Uiy, b +bu L (33 Sibw ddowans
x 2(1+b%)

Equation (3.3b) shows that u;; depends on its 4 surrounding values. This is called a 5-point stencil.
Sometimes ‘compass notation’ is used and (3.3b) becomes,

= | u5+uw+b2uw+b2us (3.3¢)
)Sl'ozo leb O; L’JLI‘Q' )'3 uo_ 2(1+b2)

where o denotes the current grid point and subscripts N, S, E and W denote its north, south, east and west

. ; 34
neighboprs tespectively. SlSogi} 53 5336 5o Shgy 0
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O¥9)
UptU, =0 oovdstgone o 9550 JSUiS gt 35 Jlio >

polro 1ot g 6,5 CIDN O O O O .................... g M*NQO;JSNM’
AyI ____________________ (510 b 0,5 oluws

Jotezo tobew (s 0 )5 23 Y hyGd (M-Z)*(N-Z)
f , o N tJ 94exo Slowy

J | 1.1 N N/ VT (M-Z)*(N-Z)

Notes:
Figure 3.1: Computational grid showing interior grid peints (black) and boundary grid points (white)
1. Using the indexing system in Figure 3.1 the unknown value of u nearest to the bottom left hand
corner of the computational domain is u, > and the unknown value nearest to the top right hand corner
of the computational domain is up.j n.;-

2. Inan MxN grid there will be (M-2)x(N-2) unknown interior values of u;; which may be a very large
number.

3. Assuming that the boundary values of u are known then (3.3b) gives a system of (M-2)x(N-2) linear
ewiogs for u;; in (M-2)x(N-2) unknowns.
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u... .+u . .+b’u

2
1+1,] = +b ui,j—l

i j+l

T 2(1+b?)

There are two basic methods of solving for u;j. Both methods set up a system of linear equations as
follows. Letting ¢ = 1/(2(1+b%)),

d = b¥/(2(1+b%)), rearranging Equation (3.3b) gives,

u; ;=cu; ;+du; . +du;, +eu,, . (3.4)
¢ = 1/(2(1+b%) d = b¥/(2(14b%))
u;;=cu; i+ dui,j_1+ dui,jﬂ+cui+hj

36
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U =cu; i+ du.

+du. . +cu.

L Jt1 i+1,j

Evaluating Equation (3.4) at successive grid points starting at 2,2 and sweeping along the rows first gives,

1) =cu, , + du‘,_,1 + duz,3 +cu,,
u,, =cu,, + du_,,’l + du3,3 el
SRR =Cl,, -, + du EERE s . tcu,y, (3.5)
u,. =cu, , L duz’2 +du ” +Cu, ,

Uy N =C’uM—2,N—l+duM—l,N—2+duM—l,N FCUy N

37
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U =cu; i+ dui,j_1+ dui’j+1+Cui+1,j
Jatexo W 0,5 Jol yaw (sl
=Ccu +du +du +Ccu j
i 1,2 23] 2.3 3
=cu, , e du3,1 + dul3 HCUWAS

B o3
i - g g g g ____________________
i 1.1 2,1 il o ey 38
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U =cu; i+ dui,j_1+ dui’j+1+Cui+1,j
Jgtme b 0 )5 sl yhaw S (sl

g ruz,z R+ du, S . +cu3,2\ ;

5

A ~

_S '

p s

0 —

% < IR, +duy,,  touy,, > 3
i

fi 18y =cu,; +du,, sau, , +CU, , 2

3 3

\uM—l,N—l =CUy Hon T duM—l,N—z i duM—l,N +CuM,Nj

21
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u,, =cu, , +du, +du,, +cu,,

u, , =Cu,, + clus,1 + du3’3 +cu, ,

Uy, =CUy,, + du Vel duM—1,3 +CUy, , (3.5)
U, =ouy. s+ duz,2 + duz, y +Cu, 4

uM—l,N—l =Qu‘M—Z,N—I + duM—l,N—Z o d‘u‘M—l,N +cuM,N—l

The boundary values u; 5, uy |, Uy, Uy 3, etc. are known. In each equation the known u values are moved to
the left hand side and the unknown u values moved to the right hand side (and positioned to preserve the
ordering). For example in the first equation u; > and u,; are known (being boundary values) so the
equation becomes,

The result is that Equations (3.5) can be written as a single matrix equation,

d=Au (3.6a)

