DERIVATIVES

1. Using the definition, find the derivative of w = f(z) = 2°—2z at the point where
(a) 2 =20, (b) 2=-1.

(a) By definition, the derivative at z =z, is
f(zo 1+ Az) — f(zo)

. (zo+ Az)3 — 2(zy + Az) — {2} — 2z}
' = - v =1
F() :.lzigo Az A:TO Az
—  lim 23 + 322 Az + 3zp(Az)2 + (A2)3 — 229 — 24z — 2] + 22,
Az=0 Az
= lim 323 + 3zpAz + (A2)2 — 2 = 3z§ -2
Az=0

In general, f'(z) = 322—2 for all 2.

(b) From (a), or directly, we find that if 2g=—1 then f(—1) = 3(—1)2—2 = 1.

2. Show that ;—zé does not exist anywhere, i.e. f(z) =% is non-analytic anywhere.

iti a4 = fz+ 4az) — f(z)
By definition, o f(z) Alzil_l:lo v
if this limit exists independent of the manner in which Az = Ax+ 1Ay approaches zero.
Then iz = im 2FAz-—% _ limm+iy+—A:t+i‘Ay—a:+iy
dz Az=+0 2 Az =0 Ax + iAy
Ay=+0
- 1 x— iy +Ar —iAy —(x—dy) _ ;. Ax —iAy
Az Ax + 1Ay A]:ru-rvlo Ax + 1Ay
Ay=-0 Ay=—0
. . ¢
If Ay =0, the required limit is lim i 1.
Ax=+0 AT
If Ax =0, the required limit is lim —.my = —1.
Ay=—0 tAY

Then since the limit depends on the manner in which Az— 0, the derivative does not exist, i.e.
f(z) =z is non-analytic anywhere.

3. If w=f()=1-2, find (a) %"g and (b) determine where f(z) is non-analytic.

(a) Method I, using the definition.
1+(z+42)  1+z

dw _ . flz+82) —flz) _ . 1—(z142) 1—-z
dz A];To Az A]zn—?o Az

_ 2 2

N gy vy g Sl s g

independent of the manner in which Az = 0, provided z+ 1.
Method 2, using differentiation rules.

By the quotient rule [see Problem 10(c}] we have if z#1,
d d
Q1 —Z)E(l +2) — 1+ Z)E(l —2)

d 142\ _ _ -x) -+ _ _ 2
dz\1-z/ (1-2)° B (1—2)* (1—-2)?

(b) The function f(z) is analytic for all finite values of z except z=1 where the derivative does not
exist and the function is non-analytic. The point z =1 is a singular point of f(2).
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If f(z) = u+1iv is analytic in a region R, prove that » and v are harmonic in R if
they have continuous second partial derivatives in <R.

" P ' . du _ dv v _  ou
If f(z) is analytic in ® then the Cauchy-Riemann equations (1) % = 3y and (2) o— = ™
are satisfied in R. Assuming u and v have continuous second partial derivatives, we can differentiate
2 2
both sides of (I) with respect to x# and (2) with respect to y to obtain (3) 372; = 6‘:;; and
(4)—3&“—"-@ from which Pu_Pu o ﬁ_,..a“)_“_o‘- is harmonic v
oyox  oy2 which 225 = =32 oF Gz T3z = 0 le u i1s harmonie,

Similarly, by differentiating both sides of (1) with respect to ¥ and (2) with respect to x, we find
v &_0 nd v is harmonic
gt a armonie,

It will be shown later (Chapter 5) that if f(z) is analytic in R, all its derivatives exist and are
continuous in €. Hence the above assumptions will not be necessary.

(a) Prove that % = e *(xsiny — ¥ cosy) is harmonic.
(b) Find v such that f(z) = u+1iv is analytic.

(a) g—: = (e~ *)siny) + (—e " *Nxsiny —ycosy) = e *siny — xe Tsiny + ye T cosy
2u a, . . . _ _ s —. _
e %(e Tginy — xe Tginy + ye Fcosy) = —2e *Fsiny + xe Fsiny —ye Fcosy (1)
g—: = e F(xcosy + ysiny — cosy) = xe Fcosy + ye *siny — e~ Tcosy
92u ] _ ey s _ _ s et —
W = W(xe Teosy + ye *siny — e Tcosy) = —wxe Tsiny + 2¢e”*siny + ye Tceosy (2)
. 3 2u % . A
Adding (1) and (2) yields 7 + @5 = 0 and u is harmoniec.
(b) From the Cauchy-Riemann equations,
g—; = g—: = e Tsiny — xe Tsiny + ye *cosy (3)
3—; = —g—; = e Tcosy — xe"Tcosy — ye siny (4)
Integrate (8) with respect to y, keeping x constant. Then
v = —e fcosy + xe Tcosy + e *(ysiny + cosy) + F(x)
= ye %giny + ze Tcosy + F(x) 5)

where F(x) is an arbitrary real function of «.

