24 | BESSEL FUNCTIONS

BESSEL’'S DIFFERENTIAL EQUATION

24.1 22y + xy + (@2—n)y = 0 nzo

Solutions of this equation are called Bessel functions of order m.

BESSEL FUNCTIONS OF THE FIRST KIND OF ORDER =

onre+1)7  2@n+2) + 2.4@2n+2)2n+4)

LJ (—1)k(e/2)n+ 2k
k=0 k!T(nt+k+1)

24.3 J £ 11 2 = -
: =@ = ara-w | T - T z-4@—zn@—2n)

24.2 J.(x) = _ {1 % w! .. }

It

- § D
k=0 k!T(k+1—m)
244 J (@ = (1), (x) n=20,12,...
If n++0,1,2,..., J,(x) and J_,(x) are linearly independent.
If n++0,1,2,..., J,(x) is bounded at x = 0 while J_,(x) is unbounded.

For n = 0,1 we have

2 zt x8
1- 2—2+ 22.42 922.42.62

245 Jy(x) = 4 e

x3 x5 7

®
246 Jil@) = 3 T 2.2 T 9.4z 2-42-62°8

+ RIS

247  Jy(z) = —J(x)

BESSEL FUNCTIONS OF THE SECOND KIND OF ORDER 7

I, (x) cosnr — J_ (%)

_ n#*0,1,2,...
sin N
24.8 Y, () =
J —J_ (z
[ tim Z2(E) S PT = Ty (@) n=0,1,2,...
posn sin pr

This is also called Weber’s function or Newmann’s function [also denoted by N, (x)].
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BESSEL FUNCTIONS 137

For n=0,1,2,..., L’Hospital’s rule yields

n—1 A
24.9 Vo) = Zn@e) +nd,e -1 3 E s

_ l & - ; (w/2)2k+n
- k§0 (1Dk{e(k) + o(n + k)}m

where y = .5772156... is Euler’s constant [page 1] and

- 1,1, .1 40 =
24.10 ®p) = 1+5+3+ +p, p(0) = 0
For n=20,
2 2 4 6
24.11 Yo@ = Z{in(/2) + v} + %{12%—2”;—42(1+;) + gz L+ - }
24.12 Y_, (@) = ()Y, () n=0,1,2,...

For any value n = 0, J,(x) is bounded at « = 0 while Y ,(x) is unbounded.

GENERAL SOLUTION OF BESSEL'S DIFFERENTIAL EQUATION

2413 y = AJ,(x) + BJ_,(x) n+#0,1,2,...
2414 4y = AJ,(x) + BY,(2) alln

dx
2415 y = AJ,(x) + BJ, (%) fm all »

where A and B are arbitrary constants.

GENERATING FUNCTION FOR Ja(z)

o0

24.16 ai-vor = 3 T,

n=—

RECURRENCE FORMULAS FOR BESSEL FUNCTIONS

24.17 Tori@) = 0@ = Ja()
24.18 J@) = 3o @) = Jyrr (@)
24.19 2J (@) = wJpoy(@) — nd, (@)
24.20 2 @) = nda@) — 2dyii(@)
24.21 d%{wn(x)} = o,y (@)

24.22 a‘%{x—un(x)} = —znd, (@)

The functions Y, (x) satisfy identical relations.



138 BESSEL FUNCTIONS

.BESSEL FUNCTIONS OF ORDER EQUAL TO HALF AN ODD INTEGER

In this case the functions are expressible in terms of sines and cosines.

2423 J,,(x) = ‘\' 77_2x sin x 2426 J_ju(x) = \’ 17-_2::: (9%5 + sin x>
2424 J_j,(x) = \, -;29-0 cos & 24.27 Jg,(x) = ‘\f 77—% {(% - 1> sing — %cos x}
2425 J,,() = ;g; (s‘:” — cos x) 2428 J_,,(x) = \{;?5 {% sinz + <%— 1) cos z}

For further results use the recurrence formula. Results for Yy,5(x), Y3,5(%), ... are obtained from 24.8.

