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Chapter 1
Crystal Lattice
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Crystal Structure

Crystal structures can be obtained by attaching atoms,
groups of atoms or molecules which are called basis
(motif) to the lattice sides of the lattice point.
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Basis Lattice Crystal "



The crystal lattice: basis

 We could think: all that remains to do
1s to put atoms on the lattice points of
the Bravais lattice.

* But: not all crystals can be described
by a Bravais lattice (1onic, molecular, e @ >
not even some crystals containing &,
only one species of atoms.) = s

« BUT: all crystals can be described by
the combination of a Bravais lattice
and a basis. This basis 1s what one
“puts on the lattice points”

14
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Bravais Lattice (2D)

A Bravias lattice is a lattice of points, defined by
R=na+na,

The lattice looks exactly the
Qe n a same from every point

Primitive vectors a, and a,
P =a, 2a,,
e ® ] Q — 'al + 32.

18
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Bravais Lattice (2D)

R:nlal+n2a2
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FIGURE Several possible choices of pairs of primitive vectors for a two-
dimensional Bravais lattice. They are drawn, for clarity, from different
origins. (Ashcroft, Neil W. Solid state physics.)
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Honeycomb

i3S i e gl 4T

FIGURE The vertices of a two-
dimensional honeycomb do not
form a Bravais lattice. The array of
points has the same appearance
whether viewed from point P or

R point Q. However, the view from

point R is rotated through 180°.
(Ashcroft, Neil W. Solid state

physics.)
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primitive unit cell

Primitive unit cell: any volume of space which, when translated through
all the vectors of the Bravais lattice, fills space without overlap and
without leaving voids

S1=s2=s3 =
Vi=v2=v3
primitive unit /
cell
non-primitive
unit cell —=—————————p-

23



primitive unit cell

Primitive unit cell: any volume of space which, when
translated through all the vectors of the Bravais lattice,
fills space without overlap and without leaving voids

a2

ai

primitive unit

NON-PIrIMIEIVE ——
unit cell
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Bravais lattice (3D)

. \/ . R=na +n,a,+n,a,
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Pﬁrﬁ“‘

= Single lattice point per cell
» Smallest area in 23 or
"Smallestvolume 113D

L]

Simple cubic(sc)
Conventional = Primitive cell

Conventional & Non-primitive

» More than one Iatllce pmnt per cell
* [ntegral multi n"; of the area o
primitive cell

Body centered cubic(bcc)
Conventional # Primitive cell
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WIGNER-SEITZ CELL (PRIMITIVE CELL)

The construction of Wigner-Seitz cell for
(a) two dimensional space lattice
(b) bee space lattice and
(c) fec space lattice.
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Two Dimensional Lattice

® ® | o
@—= g [ ()
Wigner-Seitz ° * * *
.

Possible choices of primitive cell for a single 2D Bravais lattice.




Bravais Lattices ogl p sld aSl&

PRV K 0‘9—’ P |) uSuow GLQ 4\.§.~w )| 6&94.7:.0[.5 Suy
AS.._M: ‘Su)loﬁ uL‘z.u‘ 39 (O 9i—x0 r-\.»gm |).3’)’

O)‘Ju 09}9 M

095 Glolos Gz Lo 4l | (pols dland SUlias
‘J)sl_§ (POillt Gl‘Ollp Operaﬁons) ’s' 6‘ bais
RERATR

Mg (oo 0dwoli oglw Al ol g Sl
Vg (g0 (Gb) dbwd LS, (bl 51 09l s STB 45

33



o9ly slo Sl ok dibs

togly dSod pliad b )18 sla 0g)S

ASn 1900 (9395 59y 32 1y o9l S &S ko b s dsgazmae
(0 0 L |y S0 bliS 4ot (p dhold) o sl s

ol 1o gl 5 1 S5 ¢ 1 s €t slaylas 8ol 51 JUasl: Jals Lebes o

34



o 2Liad 09,8 S Cléls @uiSin guiyyo ly JWEST pak 5Lyl (B9 toglyy Sy (g1 ala 09,S

) Sauds 51 pols alads &S 0y Sin 525 40 |y el Lo 4S8 o0 5k5 50 1y gl STl
3yl Inl.'s °5‘):’4$tf"g5‘ Magjfe 051)945,;»3)&3 03;)" ds g0 33 ) ol .3)‘.3& el

wisls w5l giune o9l dSU G 45 5,05 3929 plaie (gl dadh 09,5 s g
NOWIRPITIERCOWORNCVL IS | B VR PRI ELVRTY PR L e VS IRG P