Substitute (5) into (4) and obtain

—ye~*siny — xe Tcosy + e Fcosy + F'(x) = —pe Tsiny — xe Tcosy — ye Tsiny
or F’(x) =0 and F(x) =¢, a constant. Then from (5),
v = e *(ysiny + xcosy) + ¢

For another method, see Problem 40.
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11. Prove that (a) (%e" = e, (b) a‘%eu = ae®* where a is any constant.

(a) By definition, = ¢* = et = e¥{cosy+isiny) = u+iv or u = e*cosy, v = e*siny.
Since ou e cosy = i and . e giny = — du the Cauchy-Riemann equations are
ox oy dx dy’
satisfied. Then by Problem 5 the required derivative exists and is equal to
ou v o o2 -
—(az—l-max = ?'a'y+:'iy = e*cosy + te*siny = e

(b) Let w= et where ¢t = az. Then by part (a¢) and Problem 39,
d d d dy :
—_— — Lo —2 — {e =
dz e dz et dt ¢ dz era aes

We can also proceed as in part (a).

d 1 . . . " .
13. Prove that Ez” 2= S realizing that z!/2 is a multiple-valued function.
A function must be single-valued in order to have a derivative. Thus since z!/2 is multiple-valued
(in this case two-valued) we must restrict ourselves to one branch of this function at a time.

Case 1.
Let us first consider that branch of w = 21/2 for which w = 1 where z = 1, In this case, w2 =2z
o that dz _ , d dw _ 1 LY S
dw ~— “¥ and so dz ~ 2w °F @EF T T 22
Case 2.
Next we consider that branch of w =z1/2 for which w =—1 where z=1. In this case too, we
have w2 =2z so that
ﬁ—zw nd dw _ 1 4 oan = 1
dw ~ a dz 2w O &% T gan
In both cases we have ;—zzlfz = gluf Note that the derivative does not exist at the branch

point z=0. In general a function does not have a derivative, i.e. is not analytic, at a branch point.
Thus branch points are singular points.

d 1
4. P —1 = —.
1 rove that dz n? 2
Let w = Inz. Then z = ¢¥ and dz/dw = e¥ =2, Hence
4y _dw _ 1 _ 1
dz M T @ T dzjdw Tz

Note that the result is valid regardless of the particular branch of In 2. Also observe that the
derivative does not exist at the branch point z =0, illustrating further the remark at the end of
Problem 13.

15. Prove that %ln f(z) = %(_:T)

Let w = In{ where { = f(z). Then

dw _ dw  dt

aw ag A& f2)
dz — dt dz

dz —  f(2)

o |
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1‘

2,4)

Evaluate 2y + #¥)dx + (Bxr —y)dy along: (a) the parabola z = 2,

(0,3)
y = t*+3; (b) straight lines from (0,3) to (2,3) and then from (2,3) to (2,4); (c) a
straight line from (0, 3) to (2,4).
(¢) The points (0,3) and (2,4) on the parabola correspond to £ =0 and t =1 respectively. Then the
given integral equals
1 1
f {2062+ 3) + (2)2} 2dt + {3(2t) — (L2+3)} 2tdt = f (2482 + 12— 263 —6t)dt = 33/2
t=0 [

(b) Along the straight line from (0,3) to (2,3), y=3, dy=0 and the line integral equals

2 2
f G+a?)de + (3z—3)0 = f G+a2)de = 44/3
=0 =0

Along the straight line from (2,3) to (2,4), x =2, dx=0 and the line integral equals

4 4 .
f Cy+4)0 + 6—y)dy = f 6—y)dy = b/2
y=3 y=3

Then the required value = 44/3 + 5/2 = 103/8.