HANKEL FUNCTIONS OF FIRST AND SECOND KINDS OF ORDER 7

2429 H® @) = J,(x) + iY,(x) 2430 HP@ = J,(x) — iY,(z)

BESSEL'S MODIFIED DIFFERENTIAL EQUATION

24.31 x2y"’ + xy — (@2+ny = 0 nz0

Solutions of this equation are called modified Bessel functions of order n.

MODIFIED BESSEL FUNCTIONS OF THE FIRST KIND OF ORDER 7

2432 [I.(x) = i-nJ,(ix) = e "2 ] (ix)
xn 1+ x 4 xt 4o - (x/2)n+2k
2nT(n+1) 2(2n + 2) 2+4(2n + 2)(2n + 4) T kS0 kIT(n+ E+1)
24.33
I_,(@) = nJ_,(ix) = enmiri2J__ (ix)
" 22 xt @ (2/2)2k—n
— 1 PR —_— -
2*"1‘(1—7&){ t e T 2+ 4(2 — 2n)(4 — 2n) * } k=0 k! T(k+1—mn)
24.34 I_,(x = IL(x n=0,12,...
If n+0,1,2,..., then I, (x) and I_, (x) are linearly independent.

For n = 0,1, we have

_ x? xt Ll
2435 L@ = 1+ G +mptape T

_ = x3 x5 %7
2436 I,(x) = 2+—_22.4+22042-6+22'42'62'8 +

2437 Iy(x) = I,(x)
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MODIFIED BESSEL FUNCTIONS OF THE SECOND KIND OF ORDER n

— T {I_ (=) — L)} n+*0,1,2, ...
2 sin nr
2438 K, (x) =
. T _ -
‘}1_111:11 S Snpr {I_p(x) — I ()} n=0,12,...
For n=0,1,2,..., L’Hospital’s rule yields
n—1
2439 K, (x) = (—1)"*1{n(x/2) + v}, (x) + % (—1)¥(n — k—1)! (x/2)%—n
k=0

(=" &  (x/2)n+2%k

+ 2 Sok!'(n+k)!

{®(k) + ®(n+ k)}

where ®(p) is given by 24.10.

For n =20,
2440  Kyx) = ez ot D+ — 2 4141
: o@) = (@) + o) + or + m TR e LD

24.41 K_,(x) = K,) n=0,12,...

GENERAL SOLUTION OF BESSEL'S MODIFIED EQUATION
24.42 y = Al,(x) + BI_,(x) n+*0,1,2,...
24,43 y = AI,(x) + BK,(x) all n
24.44 = Al,(2) + BI, do 1

v (®) @ | g aln

where A and B are arbitrary constants.

GENERATING FUNCTION FOR I.(2)

24.45 ex(t+1/) /2 = S L)t

n=-—«

RECURRENCE FORMULAS FOR MODIFIED BESSEL FUNCTIONS

2446 I.,0) = L) — 21, 2452 K, (@) = Kpi@) + 2K,

24.47 I(x) = HIu_y(@) + Ly ()} 2453 K,(@0) = HE,_,@) + K@)

2448 xI,(x) = xl,_,(x) — nl,(x) 24.54 K, (x) = —xK,_ ,(x) — nK,(x)

2449 xI,(x) = I, (x) + nl,(x) 2455 K (x) = nK,(x) — 2K, ()
d .

2450 L(anl@) = onl, () 24.56 d%{xnxn(x)} = oK, (a)

24.51 %{x—"ln(x)} =zl (2) 24.57 %{x—"Kn(ac)} = oz K. (2)
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. MODIFIED BESSEL FUNCTIONS OF ORDER EQUAL TO HALF AN ODD INTEGER

In this case the functions are expressible in terms of hyperbolic sines and cosines.

