November 18, 2015 Advanced Engineering Mathematics

. . . - , 0 , -5<x<0
1. Find the Fourier series of the periodic function f (x ) = =%
3 , O0<x<5
> 3(1- cos n
Ans. f ( E Z ( ﬂ))sin(n—ﬂxj
2 5
2. Find the Fourier series of the periodic function f (x )=x* , 0<x <2z
Ans. f (x) w2 +Z{izcos(nx )—4—7Tsin(nx )}
3 n=1 n n
3. Find the Fourier cosine series of f (x )=sin(x) , O0<x <=z

- [1+cos nn)]

Ans. f ( Z

n=1

cos(nx )

o u(0t)=0 , u(2t)=0

4. Solve the boundary-value problem Z—L: =3

T ha n

- 2_2
s u(xt) === 3 COS(M)Sin(nTﬂX jexp[_3n4 . tj

5. Find the Fourier sine and cosine series of the periodic function
X , O<x<4

f =
() {S—X , 4<x <8

sine series 3—22n i ( njsm(n;xj
TS
Ans. f (x)= '
_ _ 16 m[zcos nn/2 cos( w)- 1} (nn j
cosine series Z cos ?x
=1
6. Solve the boundary-value problem
u(o,t)=0 , u(6,t)=0
a ou ( ) 1 0<x <3 ( )
ot ox* 7 u(x,0)= '
0 , 3<x<6
= 1-cos(nz/3 2r?
Ans. u 2 ”/ ) m( jexp nr t
6 36
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2 2 _ —
7. Solve the equation 0 )2/ =9a yz subject to y (O't)_o Y (2,t)_0 _
ot ox y (x,0)=0.05x (2-x) , y,(x,0)=0
Ans. y (x,t ——Gi (Zn _17rxjcos 3(2n-y) _1)7rt
T :1 2n 1 2 2

Mdazze‘X , Xx=>0.

8. Using Fourier integral, show thatJ' 1 5
a’+

0
1 , O0<x«l1
0, x21

2
9. Solve au_9 U2
ot ox

with respect to u(0,t)=0 , u(x ,O)={ } Suppose that

u(x,t) isbounded for x >0 and t >0.

Ans. u(x,t) =%TI_LS(M

sin(Ax )exp(—izt )dx
sin(x +iy ) =sin(x )cosh(y )+i cos(x )sinh(y)
cos(x +iy )=cos(x )cosh(y )—isin(x )sinh(y)

11. Show thatw =f (z )=Z has no derivative at any point.

10. Prove that

12. If the partial derivatives of first and second order of the real and imaginary parts, u (x Y )

o azu

and v (x,y ), of an analytic function w =f (z) are continuous, show that P ay ~=0
X

62\/ 67\/

A2

=0.

Note: The logarithm (as an inverse of the exponential) is a multi-valued function of z . The multi-
valuedness is introduced by the polar angle 6:

In(z ):In(re”):ln(r)+i0

Then the angle & may be given its principal value 6,, -7 <6, <z, which leads to the principal

value of In(z ):

Ln(z)=In(r)+i6, ; -n<6<xm

But many other values of 6 will still give the same z in z =re'?, namely:
0=0,+2kzr ; k=0=£1+2,...

and each of these values of @ gives rise, in turn, to a value of In(z ), namely:
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In(z)=In(r)+i(6,+2kz) ; k=0,+L%2,...

so that all of the infinitely many different values of In(z) differ from the principal value by an
integral multiple of 27xi .

13. Find the principal value of In(z ) for z =1L!.
—i

Ans. PV.=ix/2

14.1f u(x,y) and v (x,y)are the real and imaginary parts of an analytic function of
Z =X +1iy , show that the family of curves u=constant is orthogonal to the family

v = constant at every point of intersection where f '(z )= 0.

2+4i
15. Evaluate | = I z%dz onthepath {x =t , y =t?} where, 1<t <2.