(¢) An equation for the line joining (0,3) and (2,4) is 2y —x = 6. Solving for x, we have x = 2y — 6.
Then the line integral equals

4 4
f . {2y + 2y —6)2)2dy + {32y—6) —y}dy = L (8y2—39y +54)dy = 97/6
y=

The result can also be obtained by using y = 1(x + 6).

Evaluate jl Zdz from z=0 to 2 = 4+2¢ along the curve C given by (a) z = > +it,
C

(b) the line from 2 =0 to 2z =2¢ and then the line from z=2i to z = 4+2¢.

(a) The points 2=0 and z = 4+ 2i on C correspond to ¢t=0 and ¢ =2 respectively. Then the line
integral equals

f:u B dE+it) = foz (@ — i@t +dt = f @B —it+Hd = 10 — 83
Another Method. The given integral equals
L(a:—iy)(da: +idy) = dex +ydy + ij;mdy —ydx
The parametric equations of C are z =12, y=¢ from t=0 to { =2. Then the line integral

equals

2 2
f () (2t dt) + (t)(dt) + if (£2)(dt) — (£)(2t dt)
t=0 t=0

2 2
= f (2t3+ tydt + if (—)dt = 10 — 8i/3
0 [
(b) The given line integral equals

f(a:—iy)(dx+idy) = fa:da:+ydy + ij;a:dy—ydx
c c

The line from z=0 to z =2i is the same as the line from (0,0) to (0,2) for which =0,
de =0 and the line integral equals
2

2 2
f_ o0+ya + i O - o) = f ydy = 2

y= =0
The line from z = 2i to z = 4+ 2i is the same as the line from (0,2) to (4,2) for which
y=2,dy=0 and the line integral equals

4 4 4 4
f xde + 20 + if 20— 2da = fxdx -+ zf ~2de = 8 — 8i
z=0 =0 0 0

Then the required value = 2+ (8 —8i) == 10 — 8.
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21. Evaluate f % where C is any simple closed curve C and z=¢ is (a) outside C,

C
(b) inside C.

(@) If @ is outside C, then f(z) = 1/(z— a) is analytic every-
where inside and on C. Hence by Cauchy’s theorem,
dz

- a
CZ

= 0.

(b) Suppose a is inside C and let r be a circle of radius ¢ with
center at 2 =a so that I is inside C [this can be done since
z=ga is an interior point].

By Problem 20,

dz dz
2 = §is ®
A a Z2—a

NowonT, |z—a| =€ or z—a = e, ie. z = a+ee'f,

the right side of (7} becomes

f I e el do . (T
—_— = 1 de
[

1]
=0 €€ o

which is the required value.

dz .
22. Evaluate W’ n=2,3,4... where z=aq is
. (z —
. dz _ dz
As in Problem 21, i G—ap i __(z—a)“
_ Mieeltds
- A en gind -
i e(l—-m)ig|2w

a1 (1 — i),

where n # 1.

c

Fig. 4-20

0 =6 < 27. Thus since dz = iec'f ds,

= 2xi

inside the simple closed curve C.

. 27
L e(1—m)i8 Jg
en—1 o

1

Ao [ei-mmi—1] = 0
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23. If C is the curve y = 2*—3x?+4x—1 joining points (1,1) and (2,3), find the
value of

J; (1222 — 4iz) dz

Method 1. By Problem 17, the integral is independent of the path joining (1,1) and (2,3). Hence
any path can be chosen. In particular let us choose the straight line paths from (1,1) to (2,1) and
then from (2,1) to (2, 3).
Case 1. Along the path from (1,1) to (2,1), y=1, dy=0 so that z = a+iy = x+4, dz = dux.
Then the integral equals

2
f {12(x + 142 — di(fz+d)}de = {4(x -+ — 2i(x + )2}
x=1

Casge 2. Along the path from (2,1) to (2,3), =2, dx=0 sothat 2 = z+iy = 2+1dy, dz = idy.
Then the integral equals

2
= 20 + 307
1

3 3
f {122 +iy)2 — 42+ iy)idy = {42+ w)? — 2@ +iy)2}| = —176 + 8i
y=1 1
Then adding, the required value = (20 + 307} + (—176 +8{)) = —156 + 38i.
Method 2. The given integral equals
243 2.+ 3i
f (1222 — diz)dz = (428 — 2iz?) = —156 + 38i
1+i 1+i
It is clear that Method 2 is easier.
dz 1 z 1 z—ai
. Show that - = —tan"!'= 4+ & = ——:ln(———.> + co.
26 w 2+a a a P o= oM eTw 2
Let z = atanu. Then
dz _ a sec2u du _ 1 f - 1. 2z
fzuaz = fmm = )@ = gunipta
Al 1 1 i/1 1
50 Zta2 - (G—a)zta)  Zai\z—ai ztai
and J‘ dz _ 1 dz 1 J‘ dz
50 22+a2 T 2a1 z—ai 2ai z+al
1 _ 1 : _ 1 [z—ai
= mln(z ai) e In(zt+ai) + e = Sai ]n(z+m.) + ey
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36.