24.58 I,;,(x) = ﬂlsinhm 2461 1 _,,(x) = 4 ’—2—<sinhx _ cosh x>
L P 2

_ / 2 - 2)(3 : _3
2459 I_,,(x) = g cosh 2462 I;,(x) = p {<x2 + 1> sinhz — — cosh x}
_ 2 sinh x ) _ 2 3 3 ..
24.60 I ,(x) = 1 } = <coshw —-—x—> 24.63 I _;,5(x) = 4 ’ p {(ﬁ + 1> coshz — o sinh x}
For further results use the recurrence formula 24.46, Results for K,,(x), K3,5(%), ... are obtained
from 24.38. ’

' Ber AND Bei FUNCTIONS

The real and imaginary parts of J,(ze37/4) are denoted by Ber, () and Bei, (x) where

(w/2)2k+n (3n + 2k)r

24.64 Ber, (x) = kgo RS i
, _a (x/22%ktn (Bn 42k
24.65 Belo () = 2 Tt kD 5" 4
If n=0,
24.66 Ber(z) = 1 - (902/_'22)4 (ail/v22)8 -
] 2)6 2)10
24.67 Bei(w) = (a2 — 20 &AL

' Ker AND Kei FUNCTIONS

The real and imaginary parts of e n"/2 K (xe™/4) are denoted by Ker, (x) and Kei, (x) where

24.68 Ker, (¥} = —{In(x/2) + v} Ber, (x) + 1= Bei, («)
+ % :g m—k—- 11)6 v’ (x/2)2k—n cos (3n 1; 2k)r
+ %éo % {o(k) + ®(n+ k)} cos M)i
24.69 Kei, (¥} = —{ln(x/2) + v} Bei, () — 1z Ber, (z)

1 ‘nil (n—k—1)! (x/2)2k—n sin (3n + 2k)=

2 2 k! 4
1 2 (x/2n+2n . (B3n+ 2k
+ 5 2 e {®(k) + ®(n+k)} sin —a
and ¢ is given by 24.10, page 137.
If n=0,
8
2470 Ker() = —(n(@/2) + 7} Ber@ + TBei@ +1 - @24y + Cupghg4y — -
(/2)8

I

24.71 Kei(x) —{in (x/2) + v} Bei(x) — %Ber (x) + (/20 — - @+ LI+ + -+
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BESSEL FUNCTIONS

DIFFERENTIAL EQUATION FOR Ber, Bei, Ker, Kei FUNCTIONS

2472 22y’ 4wy — (2+ 0y = 0
The general solution of this equation is

24.73 y = A{Ber,(x) + 7 Bei, (x)} + B{Ker, () + i Kei, (x)}

GRAPHS OF BESSEL FUNCTIONS

Y Y
1, Jo(®)
']l(x)
4 5 9
TTINS AR 2 B N I
.
Fig. 24-1 Fig. 24-2
Y Y

Fig. 24-3 Fig. 24-4

o5

04 Ker z

.02+

6 3-‘
5 -

- 2 |
' fol) 1,(a)
37 - Kl(x)
2| 1-
1+ Ky(x)

I 3

Keizx
.01+ A
0 1
—014
*'02;
— 034

— 04
—054

Fig. 24-5 Fig. 24-6
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142 BESSEL FUNCTIONS

INDEFINITE INTEGRALS INVOLVING BESSEL FUNCTIONS

24.74 f edo(x) dv = xJ,(x)
24.75 fx2J0(x) de = 22Jy(2) + xJy(x) — f Jo(®) dus

24.76 fmeO(x) dv = amJ(@) + (m—Dam—1Jg() — (m—1)2 fxm—2Jo(x) dx

J J
24.77 f o b = Jy(z) — # - f.]o(x) da

x2

Jo () _ Jy(x) Jo(2) 1 Jo ()
4‘7 0 _ 1 _ 0 _ o
24.78 f o 0 m—12zm—2 ~ (m— L)am-1 (m—1)2fxm—2 dz
24.79 f Ji@de = —Jy@)
24.80 f 2D @) ds = —zdy(x) + f.lo(x) dz
24.81 fxm Jix)de = —zmJy(x) + m f xm—1 J,(x) do