1+i

Ans. | =—%—6i
3
dz 271, n=1 . . .
16. Prove that [_ﬂ —= , in which, the simple path C encloses
C(Z —a) O y n=2,3,4,...
z =a.
eZ
17. Evaluate | = dz .
Zg}sz (z +1)

Ans. | = 27i (1—e‘1)

Note: Taylor series

Theorem: Let f (z) be analytic everywhere inside a circle C,, with center at z, and radius r,.

Then at each point z inside C,,:

that is, the power series here converges to f (z ) when |z -z 0| <.

This is the expansion of f (z ) into a Taylor series about the point z,,.
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Laurent series

Let C, and C, be two concentric circles centered at a point Z, and with radii r, and r,,

respectively, where, r, <r,.

Theorem: If f (z) is analytic on C, and C,and throughout the annular domain between those

two circles, then at each point z in that domain f (z ) is represented by the expansion:

a, = 1_J' f(s)n+lds n=012,...
27Z'IC(3_ZO)

- 1_]‘ f(s)_n+lds n=12,...
271"(;(8—20)

C, and C,; each path of integration being taken counterclockwise.

where, . The simple closed contour C is between

n

The series here is called a Laurent y
series.

X

If (z ) is analytic at every point inside and on C, (or C ) except at the point z, itself, the radius
r, may be taken arbitrarily small. The above expansion is then valid when 0 < |z A 0| <r.Iff (z )
is analytic at all points inside and on C, (or C ), the function f (z )/(z —zo)'n+l is analytic inside

and on C, because —n +1<0.
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18. Find the Laurent series of f (z )=;3 atz =-2.
z (z +2)

Ans. f (z)=- ! ! ! t 1

Z+2)—--- convergeson 0<|z +2/<2.
2z 2] 4zr2y Bz+2) 16 2P ’ £ +2

19. Evaluate the integral | =_[ 52 -2 dz , where, C :|z|=2.
cl (Z _1)
Ans. | =10zi

20. Find the residue at z =57 of the function f (z )=cot(z )

Ans. Res{t (2)} = lim (z —5n):’?:((zz)) =[ lim 2 _S”J(Jmcos(z )):[ZILT”

757 sin(z )

2

21. Show that I X dx =l

L(xTe1) (xPeaxs2) 50

22. Evaluate |

] ©¥Z 42 ,inwhich, C :[z|=2
C

(z-1)°

Ans. | =rie/3

© 2
23. Show that I#dx il .
o X +5Xx°+4 4

24. Establish the following integration formulas:

teos(2x) . 5z
E[(x2+4)2 dx = 2 exp(—4)

X sin (ax

jﬁdx =%e‘asin(a) a>0

25. Expand the functionw =f (z )=

in a Laurent series about z =0 and z =1.
z (z —1)

_i_l_z —7%_... ; O<|Z|<1
Ans.f(z)= z

— 1+ (2-1)-(z ~1) 4+ 5 0<fz-1<1
Z —
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Note: All the points of the z-plane at which an analytic function does not have a unique
derivative are said to be singular points. They are the points at which the function ceases
to be analytic. If we concern ourselves only with single-valued functions of the complex

variablew =f (z), then f (z ) may have two types of singularities:

1- Poles, or non-essential singular points

2- Essential singular points
If the Laurent series of f (z ) about z, (the singular point of f (z)) has only a finite number of
powers of (z —z,) with negative exponents, then f (z ) is said to have a pole at z =z,; and the
largest of the negative exponents (m) is called the order of the pole z,. In this case f (z ) has a
pole of the mth order at the point z,,. On the other hand, if the Laurent series of f (z ) about z,,
has an infinite number of negative powers of (z —zo), the point z =z, is said to be an essential

singular point, and f (z ) is said to have an essential singularityat z =z, .

1
(z-2)'(z-5)'(z-1)
27. Show that f (z ) =exp(1/z ) has an essential singularity at z =0.

2r HoY
28. Prove that | =J'L(@d0=2—f(a—x/az—b2) ; a>b>0
: a+bcos(0) b

26. Show that f (z ) = has a pole of the third orderat z =5.

o 4
29. Show that [ ——dx =~
o X +1 3

30. Show that the function f (z )=Z is nowhere differentiable.

31. Apply the definition of derivative directly to prove that f '(z )=-1/z* when f (z)=1/z ,

provided z = 0.