37.

38.

39.

40.

41.

43.

44.

29,

Evaluate f (224 32)dz along (a) the circle |2/ =2 from (2,0) to (0,2) in a counterclockwise
c .

direction, (b) the straight line from (2,0) to (0,2), (c¢) the straight lines from (2,0) to (2,2) and then
from (2, 2) to (0, 2). Ans. —% — 41 for all cases

If f(z) and g(z) are integrable, prove that

(@) fbf(z)dz = —f 1o a

(d) f {2f(z) — 3ig(x)}dz = f f(z)dz — 3'zf g(2) dz.

2-4
Evaluate f (8xy + %) dz (a) along the straight line joining z = ¢ and z = 2—14, (b) along
1
the curve = = 2t—2, y = 1+¢—¢2 Ans. (o) —%+84, (b) -3+ B4

Evaluate § z2dz around the circles (a) [2| =1, () |[z—1] = 1. Ans. (a) 0, (b) 47i
(e

Evaluate f (52t — 28+ 2)dz around (a) the circle |2/=1, (b) the square with vertices at (0,0),

(o
(1,0), (1,1) and (0,1), (c) the curve consisting of the parabolas y =x2 from (0,0) to (1,1) and y2==
from (1,1) to (0,0). Ang. 0 in all cases

Evaluate f (22 +1)2dz along the arc of the cycloid = = a(# —sing), ¥y = a(l —cosg) from the
c
point where ¢ =0 to the point where ¢ = 27. Ans. (9675a5 + 8073a® + 307a)/15

Evaluate f #2dz + 22dz along the curve C defined by 22+ 222 + 22 = (2 —2¢)z + (2+ 2])Z from
(]
the point z =1 to 2 =24 22 Ans, 248/15

Evaluate f z‘izz around (a) the circle |z—2| = 4, (b) the circle [z —1] = 5, (¢) the square with
c

vertices at 3%+ 3i, —3=* 84, Ans. 27i in all cases

Evaluate f (x2+7y2) ds around the circle |z| =2 where s is the arc length. Ans. 87(1+1)
(v

Evaluate § (zz—f;,)—zdz where C is the circle |z| =
(o

The poles of 72 -:z,,.2)2 = (z—m’):z(z+n-i)2 are at z = *¢i inside C and are both of order two.

: ) . 1 ez +’l‘,
Residue at z =i is lim iu T{(z ﬂ') (z— ')2(z+ﬂ-i)2} = 7473 .

Z=+mi
. e L1 d . e _ oz
Residue at z = —=i is z_l_.nlxﬂ“ dz{(z+m') (z—,ri}z(z+ﬂ‘)2} = I3

Then e dz = 2gi(sum of residues) = 2ri (E_tf'_+ %;-3—1) = i.

c (22 + =2)2 473
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30. Evaluate 211 § ze_zzdz if C is (a) the circle |2| =3, (b) the circle |z|=1. Ans. (a) €2, (b) 0
31. Evaluate § in b Yods if C s the circle |o] =5.  Ans. 2ri

32.

33.

34.

36.

37.

38.

Evaluate § ze_sz,ridz if C is (a) the circle |z—1| = 4, (b) the ellipse |z—2|+ |z+ 2| =
c
Ans. (a) —2xt, () 0

Evaluate 1 ff cos Tz dz around a rectangle with vertices at: (a) 2*1, ~2=*1¢; (b) —1, 2—1, 2414, 4

Ans. (a) 0, (b) -4

1 et

Show that 5 S 17dz = sint if t>0 and C is the circle [z| = 3.
7t Jo 22+ 1

iz
Evaluate f e?dz where C is the circle |z| = 2. Ans. —mi
c

8! f(z) dz
2ri Jo (z—a)t
analytic inside and on C.