09ly dSuds 00l

1y 03l & JalS' 5B 09,5 9 03,5 Iy ) )8 sl Jas (sl crsguoms S
gl 4Sads S 4 35 0 polan 0K i

bl bl plete oalad ogjf 03, > 43‘3%3 P



&‘3 Jﬁ.\mu&mguds.ﬁd

Cubic PILLF a=b=c a=p=y=90° e
Tetragonal P, a=bzc  a=p=y=90° 7y
Orthorhombic  P,C,ILF azbxc  o=p=y=90° Al
Monoclinic P,C azb=c  a=y=90°% B #90° _L.<s
Triclinic P azb+c o =B #y = 90° (o d
Hexagonal P a=b=c a=p=90°, y=120° _s&us
Rhombohedral R a=b=c  o=p=y£90° SR

(Trigonal)
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Within each crystal system there can be a number of
nonprimitive

cells:

P Primitive

F All faces have a lattice point at the centre
| Lattice point in cell centre

C Lattice point in centre of base face




Three Common Unit Cells in 3D

simple cubic body-centerad cubic {ace-centered cubic
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Body-centered cubic Bravais lattice

Primitive vectors

a,=aX, a,=ay, aszg(iﬁu’i) (4.3)

P=-a;-a, +2a,

ND

P

40
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Body-centered cubic Bravais lattice

Primitive vectors

a =2 X+y+z) a,-2R-y+2) a,-2R+y-2) @4

P=2a, +a,+a;

41



bcc

Body-Centered
Cubic (I)

Unit Cell

Primitive bcc cell

Body Centered Cubic Lattice

% \

Primitive Cell

Wigner-Seitz Cell for
Body Centered Cubic Lattice
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Face-centered cubic Bravais lattice

Up
A
S E
Y
Down

FIGURE Some points from a face-
centered cubic Bravais lattice.
(Ashcroft, Neil W. Solid state physics.)
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Wigner-Seitz Cell

One Primitive Cell

Face Centered Cubic Lattice
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Face-centered cubic Bravais lattice

Primitive vectors

a,=2(y+z} a,-2(x+2) a,-2(X+y) @)

P=a, +a,+a; Q=2a, R=a,+a,,
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Sodium Chloride (NaCl)

Face Centered Cubic

NaF, KBr, MgO, .....
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ELEMENTS WITH THE MONATOMIC FACE-CENTERED
CUBIC CRYSTAL STRUCTURE

ELEMENT a (A) ELEMENT  a (A) ELEMENT  a (A)
Ar 5.26 (4.2 K) Ir 3.84 Pt 3.92
Ag 4.09 Kr 5.72 (58 K) 0-Pu 4.64
Al 4.05 La 5.30 Rh 3.80
Au 4.08 Ne 443(42K)  Sc 4.54
Ca 5.58 Ni 3.52 Sr 6.08
Ce 5.16 Pb 495 Th 5.08
B-Co 3.55 Pd 3.89 Xe (58 K) 6.20
Cu 3.61 Pr 5.16 Yb 5.49

ELEMENTS WITH THE MONATOMIC BODY-CENTERED
CUBIC CRYSTAL STRUCTURE
ELEMENT  a (A) ELEMENT  a (A) ELEMENT  a (A)
Ba 5.02 Li 3.49 (78 K) Ta 3.31
%y 2.88 Mo 3.15 Tl 3.88
Cs 6.05 (78 K) Na 4.23 (5 K) A" 3.02
Fe 2.87 Nb 3.30 \\% 3.16

K 523 (5K) Rb 5.59 (5 K) 48




Simple cubic

* We can also simply count the atoms we see 1n one unit
cell.