Note: Satisfaction of the Cauchy-Riemann equations at a point z, =(X,,Y,) is not sufficient for

the existence of the derivative of f (z ) at that point. But with certain continuity conditions, we
have the following useful theorem.

Theorem: Let the function f (z)=u(x,y)+iv(x,y) be defined throughout some &
neighborhood of the point z, =x,+i Yy, . Suppose that the first partial derivatives of the functions
u and v with respect to x and Yy exist in that neighborhood and are continuous at (xo,yo).
Then if those partial derivatives satisfy the Cauchy-Riemann equations at (xo, yo), the derivative

f'(z,) exists. It should be noted that the Cauchy-Riemann equationsareu, =v, & u, =-v, .
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32. The function u (x,y)=y3—3x2y is harmonic throughout the entire xy plane. Find a

harmonic conjugate v (x,y ) of u (x,y ).
Ans.v (x,y )=x*=3xy*+c

33. The transient one-dimensional heat conduction in a slab is expressed by the equation
u, (x,t)=au, (x,t), where o is the thermal diffusivity of the slab. (a) If the slab is
initially at temperature zero throughout (u (x,0)= O), and the face x =0 is kept at that
temperature (u (O,t):o), while the face x =7 is kept at a constant temperature u,
when t >0, determine the temperature distribution u(x,t). (b) Suppose that the face
x =0 is kept at temperature zero (u (O,t)=0) and that the face x == is insulated

(u, (7.t)=0). Also, let the initial temperatures be u (x,0)=f (x ).

Ans. (a) u (Xt {x +22 sin(nx )exp(-n’ot )]

T _ 2
(x,t)=> Ejf sm[2n _1x)dx sin[2n _1x)exp —Mt
n=1 | 7 0 2 2 4

ot T . { ((Ot): T(M)zg}

34. Solve the boundary-value problem — =—;
ot ox x,0)=2

Ans. T (x,t 1+— i4cos n7) sin(nx )exp(-n’t)

=1

35.Show that u(x,t)=sin(2x)e™ is a solution to the boundary value problem
u =2u, u(0t)=u(zt)=0 u(x,0)=sin(2x)

36. Show that v =F (y —3X ) where F is an arbitrary differentiable function, is a general

solution of the equation ZV—X+ 3% =0. Also, find the particular solution which satisfies the
condition v (0,y ) =4sin(y ).

Ans.v (x,y)=F(y —=3x)=4sin(y -3x)

7 Instructor: Ali Jabari Moghadam



November 18, 2015 Advanced Engineering Mathematics
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37.Show that y (x,t)=F (2x +5t)+G (2x —5t) is a general solution of 4(;); =252Xy2.
Also, find a particular solution satisfying the conditions
y(0t)=y(7t)=0 y(x,0)=sin(2x) vy, (x,0)=0.
Ans. y (X ,t):%sin(Zx +5t)+%sin(2x —5t ) =sin(2x )cos(5t )
38. Solve the boundary value problem
2
%’:22}(“2 . u(0t)=10 u(3t)=40 u(x,0)=25.
30 & cos(mz)-1 (mn j 2m’r?
Ans. 10 1)+ - t
ns. u(x,t)=10(x +1)+ ﬁmZ; - sin 3xexp 3

39. A circular plate of unit radius, whose faces are insulated, has half of its boundary kept at
constant temperature u, and the other half at constant temperature u, . Find the steady-

state temperature of the plate. In polar coordinates (r,¢) , the partial differential equation

2 2
for steady-state heat flow is %4—%2—: 1227;=0. The boundary conditions are

O<¢p<m

u<1,¢)={“1 |

u, , T<¢<2rm

u, +u, S (u,—u,)[1-cos(mx)]

Ans. u(r,¢)= 5 —
m=1

r"sin(mg)

40. A string of length L is stretched between points (0,0) and (L,0) on the x-axis. At time
t =0, it has a shape given by f (x ) ; and it is released from rest. Find the displacement of
the string at any later time. The equation of the vibrating string is
oy _ 0%

=a
ot? ox?
time t. Since the ends of the string are fixed at x =0 and x =L, the boundary conditions
are y (0t)=y(L,t)=0 , t>0.