Prove that f"(a) = if C is a simple closed curve enclosing z=a and f(z) is

Prove Cauchy’s integral formulas for all positive integral values of n. [Hint: Use mathematical
induetion.]

. sin z sin® z . . . _
Find the value of (a) ﬁ; ;_—,,./_édz' (5) § e/ dz if C is the circle |z| =1.
Ans. (a) 71/32, (b) 217i/16
Evaluate —1- § EF 1)2dz if t>0 and C is the circle |z| =3. Ans. L(sint — tcost)

Prove Cauchy’s integral formulas for the multiply-connected region of Fig. 4-26, Page 115.
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2
79. Evaluate 2—1. § ——22 dz where C is the square with vertices at =2, *=2+ 4i. Ans. 1
m Jo 22+4

2
80. Evaluate f 8 L% 4 where C is the circle |z =1 and t>0.  Ans. —2rit?
C

8l. (a) Show that f _92_ . 94 if C is the circle |z = 2.
I 2+1

(8) Use (a) to show that

§(z+1)dx+ydy - 0 . §(m+1)dy—ydm = 8
CRNCES VT ’ ETESVERT

and verify these results directly.

82. Find all functions f(z) which are analytic everywhere in the entire complex plane and which satisfy
the conditions (a) f(2—1%) = 4i and (b) |f(2)| < e for all z.

83. If f(z) is analytic inside and on a simple closed curve C, prove that

I

2
@ @ = & f e sa+en s

@ _ L #) d
) 2”“‘; € fla+ ¢t) de

n!

84. Prove that 82z¢—6z+45 = 0 has one root in each quadrant.
2w 21
85. Show that (a) J‘; €°59 cog (sing) de = 0, () f €059 gin (sin ) de = 27.
0

86. Extend the result of Problem 23 so as to obtain formulas for the derivatives of f(z) at any point
in R.

87. Prove that 2%e!—% = 1 has exactly two roots inside the circle |z = 1.

88. If t>0 and C is any simple closed curve enclosing z = —1, prove that

1 £ zet _ 2\ _,
o R IR T (t E)"
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27. Expand f(z) = (_z—+_171(z—+§5 in a Laurent series valid for (a) 1 <|z| <3, (b) |2| >3,

©0 <|g+1 <2 (d) ¢ <1.

. . . 1/ 1 1/ 1
Resol to partial fract 1 /2 \_2 )
(a) Resolving into partial fractions, PESVPEE) 2(z+1> 2(z+3>
If |2{ > 1,
1 1 1( 1,1 1 1 1 1 1
- = —(1—-—=4 —-——= = o = - =
CIPESY 31+ 1/2) 22 P ) % 22 28 2A T
If |z| <3,
1 _ 1 -1/ 2,2 2 N _1_z _ 2 _ &
2z+3)  6(1+z/3) 6(1 sty "t ) = % 13t 1wt

Then the required Laurent expansion valid for both [z > 1 and |z| <3, ie. 1 <2/ <3, is
2 3
1 1 1 1 1 L = z . F

24 T 28 22 T2 61T 18 54 162

(b) If |2{ > 1, we have as in part (a),

1 | 1 1 1
20z+1) = 2 222 tom T aat
If |z| >3,
1 - 1 = 1/, 8,9 27, )y . 1L _38 _ 9 271 |
2z+8) = 2z(1+8/2) 2z< z + 22 2B + ) T 22 222 + 223 2z +
Then the required Laurent expansion valid for both {z| > 1 and |z{ > 8, ie. |z[ > 8, is by
subtraction
1
4,18 40

2 8 A z5
(¢) Let z4+1 = u. Then

1 = 1 _ 1 - lfp_w, e v,
(z4 1)z +3) uu+2) ~ 2u(l+4+w/2) T 2u 2 4 8
1 1 1 1
= — 2 4= - = 2
2t 1) 1 +8(z+1) 16(:c-i*l) +
valid for fu| <2, u+#0 or 0<iz+1] <2
(d) If |2/ <1, :
1 1
— = 1-— 284 ..0) = _ 2 — 1.8 .
5T 1) ) # z+4+ 22— 28 4+ ) 1} 4z + 42 42 +
If |2| < 3, we have by part (a),
1 _l_ = 2 _ B
2(z+ 3) 6 18 b4 162
Then the required Laurent expansion, valid for both |z <1 and {z| < 3, ie |2] <1, is by
subtraction
1_4, .18, 40,
3 9 27 81

This is a Taylor series.
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27. Let w(z,y) = « and wv(x,y) = B, where u and v are the real and imaginary parts of
an analytic function f(2) and « and B are any constants, represent two families of
curves. Prove that the families are orthogonal (i.e. each member of one family is
perpendicular to each member of the other family at their point of intersection).