* But we have to keep track of how many unit cells share

these atoms.
1/8 atom

1/8 atom
1/8 atom

\0

1/8 atom 1/8 atom

\0:/

1/8 atom
1/8 atom

1/8 atom

49



Examples of simple cubic crystal structures
with different number of basis

® _6 ‘.O’

« & .
o I"\ @, |’|
- 3’ c’
¢ .‘
n = 1[EYe n = 2J=tele FCC/CCP
?
?
9
EE o

50
C (diamond)



Unit cell contents

Atoms Shared Between: Each atom counts:
corner 8 cells 1/8

face centre 2 cells 1/2

body centre 1 cell 1

edge centre 4 cells 1/4

» Number of atoms per unit cell
» scc: 1 atom
» bcc: 2 atoms

» fcc: 4 atoms

51
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Metallic Crystal Structures

Some important crystal structure terms are defined below

* Atomic packing factor: The fraction of the space
occupied by atoms in a unit cell is known as atomic
packing factor (APF); or simply packing factor; i.e., it is
the ratio of the volume of the atoms occupying the unit

cell to the volume of the unit cell relating to that
structure.

APEF — pp =Y — Volume of atoms in a unit cell

V Volume of primitive cell

54



Packing fraction

Packing fraction:
We try to pack N spheres (hard, cannot deform).

3
The total volume of the spheres is N4 i R?

3
The volume these spheres occupy V > N4 H’R? (there are spacing)

Packing fraction=total volume of the spheres/total volume these spheres occupy

3 3 3
N4 ;'IR? ﬂl-HRT il-:n:R?
Packi tion = = =
acking fraction V V/N  Volume per site
3
4?{%

" Volume o f a primitive cell

High packing fraction means the space is used more efficiently 55



(Atomic Packing Factor) oil o515 cu po
a2l Jobw pxo @ doly Joo O H0 b ol pxo Cond
Dgud o0 03wl APF o3l 05135 o gy

v volume
g atoms 4 “«  otom
unitcell 9 = (0.5a)3
¥ R=0.5a 3
- APF =
close-packed directions 33 ~__ volume
contains 8 x 1/8 = unit cell

1 atom/unit cell

APF =0.524
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Body Centered Cubic (BCC)
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*o o

Zn

©
o

Brass, Cubic lattice, with a motif of Cu (0,0,0)
and Zn (1/2,1/2,1/2) .
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APF : FCC

Close-packed directions:

length = 4R
=[2 a
atoms
4 volume
unitcell ™4 3" (2a/4)3 < atom
APF =
3 volume
av «

unit cell

APF=10.74

67



GEOMETRIC RELATIONSHIPS

.H..-"'
g T
SCC L fee
22 .
a=2r 'Z:a;dFH; b= 4r
c“=aq“+ b - B .
= 3a’ 162 = 2P
c—=Ba = 4r a = vBr
a=3
V3
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Simple cubic

Lattice sites: a(l X + m ¥+ n Z)
. : s 1
Lattice point per conventional cell: 1 = 8x =

Volume (conventional cell): a®
Volume (primitive cell) : a®
Number of nearest neighbors: 6
Nearest neighbor distance: a
Number of second neighbors: 12

Second neighbor distance: v2a

Packing fraction: % ~ 0.524

R3
47— -
Packing fraction = 3_ _ Nearest distance= 2 R
, Volume of a primitive cell R= Nearest distance/2=a/2
R
4“‘3_ _4n R, %x afl., ® b
_[13_3{11)_3(:{1 il ™

» About half (0.524=52.4%) of the space is really used by the sphere.
» The other half (0.476=47.6%) is empty. 69




i

§ii

21

Eifiii]

Lattice sites
a(l£+mP+nz)and a[(l+3)2+(m+3)7+(n+3)2]

Lattice point per conventional cell: 2 = BH% =1
Volume (conventional cell): a®

Volume (primitive cell) : a® /2

Number of nearest neighbors: 8

Nearest neighbor distance: J(§)2+(§]2+{§)2: ?u ~ (0.866a

Number of second neighbors: 6
Second neighbor distance: a

Packing fraction: —?n ~ 0.680

Coordinates of the sites: (I, n, m)
For the site (0,0,0),

. . S
8 nearest neighbors: (i ol o e 5)