Ans. y (x.t) i{ jf sm[ jdx}sin(%xjcos(mizatj

» The terms in this series represent the natural or normal modes of vibration. The frequency

, O0<x<L t>0 where, y (x ,t)is the displacement from x-axis at

of the mth normal mode is obtained from the term involving cos (%tj and is given by:
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opt _MAA o ma
L 2L

Since all the frequencies are integer multiples of the lowest frequency, f,, the vibrations of the

string will yield a musical tone, as in the case of a violin or piano string. The first three normal
modes are illustrated in the following figure.

¥ | ¥ ¥
L L 2L
CE 3 -8
L = TNEL o ® SN L =
0 ‘\._‘_.__-_____'_.—'fr 0 \\.,___,/ O \\._J" a \'\'_,/’T :
the first normal mode 1 the second normal mode 1 the third normal mode
(a) S () - (e)

As time increases, the shapes of these modes vary from curves shown solid to curves shown
dashed and then back again; the time for a complete cycle is the period and the reciprocal of this
period is the frequency. The mode (a) is called the fundamental mode or first harmonic, while (b)
and (c) are called the second and third harmonic (or first and second overtone), respectively.
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41.Find the steady-state temperature distribution T(x,y) in the uniform slab of metal

2 2
governed by the Laplace equation {ZZ ZyT OJ The temperatures of the boundaries
X
T(x,0)=T(x,a)=0 ; 0<x . :
are (x.0)=T (x.a) SX= ; Where, f(y) is a bounded function. State any
T(0,y)=1(y)

additional condition that must be imposed on T (x, y) for the solution to be physically
possible.

Ans. T(x,y) ZC sm(—yjexp(—xj , where, C, =§J‘f(y)sin[n§yjdy n=12,...

2 2
42. Find the characteristics of the hyperbolic equation xa—g—y ou 6__0 Reduce the
OX oXoy  Ox
equation to canonical form and solve it, if possible.
Ans. ¢ =y , C=xy ; u(xy)=T(y)+g(xy)
43. Find the Laurent series representing the function f (z )=ZZ— in the annulus
(2%+1)(z +2)
0<|z -i|<2.
Ans. —2 ! (z-i)" S 2+n|l— 4nl(z—i)n
10 05 @yt )

44. Evaluate _[(z+27)dz, where C is a path from z=0 to z=1+2i, consisting of the line
C

segment from z =0 to z =1 followed by the line segment from z=1to z=1+2i.
Ans. Z—6i
2

45. Derive Taylor series expansion of f (z) =e’ about z=1.

00

Ans. f( i (1) =

n=0 - n=0

|Z—1|<oo

—~

+2)

46. Obtain expansions of f (z)= &

in Maclaurin series which are valid in |z|<1.
(z+1)(z+4)

Ans. f ( _—1+Z n+1(1+4‘”)z” ; |7<1
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47. Find Maclaurin series for f (z)= %1 if 0< |z| <2r.
e —

z 72 7

Ans. - —+————+---
2 12 720

4z +3

2(z-3)(z+2)

48. Expand f (z)= in Laurent series about z =0 in the domain |z|> 3.

4 8 31
Ans. ?+?+?+~--
i 21
49. Prove that J. . = ,if a® >b?+c?.
o a+bcos(0)+csin(0) a2 —b?—c?

27
50. Prove that J. Mdg -
o 5—4cos(0) 12
dx - p

X(x*+ px+q) a/4q - p’

51. Prove that J' where p’ <4q

52. Prove thatJ. X dx = il
o (x+9)(x*+4)" 200
53. Prove thatJ. ( ) =7 exp( a) , m>0
54, Prove that I%d@zo
_l’_

t
55. Find the residue of f (z)= ©0 (ﬂz) at(a) z=a,andat(b) z=n (an integer or zero).

(2-a)

—mcosec” (za)
1
m(n- a)2

Ans,

—_~~ o~
o s
SN—
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