Consider any two members of the respective

families, say u(x,y) = a; and v(x,y) = B; where o Y
and g, are particular constants [Fig. 3-10]. o
Differentiating u(x,y) = a; with respect to =z
yields o oudy 0
dx dy dx
Then the slope of wu(x,y) = a; is z
dy _ _oufou
dx ax/ dy
Similarly the slope of »(x,y) = 8, is
dy _ _8v fov Fig. 3-10
dx dx/ oy

The product of the slopes is, using the Cauchy-Riemann equations,

auao/auav _  _dvou foudv -1

wox/ ey ~ ooy oy
Thus the curves are orthogonal.
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LAURENT'S THEOREM

91.

92.

93.

94.

96.

97.

99.

Expand f(z) = 1/(z—3) in a Laurent series valid for (a) |2] <3, (b) |2| > 3.

Ans. (a) —%—%z-—zl?zz—aliﬁ— s (W) 271+ 32724+ 92784+ 2724+ -

Expand f(z) = (z_———l;e(E:T) in a Laurent series valid for:

(@) 2] <1, (b)1<|2]<2 (c)]2|>2 (d)[z2—1 >1, (e 0<|z—2] <1

Ans. (a) -—%z—%z-‘*—%zs—ll-g—z“— ) --- +—32-+%+1 +%z+%zz+§ﬁ+
(©) —% - % - zla - 175— @) —(z—1)"1 — 2(z—1)"2 — 2(z—1)=3 — - -
()1 —2z—2)"1—(z—2)+ (z—2P — (z—2@ + (z—2)t — -~

Expand f(z) = 1/2(z—2) in a Laurent series valid for (a) 0 < |2] <2, (b) |2| > 2.

Find an expansion of f(z) = 2/(z2+1) valid for |z—3| > 2.

. Expand f(2) = 1/(z—2)2 in a Laurent series valid for (a) |2| < 2, (b) |2| >2

Expand each of the following functions in a Laurent series about z = 0, naming the type of singularity
in each case.
(@) (1 —cosz)/z, (b) e#/28, (¢) z—1eoshz~1, (d) z22¢~%, (e¢) zsinh Vz.

A ()i—£+£—'--' ovable singularit (d) 22—z°+£—£+~---
ms. @ oy — ot E ; rem g y 31 31 ;
dinary point
1,1 2 # oz z! . or
Oaritatatatt @ s B2 ER B
pole of order 3 3! 5! 7! ’
(c) % - E'in + ﬁ — -++; essential singularity branch point

Show that if tanz is expanded into a Laurent series about z = #/2, (a) the principal part is
—1/(z —7/2), (b) the series converges for 0 < [z—#/2| < #/2, (¢) 2=7/2 is a simple pole.

(¢) Expand f(z) = ¢2/2—2) in a Laurent series about 2=2 and (b) determine the region of con-

vergence of this series. (c¢) Classify the singularities of f(z).

22(z — 2)—2 n 23(z — 2)—3
21 3!

singularity, z = «; removable singularity

Ans. (a) e{l + 2(z—2)"1 + + } (b) |z—2] > 0 (¢) 2=2; essential
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® “x2dx _ =
10. Show that @+ 1@ +20+2) 50
The poles of 22

FET I ET2272) enclosed by the contour C of Fig
and z = —1+4+1 of order 1.

.7-b are z =1 of order 2

Residue at 2z =1 is

lim 2 4z — a2 22 _ 9%i—12
o T e 2@tz :

100
Residueat z = —1+4 is lim (z+1—34 22 _ 3—4i
esidueat z =—l+sis Jm  CHI =) i Gri—aG+ri+ty ~ 2

22 dz _ .]9i—12  3-—4 _ Iz

Then 2+ 22 +2) 2’”{ 100 T 25 } ~ 50

or R 22 dz + 22 dz - Iz
g @1 (@ + 2z +2) r@FIR@ T2z +9) 50 -

Taking the limit as R - «» and noting that the second integral approaches zero by Problem 7, we
obtain the required result.