Jq (@) _
24.82 f Dar = —Jy@) + f Jo(@) dz

J1 (@) Jy(x) 1 Jo (%)
24.83 f e = — L ;n-fxfn_l dix

24.84 fx"Jn_l(x) de = znJ,(x)
24.85 fx‘"JnH(x) de = —x—nJ, (%)

24.86 fx"lJn(x) de = —xmJ,_;(x) + (m+n—1) f em= 1, () dx

w{a Jo(B%) Jnlax) — B I (o) J1(B%)}
B2 — a2

24.87 j @ J,(ax) ], (Bz) da

24.88 f 2 J2(ax) dz = %Z{J,',(ax)}2 + %2<1 - QZ—;> (J, (az)}?

The above results also hold if we replace J,(x) by Y, (z) or, more generally, A J,(x) + BY,(x) where
A and B are constants.

DEFINITE INTEGRALS INVOLVING BESSEL FULICTIONS

1
Va2 + 2
(V@5 = ap
/a2 + b2
1
2491 Jm cosax Jy(bx) de = Vaz — b2
0

0 a<b

24.89 f e~z J(bx) dx
0

24.90 f” e ] (bx) dx =
0




24.92

24.93

24.94

2495

24.96

2497

24.98

24.99

24.100

24.101

24.102

24.103

24.104

24.105

24.106

24.107

24.108

BESSEL FUNCTIONS

f J(bx) dx = % n>—1

0

0 _24
f o= J (bVE) dw = S -

0

0

0

1
j x Jo(az) Iy(Bx) do
0

Jo(2)

I (@)

I (%)

Y, ()

Iy{x)

I (%)

Y, (x)

In (@)

Y, (x)

1, ()

K, (x)

1
f x J, (ax) J,(Bx) do

INTEGRAL REPRESENTATIONS FOR BESSEL FUNCTIONS

it

1

de = L n=123,...

n

a

a J(B) I u(@) = B Jula) Jn(B)
132 — a2

f wafax) de =  3In ()12 + 11— n2a?){J,(a)}2

B Jo(a) In(B) — a Jo(e) Io(B)
a2 + B2

1 mw
;f cos (x sin 6) d¢

0

1 (" . .
;f cos (g — xz sing) dg, n = integer
0

xn

T
_ cos (x sin 6) cos2" ¢ do n>—1
2nVr T(n+ 1) fo ’ 2

_Zf cos (z cosh u) du

K

1 i 1 2
= f cosh (x sing) doe = —— f ex sind dg
TJ, 2 .

ASYMPTOTIC EXPANSIONS

2 nir T .
— cos —_—— where « is large

T 2 4
‘\’—z—sin x—Z_T where « is large
F 4 2 4 § g
1 e \"
\/ﬁ <§ﬁ> where » is large
, ’ 2 (ex\ " .
—4] [ & 1
g < 2n> where n is large
e:c 4
where « is large
V27r.’t
e—x

where z is large

[\
ﬁ
)

143



144 BESSEL FUNCTIONS

ORTHOGONAL SERIES OF BESSEL FUNCTIONS

Let Ay, Ag, Ag, ... be the positive roots of RJ,(x) + Sz J,(#) =0, n > —1. Then the following series
expansions hold under the conditions indicated.