6 nest nearest neighbors: (+1,0,0), (0,+1,0) and (0,0, +1)
70



bcc packing fraction

Volume (primitive cell) : a® /2

e Nearest neighbor distance: J(i;)z-i—{%]z-ﬁ-(%]z: gu =~ (0.866a

N i e e Packing fraction: %’ﬂ' ~ 0.680

4 HR_E Nearest distance=2 R
3
R= Nearest distanceﬁ:% a

Packing fraction =

Volume of a primitive cell

3

R
B 47— R [RJE_

a3/2 3

V3
8t —ja V3
(2 —)3= ~ 0.680

3 a 8

» About 68.0% of the space is really used by the sphere.
# About 32.0% of the space is empty. -



Lattice sites

alz+my+nz)  al(l+2)2+(m+3)5+nz]
al(1+5)2+m¥+(n+3)2]

aflz +(m+2) 5+ (n+2)2]

Lattice point per conventional cell: 4 = Bx% + ﬁxé =143
Volume (conventional cell): a3

Volume (primitive cell) : a* /4

Number of nearest neighbors: 12

Nearest neighbor distance: J(‘%}E-l—{%]z—l-([lﬁ: ? a =~ 0.707a

Number of second neighbors: 6
Second neighbor distance: a

For the site (0,0,0),

12 nearest neighbors: (i 1, ii, D) : (i 3-, 0, if}.) and ([]’ i}-. e
373 2 2 272

6 nest nearest neighbors: (+1,0,0), (0,+1,0) and (0,0, +1)
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fcc packing fraction

o s Sy Volume (primitive cell) : a® /4
B Wi = ' - Nearest neighbor distance: J(%)E—l—{%)z—f—[ﬂ)z: ga ~ 0.707a
o -"-'.'-:

3
4?[%

Packing fraction =

Volume of a primitive cell

MNearest distance= 2 R

R= Nearest dista nce;'szg a

R? V2
dm—=  16m R, lém 7 @ , V2m —
a3/4 ~ 3 G G B g
# About 74.0% of the space is really used by the sphere.

# About 26.0% of the space is empty.

0.740 is the highest packing fraction one can ever reach.
This structure is called “close packing”

There are other close packing structures (same packing fraction)
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Simple Cubic

Number of atoms
per unit cell

Coordination
number

Atomic packing
factor

1/8 X8 =1

0.52
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BODY CENTERED CUBIC

Mumber of atoms
per unit cell

Coordination
number

Atomic packing
factor
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FACE CENTERED CUBIC

Number of
daloms perunil J1eXs+12X6=4
cell

Coordination
numbaecr

12
Atomic packing 0.74
factor
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Comparison of cell properties of some crystal structure

Sr. Crystal sc bee fee hep
No. Specifications
1 Coordination 6 8 12 12
Number
2 MNearest _
£l ! B =
Neighbour o= 2:--='ﬂ'::3 2r=H:r: Lt
distance
3 Lattice a=2r u=4—: g=4_£ a=2r
'3 2
Constant !
4 Number of e doguss I S e
H—EHS— H‘—EKETI—E n=1}£3+3=4 "_IF,E_E_E._E
atoms per unit § '
cell
5 Number of 1 2 4 B
lattice points
& Volume of all -
: 4 4 4 5 4 ¥=6r—xr
the atoms in a v=1x§ﬂr ?=2=-c§;rr v=4:-=:§:rrr
unit cell
3 ’ 3
T Vakewe af unit V=a'={2rF F=ﬂ3=| 4—1 F=ﬂ'3=14—i V=a(2rf
cell 3 |42 =agllr
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Miller indices of lattice plane

* The indices of a crystal plane (h,k,1) are
defined to be a set of integers with no
common factors, inversely proportional to
the intercepts of the crystal plane along the
crystal axes:

111
X1 X, X:

hkl =

80



111
17372
(623)

Fig. 1.15 The intercepts of the
(623) plane with the coordinate
axes.
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0,0,1

iy

1,1,1

0,0,0

]

1,0,0
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Fig.1.16 (A) Cube planes of a cubic crystal: a (100); b (010);
¢ (001). (B) The (011) plane. (C) The (11 1) plane.
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ex:1,0,% => 2,0,1 => [201]