13 Some problems in Complex Variables
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27
df 5x
14. Show th f __d8 _ _ o
Show that ) —gamep 32

Letting z = ¢®, we have sine = (z—2"1)/2i{, dz = iei®de = izds and so

I’ m _ § dz/iz - _4 § z2dz
o (5 — 3sin )2 3 sin §)2 c 1B — 8(z—2—1)/2i}2 1 J. (822 — 10iz — 3)2
where C is the contour of Fig. 7-6.

10i = /—100 + 36 10i = 81

The integrand has poles of order 2 at z = = = 34, /3.
pole #/3 lies inside C. 6 6
Residue at z=i/3 = z]_ima% {(z —i/3)2 « W%W}
- e g = g
Then ey = o) = &

Another method.
From Problem 12, we have for a > |b|,

f21r d0 _ 217
o a+bsine  [gZ_p2

Only the

Then by differentiating both sides with respect to a (considering b as constant) using Leibnitz’s

rule, we have

d 27 de ) _ J-zni 1 _ _fmf
daJ, a+ bsine ) da a+ bsine (a+bsma)2
- df. 2= N\ _ —27za
da \Va@z—pz (a2 = b2)3/2
ie. 2 de _ 2ra
- b (a+ bsing)2 —  (a2— b2)3/2
Letting a =5 and b = —3, we have
2 do _ 27(5) _ bz
o (5—8sing)2 ~ (52—32)%2 ~ 32
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DEFINITE INTEGRALS

49,

50.

51.

52.

54.

55.

56.

57.

58.

59.

60.

61.

62.

o0

dx T
Prove that = —.
o xi+1 22
” dz
Evaluate -I; m . Ans. 57/288
2T .
Evaluate f m-ﬂlimde. Ans. 0
o 5 — 3cose
2 27
cos 34 f cos? 3¢ _ 37
Evaluate j‘; 5 4cons 4cosad0' 53. Prove that . B dcosZs de = 3"
P . > cos max - mem(l+m)
rove that if m > 0, j‘; —-—(xz T dx —_—
() Find the residue of &—23‘_"—1)5 at z=1 (b} Evaluate @%dw-
T
If a2 > b2+ ¢2, prove that f de . = 2T
o @+ bcose + esing Vaz — b2 —¢2
2T
Prove that f _cos8 g, .. 1367
o (B — 3cose) 16,384
Evaluate f ﬁm. Ans. m/3/6
0
© dx
Evaluate » m. Ans. #/2
o, 2
Prove that f 5_‘,!‘_2_”43, = I,
(- 2

Discuss the validity of the following solution to Problem 19. Let « = (1+4dx/V2 in the
result f e~ du = }Vr to obtain f e~iz? dx = L(1—1i)V=»/2 from which f cosx2dx =
o [ 0

f sinx2 dx = 1}\.h:v/Z on equating real and imaginary parts.
0

cos 2rx r = T o—u/VE
2+ 2241 2\/5

Show that
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24. (a) Expand f(2) = sinz in a Taylor series about z==/4 and (b) determine the region
of convergence of this series.

(a)

f(z) = sinz, f'(z) = cosz, f'(z) = —sinz, f''(z) = —cosz, fV(z) = singz, ...

flalt) = V212, f(zl4) = V202, ["(x/4) = —V/2/2, [ (z/4) = —V2/2, f¥(z/4) = V2/2, ...

Then, since a = 7/4,

o = fl@) + G- + DAEZ, T@EZ

Another method.
Let w=2z—7/4

sin z

2-2! 2.3!

= 127"): + g(z—n—/ti) - ﬁ{z—rﬁ? - —-ﬂ(z—w/d)3 + e

- ‘/—E{l + (—nity — BT Tl }

2

21 3!

or z = 4+ #/4. Then we have,

= sin(u+7/4) = sinucos(z/4) + cosu sin (z/4)
= \/?E(sinu+cosu}

_ V2 ud | ud . u? | ut

= —2- (u_s—!~+”g'!‘—">+(1_§'i'+'ﬁ_"'>
_ \/E u?  ud | ut

= '2— 1+u_'2'?_'§'!—+ﬁ+"'

_ V2 G—a/d? _ (z—u/dp

= 5 1+ (z—a/4) — 51 - 31 + e

(b) Since the singularity of sin z nearest to »/4 is at infinity, the series converges for all finite values
of z, i.e. |z| < =. This can also be established by the ratio test.

s i 5 Ayl 0 )louds a3
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