S=0, R+0, i.e. A, A2 A3, ... are positive roots of J.(x) =0

24.109 f(x) = AlJn()\lx) + AanO\zx) + A3J,,()\3x) + o
where
24.110 4 z fl () I, () d
. = —— x f(x AX) do
* J?L+1(>‘k) 0 e
In particular if n =0,
24.1M fle) = AyJo(\m) + Ay Jp(hem) + AgJo(hgw) + -+
where
24.112 2 f Jo () d
. = —_ A
Ay J%O\k) S x f(x) Jo (M) dae
R/IS > —n
24.1]3 f(x) = AIJ,,()\lx) + Aan()\2x) -+ A3Jn(>\3x) + e
where .
24.114 4 = — 2 f 2 (%) J, (\etr) dae
Jn) — Jua1 ) o1 (0g) Yo
In particular if » =0,
24.1‘5 f(m) = A1J0(7\1x) + A2J0(xe) + A3J0(X3x) b
where
24.116 A 2 [ 2@ o) d
. = 57— x f(x x) dx
T30+ 300 Y, o
R/S = —n
24.117 flx) = Agn + A J,(\zx) + Agd (M) + -+
where .
A, = 2(n+1)f xntl f(x) da
24.118 0
2 INICIATY
A, = x f(x) I, (\e) d
k Tan) = Jne1 () Tpa 1 () Yo ¥

In particular if » =0 so that R =0 [i.e. A;, N5, 73, ... are the positive roots of Jy(x) = 0],

24.119 f(a:) = Ao + AlJo()\1W) + AQJ(,(AZ:C) + -
where

Ay, = 2f1xf(ac) dx
0

24.120 )
2
A, = ——f z f(x) Jo(\x) de
k T Yo o
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R/S < —n

and we have

24.121 flx) = Agl,(\x) + A, J,(\x) + Ao T, (Agx) + ---
where
2 2@ 10w a
A = x f(x Aox) do
24.122 ¢ (o) + In—1(xo) I 1(0o) 01 ne
: J.
A, = x f(x) J, (\z) dex
* Jan) — 10 Tnv 1) o «

In this case there are two pure imaginary roots *i\, as well as the positive roots A, Ag, A3, ...

MISCELLANEOUS RESULTS

24.123 cos(xsing) = Jo(x) + 2J,(x) cos26 + 2J,(x) cosds + -~
24124 sin(xsind) = 2J(x)sing + 2J4(x) sin36 + 2J5(x) sinbg + ---
24125 J,(z+y) = I Je@) I ly) n=0,%1,%2, ..

k= —ww

This is called the addition formula for Bessel functions.

24.126 1 = Jy(x) + 2Jy(@) + -0 + 2Jpula) + -

24.127 o« = 2{Jy(xz) + 8J3(x) + 5J5(x) + -+ + @u+1)Jg11(x) + -}

24128 2 = 2{4Jy(x) + 16J,(x) + 36Jg(x) + -+ + (2n)2Jp,(x) + -}
o Jq(x)

24.129 1 = Jy(x) — 2J4(x) + 3Jg(x) — -

24130 1 = JXx) + 2J%a) + 2J5x) + 2J5(x) + ---
24131 J/(@) = L2 — 2J,(@) + Juio(@)}

24'132 J;l”(x) = %{Jn—3(x) - 3Jn—-l(x) + 3Jn+1(x) - Jn+3(x)}

Formulas 24.181 and 24.132 can be generalized.

24133 J.(x)J_,(x) — J ,J,(x) = 25:;””

24.134 Jo@ J_pr 1@ + J_ @) I (@) = 2 S:rl;nﬂ

24135 J, @)Y, (&) — J () Yai(®) = Ju@) Y, (0) — J,2) Y, (x) = ;_2;
24.136 sinxz = 2{J;(x) — J3(x) + Js(x) — -}

24.‘37 cCoS X = Jo(x) — 2J2(’.€) + 2:’4(’.!7) ..

24.138 sinhz = 2{I,(x) + Iyx) + Is(x) + -}

24.139 coshz

il

Iy(x) + 2{Iy(x) + Ly(2) + Ig(x) + -}
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LEGENDRE’S DIFFERENTIAL EQUATION

25.1 A—22)y” — 20y’ + nin+1y = 0

Solutions of this equation are called Legendre functions of order n.