1,1 = (1] ol gy s hd o bl glaae )
a8 e O Hlaa
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+&

Fig.1.17 The(111) and (111)
planes are paraliel to each other
and therefore represent the same
crystallographic plane.
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Indices of Planes: Cubic Crystal

(100 (110) (111

{200

(100)

Figure 16 Indices of import

3 ant planes in a cubic crystal. The plane (200) is parallel to ( 100) and to
(100).
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001 Plane

2 (001) Plane referenced to
¢ / the origin at point O

I
Opmsmnsing y
y
£1
£ !
l
I [
x ,’ Other equivalent
Vi ©(001) planes
4
/
/
(a)
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110 Planes

(110) Plane referenced to the

; / origin at point O

Other e\q/uivalent
(110) planes

(b)
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111 Planes

-4
(111) Plane referenced to
| the origin at point O

B Other equivalent )
(111) planes

(c)
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Simple Crystal Structures

» There are several crystal structures of
common interest: sodium chloride, cesium
chloride, hexagonal close-packed, diamond
and cubic zinc sulfide.

* Each of these structures have many different
realizations.
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Close-packed structures
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FCC STACKING SEQUENCE

« ABCABC... Stacking Sequence
e 2D Projection

A sites

B sites
C sites

e FCC Unit Cell




Tetrahedral
interstices

Octahedral
interstices

First layer (A)

Second layer (B)

Third layer €)
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Closed-packed structure

fcc=ABCABC....
hcp=ABAB.....
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Close-packed structures: fcc and hep

hcp fee
ABABAB... ABCABCABC...
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Close-packed structures: fcc and hep

hcp fee
ABABAB... ABCABCABC...

* The hexagonal close-packed (hcp) and face-
centred cubic (fcc) and structure have the same
packing fraction
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Close-packed structures: fcc and hep

hcp fee
ABABAB... ABCABCABC...
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Close-packed structures: fcc and hep

hcp fce
ABABAB... ABCABCABC...
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Close-packed structures: fcc and hep

hcp fee
ABABAB... ABCABCABC...
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Close-packed structures: fcc and hep

hcp fee
ABABAB... ABCABCABC...
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Cubic Close Pocking

[111]
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03 yind JUsS135n lisLu
Hexagonal Closed Pack (HCP)

Cow o Jodw YU amao gl 00 pid JUoST 38 LSl o
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HEXAGONAL CLOSE-PACKED
STRUCTURE (HCP)

 ABAB... Stacking Sequence

e 3D Projection * 2D Projection
A sites Top layer
B sites Middle layer
A sites

Bottom layer

APF for a HCP structure = 0.74
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l, gs.oal S O yuad g3 g yods 00eld amino HCP LSl o
)L».‘>L~u L J‘)u\hw‘ A0 J.A.o 9 (Oéfﬁ A0 ‘) O)‘O

Sl 00 i s ¥ glyle FCC

Octahedral

interstices

Tetrahedral
interstices

First layer (A)

Second layer (B)

Third layer (A4)
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Hexagonal Close Packing
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Simple hexagonal Bravaise lattice

< ? 2 Tl : Primitive ﬂ

2 :
% ‘ vectors la)1=la,l=a
ax

CZ 114




Hexagonal closed —packed (hcp)

Primitive

vectors

aXx

a \Ba 8

Y c:\ga:1.63299a
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Diamond lattice

o Il Ay RISy 4y i ASfee JURLw 93 Cijguan G150 1y palal) AL
_QéJgJBJJAc A} bd&l@gl@‘;‘m\ﬁeJLﬁ@

Basis
0

E(;+‘+éj
2\ XY

Primitive
vectors

A

ax

A

ay

A

az
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hexagonal

| e Lt

Figure 12 Relation of the primitive cell

in the hexagonal system (heavy lines) to
a prism of hexagonal symmetry. Here
@) =y ¥ iy

2D planes formed by equilateral triangles
Stack these planes on top of each other

Primitive cell: a right prism based on a
rhombus with an included angle of 120
degree.

Volume (primitive cell):
Vol = Areaxheight

_(1«52) V3

Tal Tl TR
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