40
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d=Au (3.6a)
where,
dis an (M-2)(N-2) by I matrix of known constants,
A is a (M-2)(N-2) by (M-2)(N-2) matrix of known coefficients and
uis a(M-2)(N-2) by I matrix of unknowns and
U= (U2 U32 ... Upm2 U23 U333 coe UMI)3 oov -oe U1, 01) -
The solution to (3.6a) may be written symbolically as,
u=A'd (3.6b)

As A may be very large we must study efficient ways of finding u.
41
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Solution Techniques:

Direct Solution Method
Iterative Solution Methods
Jacobi Iteration
Gauss-Seidel Iteration

ul= A"

d

Sguno Jolds (g
S g0 J.«aLoa SO 90 JLw >

Successive Over Relaxation (SoR) Method

Line SoR

Sl olg> e

42
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Example: 2D Poisson equation

Boundary value problem N 2o R, L5
2 2 |
_g?gz_g_yng in 2=(0,1) x (0,1) " -
7= 0 on I’ = 9f) - h
Uniform mesh: Az =Ay=h, N=1 |

uij = u(zi,y;), fig=f(zi,y;), R — (2h,7h), %,7=0,1,...,N

Central difference approximation O(h?) SEE NEXT PAGE
[_ui—l,j+ui,j—1—4z;,j+ui+1,j+ui,j+l " fi,ja VZ,] a 1’ w ,N .
ui,o=ui,N=u0,j=uN,j=0 V’i,j=0,1,...,N

44
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FDM by Taylor’s Theorem
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partial derivative finite difference approximation type order
a_U — U 1 a
ox  F U=+l -Ui forward first in x
AX
a_U — U n n
& F & backward first in x
Ax
a—U =U n n
&t Ui Ui central second in X
2Ax
&*uU
ax* = w symmetric second in x
Ax
cu
—— n+l1 n
ot U Ur-u forward firstin t
At
cl)
_— U n_ n—t 1
at : Uisl backward firstin t
At
cu
— = I n+l_yn-l
at i L= central second in t
2At
azU L8 U n+l n a-1
a2 W _2U21 il symmetric second in t
i ya At SilSog5 5

b fooe s gy o

&

ov9)
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Example: 2D Poisson equation

Linear system

Au=F

row-by-row
node numbering

[ B -1
-1 B
A=
1
1
I =

1

u= ['U-l,l e UN-1,1 U1 2. - UN-1,2 U1,3 - --’uN—l,N—l]

Ac RV-1)*x(N-1)? u,F € R(N-1)?

i

N 1o fv—12 fi3--- fv—1,n—1]T

1

4 -1
=l

4 —1

The matrix A is sparse, block-tridiagonal

(for the above numbering) and SPD.

| Amax|
l)\min‘

conds(A) =

= O(h™2)

Caution: convergence of iterative solvers deteriorates as the mesh is refined
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Example: 2D Poisson equation

Linear system

Au=F

A e RIV-1)*x(N-1)? u F € R(N-1)>

row-by-row
node numbering

U = ['Ufl,l o UN—1,1 U1 2. UN—1,2 UL,3 .. uN—l,N—l]
BRI S 1 fi2-. - fn—12 fi3. . Fvoanaa]T

[ B -1
— B —f
AA=1l
LT
e B
1
=
]_ |
'y 9

Caution: convergence of iterative solvers deteriorates as the mesh is refined

Sl 3lg> e

' 8

Ca— )
4 —1 \\/
8 VAL |

B Y M B

Z(N-1)(

The matrix A is sparse, block-tridiagonal
(for the above numbering) and SPD.

conds(A)

|/\max| -2
= =O(h
‘)\min‘ ( )

47
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Example: 2D Poisson equation

Linear system Au=F A e RIN-D*x(N-1)* 4 pcR(N-1)°
I‘OW-by-I’OW U = [ul,l < UN-1,1 U1,2..-UN—-1,2 U1,3... ?.LN_lgN_l]T
node numbering P =[f ... fy_11 fi2---fv-12 fiz--- fn-1,n-1)T
apy N i i
B -1 4 -1
—I B —1I -1 4 -1
Al=I{Nga— ... ... ... ...
\/ -1 B -1 -1 4 -1
- = B -1 4
oyl \ - i/ p p
(N-142#(N-1)"2 4 | The matrix A is sparse, block-tridiagonal
1 (for the above numbering) and SPD.
= : I
&t conds(A) = || A““j‘j' = O(h%)

Caution: convergence of iterative solvers deteriorates as the mesh is refined
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