LEGENDRE POLYNOMIALS

If n=0,1,2,..., solutions of 25.1 are Legendre polynomials P,(x) given by Rodrigue’s formula
1 dn
25.2 P’n (x) = 2"—”! w (x2 — l)n

SPECIAL LEGENDRE POLYNOMIALS

253 Py(x) = 1 257 P,(x) = L(35w%—30x2+3)

254 P(x) = x 258  P;(x) = L(63¢5 — T0u3 + 15z)

255 Py(x) = 1(32—1) 259  Pgx) = ;1(231a6 — 3152t + 10522 — 5)
25.6  Py(x) = 4(5x3 —30) 25.10 P;(x) = -1(42927 — 693x5 + 3153 — 35x)

LEGENDRE POLYNOMIALS IN TERMS OF ¢ WHERE « = cos ¢

2511  Py(cos o)

I

1 25.14 Pj(cos6) = 4(3 cos e + 5 cos 36)

25.12 P,{cos o) cos 8 25.15 P (cose)

I
fl

(9 + 20 cos 26 + 35 cos 46)

25.13  Py(coss) = L(1 + 3 cos26) 25.16 Pjs(coss) = 11@(30 cos 6 + 35 cos 36 + 63 cos 56)
25.17 Pglcose) = 5—}2(50 + 105 cos 26 + 126 cos 46 + 231 cos 66)
25.18 P,(cose) = T124(175 cos 8 + 189 cos 30 + 231 cos 58 + 429 cos 76)

GENERATING FUNCTION FOR LEGENDRE POLYNOMIALS

25.19 - S p@n
=0

V1-—2tx +t2 n
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LEGENDRE FUNCTIONS 147

RECURRENCE FORMULAS FOR LEGENDRE POI.YNOMIAI.S

25.20 m+1) P, (x) — @n+DxP,(x) + nP, (&) = 0
25.21 Pl () — xP,(x) = (n+1)P,(x)
25.22 2P,(x) — Pr_i(®) = nP,(x)
25.23 P, (@ — P,_i(x) = @u+1)P,(»)
25.24 (2 — 1D P, (x) = nxP,(x) — nP,_(x)
ORTHOGONALITY OF LEGENDRE POLYNOMIALS -
25.25 fl P, (@) P,(x)de = 0 m#mn
-1
1
25.26 f_l Py = ot

Because of 25.25, P, (x) and P, (x) are called orthogonal in —1 =z = 1.

' ORTHOGONAL SERIES OF LEGENDRE POLYNOMIALS -

25.27 flx) = AgPy(x) + A Py(x) + Ay Py(x) + -+
where
2k+1 ('
25.28 A, = ) P, d
k P) ffl f(m k(x) 7

- SPECIAL RESULTS INVOLVING LEGENDRE POLYNOMIALS

2529 P,(1) = 1 2530 P,(—1) = (1) 2531 P,(—z) = (=1)"P,(x)

0 n odd
25.32 P,(0) = e3eB . (n—

(e e even

25.33 P, (x) = %J‘ (x + Va2 —1 cos ¢)* do

0

P, —-P,_

25.34 an(x) de = “(Z)n +1" 1(2)
25.35 |Po@)| = 1
25.36 Po#) = =— @1

gnt1i,; g (z—a)n 1

where C is a simple closed curve having z as interior point.
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GENERAL SOLUTION OF LEGENDRE’'S EQUATION

The general solution of Legendre’s equation is

25.37 y = AU,x) + BV,(2)
where
25.38 U@ = 1-— nntl) ,  ne—B@tHe+s)

2! 4!

n—1){n+2) s (n—1(n—3){n+2)(n+4)
xr — x3 + x

25.39 Volw) = % o

5 —

These series converge for —1 < z < 1.

LEGENDRE FUNCTIONS OF THE SECOND KIND

If n=0,1,2,... one of the series 25.38, 25.39 terminates. In such cases,
U, (x)/U,1) =»n=090,2,4,...
25.40 P, (x) =
V()/V,1) =n=135,...
where
2
25.41 U, (1) = (=12 2,.[(_;5),] /n! n=0,24,...
n—1 2
25.42 V) = (=1)n-Ds2 2n—1[<—2— 1] /m n=135...

The nonterminating series in such case with a suitable multiplicative constant is denoted by @,(») and
is called Legendre’s function of the second kind of order m. We define

U, V,(x) n=0,2/4,...
25.43 Qulx) =
-V, Q) U,(x) n=1,8,5,...
SPECIAL LEGENDRE FUNCTIONS OF THE SECOND KIND
1 1+
25.44 Q@ = 3k <1 ~ z>
1+
25.45 Q@ = £n (1 _z> -1
_ 3221 1+ 3z
25.46 Qo) = 4 In <1 _ x> ~
_ bx3 — 3= 1+« 502 |, 2

The functions @,(x) satisfy recurrence formulas exactly analogous to 25.20 through 25.24.

Using these, the general solution of Legendre’s equation can also be written

25.48 y = AP,(x) + BQ,(x)



26 | Associar

LEGENDRE’S ASSOCIATED DIFFERENTIAL EQUATION

2
26.1 A—a2y” — 2ay + dnm+1) — Ly = o
1 — %2

Solutions of this equation are called associated Legendre functions. We restrict ourselves to the im-
portant case where m,n are nonnegative integers.

ASSOCIATED LEGENDRE FUNCTIONS OF THE FIRST KIND

a- xZ)mlz dam+n

26.2 Plx) = (1—a2m/2 H%Pn(x) onnl  dgmtn (x2— 1)
where P, (x) are Legendre polynomials [page 146]. We have

26.3 Py = P,

26.4 Pl = 0 if m>n

SPECIAL ASSOCIATED LEGENDRE FUNCTIONS OF THE FIRST KIND

26.5 Pliw) = (1—x2)1/2 268  Pyx) = $(522—1)(1—x2)1/2
26.6  Plz) = 8x(1—x2)1/2 26.9 PXx) = 15x(1—22)
26.7 Pix) = 3(1—a?) 26.10 Piwx) = 15(1 —a2)3/2

GENERATING FUNCTION FOR Pl(z)

2m)! (1 — x2)ym/2¢m < R
26.11 ST (1~ 2z T 1A = ngmpn ()t
RECURRENCE FORMULAS
26.12 (n+1—m)PP, (x) — @n+1)xPy(e) + +m)Py_y(@) = 0
26.13 P2y 2 DT pmirey o mytm A D) PI@) = 0

T a2t n
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150 ASSOCIATED LEGENDRE FUNCTIONS

ORTHOGONALITY OF Pyp(2)

1

26.14 f Pl Py de = 0 if nl
—1
1

m B 2 (n+m)!

26.15 f_l Pol@yde = 2n -+ 1 (n—m)!

ORTHOGONAL SERIES

26.16 flx) = AmPﬁ(x) + Am+1Pz+1(00) -+ Am+2Pm+2(x) T
where

2k H+1 (k- (k—m)! J’
26.17 A = TG ) @PE@d

ASSOCIATED LEGENDRE FUNCTIONS OF THE SECOND KIND

am
26.18 Qn (@) = (1—afm?2 Tam @n(®)
where @, (x) are Legendre functions of the second kind [page 148).

These functions are unbounded at & = =1, whereas Py (x) are bounded at » = =*1.

The functions Q7 (x) satisfy the same recurrence relations as Pj(x) [see 26.12 and 26.13].

GENERAL SOLUTION OF LEGENDRE'S ASSOCIATED EQUATION

26.19 y = AP}x) + BQy(x)



